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Fu¨r sie, die mich fing,
den Sirenen entriss,
auf mich wartete und ging,
und doch niemals verließ.

Zusammenfassung
In den vergangenen Jahrzehnten gab es enormen Fortschritt im Versta¨ndnis der Struktur
der N = 4 SYM Theorie in vier Raumzeitdimensionen, welcher viele Werkzeuge fu¨r die ef-
fiziente Berechnung von Observablen hervorgebracht hat. Mit Hilfe von Integrabilita¨tsmeth-
oden wurde es prinzipiell mo¨glich die anomalen Dimensionen zusammengesetzter Operatoren
im ’t Hooft Limes exakt zu berechnen. Inspiriert durch diese Fortschritte gehen wir der Frage
nach, welche Voraussetzungen erfu¨llt sein mu¨ssen, damit Observablen einer Theorie mit Hilfe
dieser neuen Werkzeuge berechnet werden ko¨nnen. Insbesondere untersuchen wir am Beispiel
der einparametrischen β- und dreiparametrischen γi-deformierten Abko¨mmlinge der N = 4
SYM Theorie, ob die anomalen Dimensionen zusammengesetzter Operatoren auch in diesen
weniger symmetrischen Theorien durch Integrabilita¨tsmethoden erhalten werden ko¨nnen.
Fu¨r die deformierten Theorien stellt sich heraus, dass nicht alle ihre Wechselwirkungen
als Abko¨mmlinge der undeformierten Wechselwirkungen verstanden werden ko¨nnen. Um per-
sistente Divergenzen in perturbativen Entwicklungen zu vermeiden, fu¨hren wir zusa¨tzliche
sogenannte Mehrspurwechselwirkungen ein. Fu¨r die γi-Deformation zeigen wir durch feyn-
mandiagrammatische Berechnung der relevanten Einschleifenkorrekturen im ’t Hooft Limes,
dass diese nichtvererbten Wechselwirkungen laufende Kopplungskonstanten besitzen, welche
die konforme Invarianz der quantisierten Theorie brechen. Daru¨ber hinaus untersuchen wir
den Einfluss der nichtvererbten Wechselwirkungen auf die anomalen Dimensionen zusam-
mengesetzter Operatoren am Beispiel der Operatoren tr
(
φLi ), indem wir ihre anomalen Di-
mensionen bis zur fu¨hrenden Wickel (
”
Wrapping“) Schleifenordnung K = L berechnen. Fu¨r
L ≥ 3 lassen sich so die Ergebnisse von integrabilita¨tsbasierten Methoden reproduzieren.
Fu¨r L = 2 finden wir jedoch die endliche und renormierungsschemenabha¨ngige anomale Di-
mension im Kontrast zum divergenten integrabilita¨tsbasierten Ergebnis. Basierend auf den
feldtheoretischen Daten aus der β- und der γi-Deformation schlagen wir einen Test vor,
welcher kla¨ren soll ob Supersymmetrie und/oder exakte konforme Invarianz notwendige Be-
dingungen fu¨r die in der N = 4 SYM Theorie gefundene Quantenintegrabilita¨t sind.
Auch fu¨r die β-Deformation analysieren wir das Auftreten von nichtvererbten Mehr-
spurbeitra¨gen. Aus der vollsta¨ndigen Wechselwirkungsstruktur leiten wir einen Algorithmus
ab, der erlaubt den Einfluss von Mehrspurkopplungen auf die anomalen Dimensionen zusam-
mengesetzter Operatoren auf Einschleifenebene in der ’t Hooft Kopplung konsistent im Spin-
kettenbild abzubilden. Hiermit konstruieren wir den vollsta¨ndigen Dilatationsoperator der
konformen β-Deformation im ’t Hooft Limes auf Einschleifenebene.
Abschließend nutzen wir unsere Ergebnisse, um den po´lyatheoretischen Ansatz zur Berech-
nung der thermalen Einschleifen-Zustandssumme auf dem kompakten Raum S3 × R in den
deformierten Theorien nutzbar zu machen. Unsere Ergebnisse zeigen, dass die
”
Deconfine-
ment“ -Phasenu¨bergangstemperatur der deformierten Theorien auf Einschleifenniveau mit
jener der undeformierten N = 4 SYM Theorie u¨bereinstimmt und wir vermuten, dass dieser
Befund sogar im nichtperturbativen Bereich Bestand hat.
Zusa¨tzlich zu den Forschungsergebnissen entha¨lt diese Arbeit die vollsta¨ndige Wirkung
inklusive der Symmetriegeneratoren derN = 4 SYM Theorie, der β- und der γi-Deformation.
Wir wiederholen allgemeine Techniken zur Renormierung zusammengesetzter Operatoren
und elementarer Felder, gehen auf das weit verbreitete dimensionale Reduktionsschema ein
und wie relevante UV Divergenzen in Niederschleifenintegralen effizient bestimmt werden
ko¨nnen. In diesem Zusammenhang leiten wir die Feynman Regeln aller untersuchten Theorien
her und stellen das Werkzeug FokkenFeynPackage vor, welches diese Regeln in Mathematica
implementiert. Alle Rechnungen in dieser Dissertation wurden mit FokkenFeynPackage
durchgefu¨hrt, so dass diese Arbeit einem unabha¨ngigen Test aller Feynman-diagrammatischen
Rechnungen in den Publikationen [1–4] darstellt.
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Abstract
Over the last decades tremendous progress was made in understanding the structure ofN = 4
SYM theory in four-dimensional spacetime and many tools for the efficient calculation of
observables in this theory were developed. The anomalous dimensions of composite operators
in the ’t Hooft limit became in principle accessible by means of integrability-based methods.
Inspired by these findings, we investigate which prerequisites must be fulfilled for observables
of a theory to be calculable by the means of these new tools. In particular, we focus on the
one-parameter β- and the three-parameter γi-deformed descendents of N = 4 SYM theory
to analyse whether the anomalous dimensions of composite operators in these less symmetric
theories can also be obtained by the means of integrability.
In the deformed theories it turns out that not all interactions originate from the interac-
tions in the undeformed theory. Additionally, we have to include so-called multi-trace inter-
actions to prevent persistent divergences in perturbative expansions. For the γi-deformation,
we show by an explicit feynman-diagrammatic one-loop calculation that these non-inherited
interactions have running coupling constants which spoil the conformal invariance of the
quantised theory, even in the ’t Hooft limit. Furthermore, we investigate the impact of
these non-inherited interactions on the anomalous dimensions of composite operators, by
perturbatively calculating the K = L loop leading order wrapping corrections to the op-
erators tr
(
φLi ). We reproduce the findings from integrability for L ≥ 3 and find the finite
renormalisation-scheme-dependent anomalous dimension of the L = 2 states in contrast to
the integrability-based methods which yield a divergent result. Based on the field-theoretic
data from the β- and γi-deformation, we propose a test to determine whether supersymmetry
and/or exact conformal invariance are necessary prerequisites of the quantum integrability
found for N = 4 SYM theory.
For the β-deformation, we also analyse the occurrence of non-inherited multi-trace con-
tributions. From the full interaction structure, we derive an algorithm which allows to consis-
tently include multi-trace couplings that affect anomalous dimensions of composite operators
at one-loop order in the ’t Hooft coupling in the spin-chain picture. This leads to the complete
one-loop dilatation operator of the conformal β-deformation in the ’t Hooft limit.
Finally, we employ our findings to generalise the Po´lya-theoretic approach to the ther-
mal one-loop partition function of N = 4 SYM theory on S3 × R to be also applicable in
the deformed theories. We find that the deconfinement phase-transition temperature in the
deformed theories is the same as in the undeformed N = 4 SYM theory at one-loop level
and we conjecture that it remains the same even non-perturbatively.
In the context of this thesis, we employ various field-theoretic aspects of N = 4 SYM
theory and its deformations. Therefore, we provide the action and symmetry generators of
N = 4 SYM theory, the β-, and the γi-deformation. Furthermore, we review the general
techniques for the renormalisation of elementary fields and composite operators in a unified
setting and discuss the relation to the dilatation operator. We include a detailed description
of the widely used dimensional reduction scheme and discuss how the UV divergence of log-
arithmically divergent integrals may be extracted with relatively little effort. In this context,
we derive the Feynman rules for N = 4 SYM theory, the β- and the γi-deformation and
present the tool FokkenFeynPackage which implements these rules into Mathematica. All
calculations in this thesis are carried out using this tool and hence it provides an independent
test of all Feynman-diagrammatic calculations in [1–4].
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Introduction and Overview
1.1 Introduction
Over the last century, tremendous progress was made in understanding the structure un-
derlying our physical world. The developments have largely been sparked by the advent of
quantum mechanics in 1901 and the formulation of general relativity in 1915. The former
has continuously been advanced to the current quantum field theoretic understanding of
microscopic systems. In this process the weak and strong forces have been discovered and
their descriptions have been unified with the description of electromagnetism to form the
standard model of particle physics. Both, the standard model at microscopic scales and
general relativity at macroscopic scales, give astonishingly accurate predictions of physical
phenomena.1 Despite the success of both theories, there are still open questions in the realm
of fundamental physical theories, see e.g. [11,12]. On the one hand, these concern practical
questions, e.g. how quantitative predictions can be obtained from the fundamental theories
in non-perturbative regimes. On the other hand, these also concern conceptual issues like
the hierarchy problem, colour confinement, and the lacking description of quantum gravity,
which prevents a unified description of all fundamental forces.
While a long-term goal in theoretical physics certainly is to resolve open questions beyond
the standard model and general relativity, which both deliver descriptions of actual physical
phenomena, this goal seems too ambitious to be tackled immediately. Instead, it proved very
fruitful to investigate open questions in a simpler, i.e. more symmetric, setting and generalise
finding to less symmetric and more realistic settings. In this light, the maximally supersym-
metric non-abelian gauge theory2 (N = 4 SYM theory) found in [13] became very prominent
in theoretical particle physics. This theory can be thought of as a highly symmetric relative
of quantum chromo dynamics (QCD) which, in addition to Poincare´ symmetry, exhibits an
internal SU(4) flavour or R-symmetry, N = 4 supersymmetries3 (SUSY) and a conformal
invariance that remains unbroken in the quantised theory [14–19]. In addition, N = 4 SYM
theory is conjectured to be also invariant under SL(2,Z) duality transformation [20,21]. In
1For examples concerning general tests of the standard model [5], the calculation of the anomalous electric
moment of muons [6], and the experimental confirmation of the Higgs field [7,8]. For tests of general relativity
see e.g. [9] and for the recently discovered gravitational waves [10].
2It is the maximally supersymmetric non-abelian gauge theory in flat four-dimensional Minkowski space.
For gauge theories, we also assume that particles have a maximal spin of one.
3In fact, there are four spin- 1
2
supersymmetry generators and conjugates, summing to a total of sixteen
supersymmetries.
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contrast to QCD, all its elementary fields live in the adjoint representation of the gauge
group U(N) or SU(N). All symmetries combine to the PSU(2, 2|4) supersymmetry group of
the theory [22,23] and observables are characterised in terms of the conserved charges, the
number of colours N and a single complex coupling constant τ = 4pi
g2YM
+ iθ2pi which combines
the gauge-theory coupling with the imaginary one that accounts for topological contribu-
tions. The exact conformal invariance implies that this conformal field theory (CFT) has
no inherent scale and the coupling constant is not renormalised. For local gauge-invariant
composite operators O(x), this non-renormalisation of the coupling guarantees that the oper-
ators’ scaling dimensions ∆O are independent of the renormalisation scheme and in particular
observable. In the interacting theory, the classical scaling dimension ∆0O, which is obtained
from naive dimensional analysis is supplemented by an anomalous piece γO, which originates
from the renormalisation of the external composite operator. The scaling dimensions enter
the two- and three-point correlation functions of composite operators Oi at positions xi in a
CFT as4
〈0|TO1(x1)O2(x2)|0〉 = δ∆1∆2
x2∆112
, 〈0|TO1(x1)O2(x2)O3(x3)|0〉 = C123
x∆−2∆312 x
∆−2∆1
23 x
∆−2∆2
31
,
(1.1.1)
where the distance between two operator insertions is x2ij = |xi−xj |2 and ∆ = ∆1 +∆2 +∆3,
see [22,24] for details. Like the scaling dimensions, the structure constants C123 that are
characteristic to each three-point function also receive perturbative corrections [25]. Higher-
point functions can be related to the two- and three-point functions by using the operator
product expansion (OPE)
O1(x1)O2(x2) =
∑
J
C12J
x∆1+∆2−∆J12
OJ(x2) , (1.1.2)
to expand products of two operators within a correlation function in terms of the basis
operators OJ , see [26–28].
Apart from the high degree of symmetry, a very interesting feature of N = 4 SYM theory
is its conjectured duality to type II B superstring theory on the background AdS5×S5, which
is a prime example of the AdS/CFT correspondence proposed in [29–32], see also [22,33] for
detailed introductions. This correspondence can be motivated by analysing II B superstring
theory in flat ten-dimensional Minkowski space with N coincident D3-branes and a string
coupling constant gs at energies much smaller than the string energy scale
1
`s
. As discussed
in [25,34], in this limit N = 4 SYM theory arises in the gsN  1 regime, whereas II B
superstring theory on the background geometry AdS5 × S5 appears in the gsN  1 regime.
According to the AdS/CFT correspondence, the parameters of this string and gauge theory
are related as
4pigs = g
2
YM , and
R4
`4s
= g2YMN , (1.1.3)
where R`s is the radius of the AdS5 and the S
5 factors in units of the string-length `s. The
symmetries match upon noting that the isometries of the string background SO(2, 4)×SO(6)
combine with the 32 supersymmetries to form the PSU(2, 2|4) symmetry group of the string
theory. Apart from the parameters, also the generating functionals of the gauge and the
string theory are connected as
ZCFT[{J}] = Zstring[{φ|φ∂AdS = J}] , (1.1.4)
4Note that we suppressed the infinitesimal imaginary factors that are required to make the Minkowski
space correlation functions unambiguous. In position space, they are obtained by replacing every distance in
(1.1.1) by x2ij ⇒ x2ij + i, see appendix A for further details concerning our Minkowski space conventions.
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where J are the sources of composite operator insertions in the CFT and φ are string sources
whose values on the boundary ∂AdS5 are equal to J , see e.g. [35,36] for a detailed discussion.
This relation implies that the scaling dimension of a composite operator in N = 4 SYM
theory can also be obtained by calculating the energy of the corresponding state in the string
theory. Proving the AdS/CFT correspondence is notoriously difficult, since the perturbatively
accessible regimes of both theories have no overlap: the gauge theory is weakly coupled for
g2YM  1, while the string theory reduces to the tractable supergravity system in the limits5
gs → 0 and `sR → 0, see [25,34] for details.
Despite the above obstacle, the AdS/CFT correspondence can be tested by analysing
observables in the ’t Hooft limit, which is given by g2YM → 0 and N → ∞ while keeping
the product λ = g2YMN fixed. In this limit, the string theory becomes free
6 and on the
gauge-theory side only planar diagrams7 contribute in gauge-invariant correlation functions.
In addition, the fission and fusion of colour traces within composite operators in correlation
functions is suppressed by powers of N in this limit. As a consequence, the properties of
composite operators with multiple colour traces (multi-trace operators) can be deduced from
the properties of composite operators with a single colour trace (single-trace operators). In
particular, the scaling dimensions of composite operators with multiple colour traces are
given by the sum of scaling dimensions of its single-trace constituents. The simplifications of
the ’t Hooft limit allow for highly non-trivial tests of the AdS/CFT correspondence that go
beyond observables protected by symmetries, see [37–41] for examples in the BMN limit8.
An even more striking discovery was made for N = 4 SYM theory, when it was noted
that the problem to calculate one-loop anomalous dimensions of composite operators in
the ’t Hooft limit can be mapped to an integrable system9 [43,44]. In this interpretation,
single-trace operators with L elementary constituent fields are identified with a cyclic spin-
chain state of length L, where an individual PSU(2, 2|4) spin at each site characterises the
L elementary fields of the operator. In a planar one-loop process, which has a maximal
interaction range of two, only two neighbouring spins of such a spin-chain state can be
affected. Combining all such interactions into the (spin-chain) Hamiltonian allows to write
a two-point correlation function as a Hamiltonian sandwiched between an initial and a final
spin-chain state, see [23] and references therein for a comprehensive overview. When acting
on an eigenvector of all possible spin-chain states, the Hamiltonian takes the form of a
diagonal matrix whose entries form the one-loop spectrum of anomalous dimensions in the
’t Hooft limit. Due to the found integrability, the entries of this matrix do not have to be
calculated using perturbative Feynman diagram techniques, but they can be obtained by
solving a set of functional relations. The latter approach is known as the Bethe ansatz10 and
the functional relations are obtained by treating the spin-chain state with maximal spins on
each site as a spin-chain groundstate. On this groundstate it is then analysed how other spins
as possible excitations at individual sites may propagate around the spin chain, see [46,47]
and references therein for a modern introduction. For N = 4 SYM theory, the appropriate
5Sending the string coupling to zero allows to use string perturbation theory and sending the ratio α
′
R2
to
zero allows to use small curvature approximations of the AdS5 × S5 space.
6While it becomes free, its solution is still non-trivial, since classical string solutions on the AdS5 × S5
with radius λ =
(
R
`s
)4
have to be found.
7A diagram in which all colour lines are closed is planar when it can be drawn on a plane without
intersecting lines.
8In this limit, chiral primary operators O with one su(4) Cartan charge J → ∞ are investigated, while
the ’t Hooft coupling is simultaneously dialled up λ→∞, so that λ
J2
and ∆0O − J remain constant.
9Integrability in a quantum field theoretic context is not trivially defined due to the infinitely many degrees
of freedom of the system. For a discussion of quantum integrability from a mathematical perspective see [42].
10In the original Bethe ansatz the spin-chain states are built from su(2) spins [45].
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Bethe ansatz was given in [44] and the complete one-loop Hamiltonian was constructed
in [48]. Beyond the one-loop case, asymptotic Bethe-ansatz techniques can be employed,
see e.g. [49,50] for a detailed discussion. Asymptotic in this context means that the length
of the spin-chain state exceeds the maximal interaction range of the Hamiltonian. When
the interaction range of the Hamiltonian meets the length of the spin-chain state, finite-
size effects limit the applicability of the asymptotic Bethe-ansatz. These effects encapsulate
seemingly non-planar contributions to the Hamiltonian that nevertheless contribute in the
’t Hooft limit. Wrapping contributions, which are contributions that only become planar
when the spin-chain states are connected to the Hamiltonian, are an example of such finite-
size contributions. For length-preserving processes, they start when the loop order K meets
the length L of the spin-chain state and they were studied in [51] and [52] from a field- and
string-theoretic perspective, respectively. In the integrability approach, wrapping corrections
can be incorporated into the asymptotic Bethe ansatz by means of Lu¨scher corrections, Y-
system and the thermodynamic Bethe ansatz (TBA), see [53–55] for reviews. In light of the
AdS/CFT correspondence, the TBA can also be applied in the strong coupling regime of
N = 4 SYM theory. With its help, the energies of string states in the non-linear σ-model
describing the string theory can be found. These energies correspond to the anomalous
dimensions of composite operators in the gauge theory, see [56] and the references therein
for a detailed introduction. Recently, the TBA and Y-system approach to finding anomalous
dimensions in the context of N = 4 SYM theory have been formalised further to the present
quantum spectral curve (QSC) approach [57–60], which in principle allows to determine the
anomalous dimensions exactly. In practise, the anomalous dimension of the Konishi operator
was determined up to an impressive 10th loop order in the ’t Hooft coupling in [61] with
relatively little computational effort. There is, however, one caveat in the calculation of
the entire spectrum of composite operators in N = 4 SYM theory via integrability-based
approaches: the anomalous dimension of the L = 2 groundstate cannot directly be extracted
from the TBA [62] directly and an additional regularisation needs to be included for the
TBA to render the correct vanishing anomalous dimension [63]. The origin of this divergence
and how its ad hoc regularisation can applied in less symmetric examples of the AdS/CFT
correspondence is not yet clear.
To approach the question whether the entire spectrum of composite operators is cal-
culable by the means of integrability, we focus on two less symmetric realisations of the
AdS/CFT correspondence. In both realisations similar divergences for the anomalous di-
mensions of L = 2 states occur in the integrability-based approach but unlike in the N = 4
SYM case, they cannot be regularised and they affect the anomalous dimensions of all states
they can be connected to via the OPE given in (1.1.2). The gauge theories of the two less
symmetric realisations are called the β- and the γi-deformation and they can be obtained
by adding marginal interactions to the action of the parent N = 4 SYM theory, see [64] for
a review. The β-deformation is a real one-parameter deformation which breaks the original
SU(4) flavour symmetry to its U(1)×3 Cartan subgroup, while leaving a single N = 1 super-
symmetry of the parent theory intact. Its string-theory dual is obtained by deforming the S5
part of the AdS5×S5 background via a T-duality, a shift and another T-duality (TsT) trans-
formation [65], see [56] for a review of integrability-based approaches in this context. The
γi-deformation can be seen as a generalisation of the β-deformation, which introduces three
instead of one real deformation parameter into the parent N = 4 SYM theory. This theory
also breaks the original SU(4) flavour symmetry to its U(1)×3 Cartan subgroup but in addi-
tion supersymmetry is completely broken. Its string-theory dual is obtained by introducing
three consecutive TsT transformations on the three grand circles of the S5 part of the string
background [66]. The β- and the γi-deformation exhibit the new finite-size effect of prewrap-
16
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ping [1,2] which, on the gauge-theory side, originates from new elementary interactions that
contain multiple colour traces. It starts to affect two-point correlation functions of length-L
operators at loop order K = L−1 which is one order prior to wrapping corrections. Unlike in
N = 4 SYM theory, such interactions have to be included in the β- and the γi-deformation
to render the renormalised theories finite. While these multi-trace interactions appear to be
naively suppressed by powers of N in the action, they do contribute in the ’t Hooft limit
since they receive a proliferation in N in certain correlation functions, as shown in [1–3]. It
is not yet clear how prewrapping can be incorporated into integrability-based descriptions
and how it appears on the string-theory side of the AdS/CFT correspondence.
In the β-deformation, the integrability-based approach and alongside the AdS/CFT cor-
respondence in this settings have been tested for so-called length-L single-impurity operators
tr
(
φL−1i φj
)
which are built from two different complex scalars. For these operators, the field-
theoretic results of [67] for L ≤ 11 were reproduced in [68,69] for states with length L ≥ 3.
For the L = 2 states, however, the integrability-based approach yields a divergent anoma-
lous dimension. In the γi-deformation, where the groundstate receives quantum corrections,
the integrability-based approach was also used to determine the anomalous dimensions of
the length-L groundstate up to next-to-leading wrapping order in [70]. This approach also
leads to a divergent anomalous dimension for the L = 2 state. So, the integrability-based
approach yields similar divergences for the anomalous dimensions of L = 2 states in the
undeformed theory, the β-deformation and the γi-deformation. All three theories exhibit dif-
ferent amounts of supersymmetry and only some are exactly conformally invariant. Hence,
this is the perfect testing ground for the prerequisites necessary for integrability.
In this thesis, we will investigate the governing principles of quantum integrability in
N = 4 SYM theory, the β- and the γi-deformation from a field-theoretic perspective. In
particular, we will try to identify the conditions that are necessary for the entire spectrum of
composite operators to be calculable in the integrability-based approaches. We will analyse
prewrapping contributions for the β- and γi-deformation in the ’t Hooft limit. For the former,
which remains exactly conformal for gauge group SU(N), we construct the complete one-
loop dilatation operator from this analysis. For the latter, we show that conformal invariance
is broken by running multi-trace couplings. We can nevertheless calculate the anomalous
dimensions of the length-L groundstate up to leading wrapping order K = L in the ’t Hooft
limit. For L ≥ 3, we reproduce the integrability-based result of [70] and for L = 2, we find
a renormalisation-scheme dependent finite result in contrast to the divergence found in [70].
Knowing the anomalous dimensions of the L = 2 single-impurity state in the β-deformation
and of the groundstate in the undeformed theory and the γi-deformation, we devise a test to
clarify whether integrability-based methods rely on the ’t Hooft limit, conformal invariance,
supersymmetry, the absence of prewrapping contributions or a combination of these aspects.
In the last part of this thesis, we turn to the problem of evaluating the phase diagram of
N = 4 SYM theory and its deformations perturbatively in the ’t Hooft limit. Following the
original approach of [30,71], we investigate the thermal properties of these theories on S3×R,
where they exhibit a non-trivial phase transition.11 In [75], the thermal partition function
of N = 4 SYM theory at zero coupling was computed by the means of Po´lya theory instead
of using a Feynman diagrammatic approach. From this partition function the zero-order
phase-transition temperature, at which the low-energy description of the system in terms of
11The space S3 × R is the universal cover of the space S3 × S1, which is the topological boundary of the
AdS5 factor that appears in the AdS/CFT correspondence, see [30]. Due to conformal invariance, on S
3×S1 a
phase transition can depend only on the ratio of radii of the two spheres. While this is a compact space, it still
exhibits infinitely many states in the ’t Hooft limit where N →∞ and hence a sharp phase transition in this
setting occurs. See [30,71] for details. In light of the AdS/CFT correspondence, note that phase transitions
were also investigated on the string-theory side in [72–74].
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colour-neutral composite operators breaks down, was determined. This approach was even
pushed to the first loop order in the ’t Hooft coupling in [76] and the respective first-order
correction to the phase-transition temperature was determined. Since the Po´lya-theoretic ap-
proach employs the conformality of N = 4 SYM theory and the knowledge of its dilatation
operator to efficiently calculate perturbative contributions to the thermal partition function,
the question is whether this approach can also be applied to other theories. We rederive the
Po´lya-theoretic approach of [76] in an algorithmic way and make it applicable also for the β-
and the γi-deformation, including a separate treatment of finite-size corrections from poten-
tially running multi-trace couplings. From this, we calculate the thermal one-loop partition
function as well as the phase-transition temperature of both deformed theories. Intriguingly,
we can derive a closed expression for the temperature dependence of the thermal one-loop
partition function without employing any concepts from integrability. The derivation only
relies on Po´lya-theoretic methods and a well chosen summation procedure over all low-energy
states.
To make the perturbative field theoretic approach to N = 4 SYM theory and its defor-
mations more accessible, we also derive a large set of tools for the Feynman-diagrammatic
calculation of observables in a unified presentation in the first part of this thesis. All cal-
culations are carried out by the means of these tools and thereby this thesis provides an
independent test of all Feynman-diagrammatic calculations in the publications [1–4]. We
give a detailed derivation of the classical actions and symmetry transformations of N = 4
SYM theory and its deformations and, in the quantised theories, we discuss the general
renormalisation program including the renormalisation of composite operators. From this
presentation, we build the Mathematica tool FokkenFeynPackage which allows for an effi-
cient calculation of low-loop perturbative contributions to correlation functions in N = 4
SYM theory and its deformations.
1.2 Overview
This thesis is grouped into two parts. All used conventions and the defining table of abbre-
viations and symbols A.1 are given in appendix A.
The first part, which contains chapter 2 and 3 and appendices B through L is dedicated
to introducing a firm field-theoretic framework for N = 4 SYM theory and its deforma-
tions. This framework contains a complete presentation of the respective actions including
the symmetry generators and a detailed discussion of the ’t Hooft. We explicitly derive the
Feynman rules and discuss techniques to evaluate the UV divergences of Feynman inte-
grals. We also review the general renormalisation program, including the renormalisation of
composite operators and the construction of the dilatation operator of the theory.
The second part contains chapter 4 and the appendices M through R and it is based
on my publications [1–4]. In this part, we will employ the presented field-theoretic frame-
work to investigate prewrapping contributions and aspects of conformality in the β- and
γi-deformation. In our analysis we will construct the complete one-loop dilatation operator
of the deformed theories up to non-conformal contributions and we will use it to calculate
the thermal one-loop partition function of the deformed theories.
• In chapter 2, we will construct the building blocks of the field theories that we are
interested in. We will derive the Minkowski space action of N = 4 SYM theory, the
β- as well as the γi-deformation in the component field formulation. From this, we will
construct the action of all symmetry generators on elementary fields and the symmetry
algebra of the corresponding theory. In addition, we will give the definition of gauge
invariant composite operators.
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• In chapter 3, we will review the general concepts of renormalisation, including the
renormalisation of composite operators using explicit one-loop examples. We will also
discuss the perturbative corrections to the dilatation generator and give a detailed
discussion of the ’t Hooft limit.
• In chapter 4, we will first show that the γi-deformation is not conformally invari-
ant in the ’t Hooft limit. Second, we will calculate the leading wrapping corrections
to the integrability-vacuum state tr
(
φLi
)
, thereby providing a test of integrability for
the γi-deformation. Third, we will characterise prewrapping contributions in the β-
deformation and derive the complete one-loop dilatation operator in the ’t Hooft limit.
Fourth, we will use the dilatation operator of the β- and γi-deformation to calculate
the thermal one-loop partition function of both deformations on S3 × R.
• In chapter 5, we will present our conclusion and summary.
• In appendix A, we gather our conventions, σ-matrix identities, and the table of abbre-
viations and symbols used in this thesis.
• In appendix B, we present our representation of Clifford algebra generators in n ∈ N
dimensions. We explicitly construct the γ-matrices of R(3,1), R6, and R(9,1).
• In appendix C, we discuss properties of spinors in four- and ten-dimensional Minkowski
space, as well as six-dimensional Euclidean space.
• In appendix D, we present details of the Kaluza-Klein reduction.
• In appendix E, we give the action of the conformal generators on coordinates and
primary fields of a given theory.
• In appendix F, we give explicit examples how the action of symmetry generators on
elementary fields is mapped to the oscillator representation.
• In appendix G, we derive the Feynman rules of non-abelian gauge theories in four-
dimensional Minkowski space with fields in the adjoint representation of the gauge
group U(N) or SU(N). In addition to the gauge fields, the theory contains complex or
real scalars and Weyl fermions.
• In appendix H, we present the Bianchi identity and classical e.o.m. of elementary fields
compatible with our conventions of chapter 2.
• In appendix I, we present the manual of the Mathematica package FokkenFeynPackage,
which can be used to generate generic integrands of Feynman diagrams in N = 4 SYM
theory and its deformations. At one- and two-loop order, scalar one-scale integrals can
also be solved explicitly with this tool.
• In appendix J, we give a precise definition of the renormalisation schemes that alter
the spacetime dimension. These include the MS, MS, DR, and DR schemes.
• In appendix K, we discuss general techniques to evaluate Feynman integrals. In partic-
ular, we discuss how the UV divergence of a given graph may be extracted by choosing
special kinematics. In this discussion we also briefly touch the question how spurious
IR divergences in these kinematics may be removed. Finally, we present the general
result of one-loop propagator-type tensor integrals.
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• In appendix L, we calculate the Fourier transformation of the two-point correlation
function of composite operators in a free theory.
• In appendix M, we present an explicit form of the harmonic action of N = 4 SYM
theory in the oscillator representation.
• In appendix N, we present the one-loop self-energy contribution to the scalar propaga-
tor in our conventions.
• In appendix O, we give the coupling-tensor identities that are need for the evaluation
of Feynman integrals in section 4.1 and 4.2.
• Finally, appendices P, Q, and R contain the computational details needed for the
calculation of the one-loop thermal partition function of the β- and γi-deformation in
section 4.4.
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The classical theories
In this chapter, we introduce classical aspects of the gauge theories and fundamental objects
that we are most concerned with in this thesis.
We derive the action of N = 4 SYM theory as it arises when an N = 1 supersymmetric
Yang-Mills theory is dimensionally reduced from ten- to four-dimensional Minkowski space.
In addition, we discuss the symmetries of the N = 4 SYM action and derive the symmetry
algebra from the action of all symmetry generators on elementary fields. We also give an
explicit mapping to the spinor representation from which the dilatation operator in the
spin-chain picture is constructed. Using the fully fixed action and symmetry algebra of the
undeformed theory, we introduce the action of the β- and γi-deformation and discuss which
symmetries prevail after the deformation procedure. In addition to the single-trace action,
which is entirely fixed from the undeformed theory, we also include all renormalisable multi-
trace interactions compatible with the symmetries of the theories in the definition of the
deformations.
After having constructed the actions and symmetry generators of interest, we discuss local
gauge invariant composite operators, which are objects built from the elementary fields of the
theory that all reside at a single point in spacetime in a normal-ordered fashion. As discussed
in the introduction, the scaling dimensions of such objects are observables in a CFT– even in
the quantised theory that we will focus on in chapter 3. Unlike the elementary interactions,
composite operators are added into correlation functions by hand and their properties are not
restricted by the symmetries of the underlying field theory. We fix the alphabet from which
composite operators can be built up to perturbative quantum corrections to the equations
of motion (e.o.m.) of elementary fields. We also discuss the mapping of such operators to
the spin-chain picture and finally we give the action of symmetry generators on composite
operators.
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2.1 N = 1 SYM theory in ten dimensions
In this section, we construct the action of N = 4 SYM theory in flat four-dimensional
Minkowski space by dimensionally reducing a classical Yang-Mills theory with a simple N =
1 supersymmetry in flat ten-dimensional Minkowski space. While N = 4 SYM theory in
four-dimensional Minkowski space is entirely fixed by symmetries, its construction via the
dimensional reduction from a ten-dimensional theory has the advantage to fix all occurring
tensor structures in a straightforward way, once the ten-dimensional Clifford algebra is fixed.
We start with a supersymmetric ten-dimensional theory on ten-dimensional Minkowski
space with mostly plus metric (R(9,1)) with fermions of only one chirality. Note that this the-
ory is therefore only classically consistent [77]. We then compactify six Euclidean dimensions
on a torus in a Kaluza-Klein reduction to obtain the four-dimensional theory on R(3,1). The
compactification procedure not only lifts the problem of fermions with a single chirality, but
also enhances the symmetry, so that the dimensionally reduced theory is superconformally
invariant at the quantum level [14–19] with N = 4 supersymmetries. This derivation was
first done in [13] and the Kaluza-Klein reduction in this context goes back to [78,79].
2.1.1 The action
A supersymmetric theory must have the same number of bosonic and fermionic real on-
shell degrees of freedom (d.o.f.) if translations are an invertible operation [80]. This greatly
reduces the possible dimensions in which supersymmetric theories may exist, as bosonic and
fermionic d.o.f. scale differently with the space-time dimension d. Real scalars φ give 1 d.o.f.,
gauge fields1 Am give (d− 2) d.o.f. and real Dirac spinors2 Ψ yield 2d/2 d.o.f. There are two
additional constraints that may reduce the fermionic d.o.f. First, for massless spinors in even
dimensions the spinor representation can be reduced to the Weyl representation, which cuts
the fermionic d.o.f. in half. In the Weyl representation3, spinors are grouped according to
their chirality. Using the projectors P+ and P−, a 2d/2-dimensional Dirac spinor splits into
a plus- and minus-chirality part as
Ψ =
(
ψ
χ†
)
, Ψ− = P−Ψ =
(
ψ
0
)
, Ψ+ = P+Ψ =
(
0
χ†
)
, (2.1.1)
where ψ and χ are 2d/2−1-dimensional Weyl spinors and we used the dagger to distinguish a
plus- from a minus-chirality spinor. See appendix B.2 for a derivation of the d-dimensional
Weyl representation. Second, in certain spacetime dimensions the spinors may be chosen to
be in a Majorana representation, which also reduces the fermionic d.o.f. by a factor of 12 .
Majorana spinors ΨM are invariant under the Majorana conjugation
ΨM = (ΨM)C = B(ΨM)∗ , (2.1.2)
where B is determined from the Γ-matrices in d dimensions. If the latter are purely real, the
Majorana spinors are purely real as well and B = 1. See appendix C for details on spinors
in various dimensions and their irreducible representations.
In ten-dimensional Minkowski space, the Majorana- and Weyl-conditions are mutually
compatible and we can form Majorana-Weyl spinors with 8 d.o.f. This is exactly the number
of d.o.f. that the ten-dimensional gauge field has and therefore we can build a supersymmetric
1One d.o.f. is eliminated by the gauge symmetry and one by the mass-shell condition kmAm.
2A d-dimensional Dirac spinor can be regarded as a 2 × 2d/2-dimensional real vector. The mass-shell
condition Γmpmψ = 0 cuts the d.o.f. in half.
3Weyl spinors in d dimensions are eigenvectors of the γ-matrix Γd+1 = id/2
∏d
i=1 Γ
i.
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Yang-Mills theory in ten dimensions with a gauge field Am10 coupled to a Majorana-Weyl-
fermion field ΨM−10 . We take the corresponding action to have the form
4
S10 =
∫
d10x tr
[
−1
4
FmnFmn +
1
2
ΨM−10 Γ
miDm Ψ
M−
10
]
, (2.1.3)
where tr[ · ] indicates a trace over the fundamental indices of the gauge group, the Γm are the
ten-dimensional Γ-matrices, m,n ∈ {0, 1, . . . , 9} are spacetime indices and the bar indicates
the usual Dirac conjugate5 X = X†β10. All fields transform in the adjoint representation of
the gauge group U(N) or SU(N), i.e. a field X has the form
X =
N2−1∑
a=s
Xa Ta , with a =
{
s = 1 for SU(N)
s = 0 for U(N)
. (2.1.4)
The covariant derivative and field strength are respectively given by
Dm Ψ = [Dm,Ψ] = (∂mΨ)− ig10[Am,Ψ] , Fmn = (∂mAn)− (∂nAm)− ig10[Am, An] (2.1.5)
and the mass dimensions of the fields and parameters are
[Am] = 4 , [Ψ
M−] =
9
2
, [g10] = −3 . (2.1.6)
The action (2.1.3) is invariant under the a SUSY transformation which is generated
by the supercharges QM+10 and Q
M+
10 , see e.g. [81] for a classification of supersymmetries in
dimensions d ≤ 11. This transformation can be realised via the unitary operators
U(ξ·Q) = e−iδ(ξ·Q) , δ(ξ·Q) =
1
2
(ξM−QM+10 + Q
M+
10 ξ
M−) , (2.1.7)
where the constant fermionic parameters ξM− have a mass dimension [ξM−] = 12 . The fields
in the action (2.1.3) transform according to
f ′ = U−1(ξQ)f U(ξQ) = f + i[δ(ξ·Q), f ] +O
(
ξ2
)
, (2.1.8)
with the non-vanishing field variations δf = f ′ − f given by
δΨM−10 = i[δ(ξ·Q),Ψ
M−
10 ] = −
i
2
{QM+10 ,ΨM−10 }ξM− = −
i
2
FmnMmnξ
M− ,
δΨM−10 = i[δ(ξ·Q),Ψ
M−
10 ] =
i
2
ξM−{QM+10 ,ΨM−10 } =
i
2
ξM−FmnMmn ,
δAn = i[δ(ξ·Q), An] =
i
2
(
ΨM−10 Γnξ
M− − ξM− ΓnΨM−10
)
.
(2.1.9)
The generators Mmn =
i
4
[
Γm,Γn
]
are the generators of the spinor representation, c.f. ap-
4The factor of 1
2
in front of the fermion term appears as we present the action in terms of Majorana spinors
instead of the Dirac spinors.
5Numerically β10 is the same as Γ
0 and we only differentiate between them to account for the particular
index positions within β that are needed for the Dirac conjugate in our conventions.
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pendix C for details. Under this variation the action turns into a total divergence (t.d.)6
δS10 = −1
4
∫
d10x tr
[
ξM−(Dp Fmn)
(
iηmpΓn −MmnΓp
)
ΨM−10
−ΨM−10
(
iηmpΓn + ΓpMmn
)
(Dp Fmn)ξM− +
g10
2
ΨM−10 Γ
m
[
δAm,ΨM−10
]
+ t.d.
]
=
1
24
∫
d10x tr
[
ξM−(Dp Fmn)Γ[mΓnΓp]ΨM−10 + Ψ
M−
10 Γ[mΓnΓp](D
p Fmn)ξM−
− 3!g10ΨM−10 Γm
[
(ξM− ΓmΨM−10 )− (ΨM−10 ΓmξM−),ΨM−10
]
+ t.d.
]
∼
∫
d10x
(
t.d.
)
,
(2.1.10)
where the total divergence terms appear in various partial integrations. To arrive at the
last equality, note that the totally antisymmetric product of Γ-matrices allows us to also
antisymmetrise the terms Dp Fmn, which turns the latter ones into the Bianchi identity7.
Therefore, the first and second term in the second equality vanish identically. The vanishing
of three-fermion terms is guaranteed by the Fierz identities and hence implicitly depends
on the spacetime dimension as well as Majorana and/or Weyl constraints that the fermions
fulfil. For Majorana-Weyl fermions in ten dimensions both terms vanish as was shown in [13].
2.1.2 Dimensional reduction to four dimensions
To get from the ten-dimensional action to a four-dimensional one, we need to eliminate the
dependence of all fields on six extra-dimensions. A consistent way to do this is to perform a
Kaluza-Klein reduction from ten to four dimensions, c.f. [83–85] for detailed overviews. We
will only discuss the key ideas for a free scalar field in ten dimensions here and refer the
reader to appendix D and the references therein for the analogous discussion in the case of
gauge fields and fermions.
Let us assume that six dimensions of our ten-dimensional spacetime are the periodic
directions of a six-torus T6 = (S1)×6, where each S1 has radius R. We can write the depen-
dence of a real scalar field X in ten dimensions on the six compact coordinates yj ∈ T6 in
terms of the following Fourier expansion
X(xµ, yj) =
∑
n∈Z6
X(n)(x
µ)
e
iny
R
(2piR)3
, (2.1.11)
where xµ ∈ R(3,1) is a coordinate of four-dimensional Minkowski-space and the Fourier
mode has dimension [X(n)] = 1. Note that a derivative of X with respect to one of the
T6 coordinates ∂∂yj now simply generates a factor of
inj
R which is expected since the Dirac
operator has discrete eigenvalues in this space that scale as nR . With this choice, the action
6For the second equality we used the Γ-matrix identities − i
2
ηmpΓn+
i
2
ηnpΓm+MmnΓp =
i
3!
Γ[mΓnΓp] and
− i
2
Γmηpn +
i
2
Γnηmp + ΓpMmn =
i
3!
Γ[pΓmΓn].
7The Bianchi identity in non-abelian gauge theories is conceptually equivalent to the second Bianchi
identity for Riemannian curvature tensors [82].
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of a free real scalar field in ten dimensions becomes
S = −1
2
∫
d4x d6y tr (∂mX∂mX)
= −1
2
∑
l,n∈Z6
∫
d4x d6y
e
i(l+n)y
R
(2piR)6
tr
(
∂µX(l)∂µX(n) −
ljnj
R2
X(l)X(n)
)
=
∫
d4x tr
(
−1
2
∂µX(0)∂µX(0) −
∑
n>0
(
∂µX(−n)∂µX(n) +
n2
R2
X(−n)X(n)
))
,
(2.1.12)
where the reality of X implies that (X(n))
† = X(−n). From a four-dimensional perspective,
the ten-dimensional model acquires an infinite tower of free complex scalar fields X(n) with
masses mX(n) =
n2
R2
, called Kaluza-Klein tower. If we now take the torus to have vanishing
radius R → 0, all scalar fields X(n6=0) become infinitely heavy. From the four-dimensional
perspective, they become invisible as long as we only probe distances that are much larger
than R. Hence, in the low energy limit, the free scalar field in ten dimensions is seen as a
single real scalar field in four dimensions.
In the action (2.1.3), which involves gauge fields and fermions, massive Kaluza-Klein
modes appear in a very similar way when we expand the fields in analogy to (2.1.11). Since
R is the only scale of the torus, the mass of the fermionic and scalar Kaluza-Klein modes
must be proportional to R−1 and R−2, respectively. Therefore, when we take the strict8 limit
R → 0, these modes are not accessible in the four-dimensional theory. The dimensionally
reduced action (2.1.3) becomes
S =
∫
d4x tr
(
−1
4
FµνFµν − 1
2
(
Dµ ϕj
)(
Dµ ϕj
)
+
g2YM
4
[
ϕi, ϕj
][
ϕi, ϕj
])
+
∫
d4x tr
(
1
2
ψM−10 Γ
µiDµ ψ
M−
10 +
gYM
2
ψM−10 Γ
j+3
[
ϕj , ψ
M−
10
])
,
(2.1.13)
where the indices run over µ, ν ∈ {0, 1, 2, 3} and i, j ∈ {1, 2, . . . 6}. The six gauge-field
components along the vanishing T6 directions9 become the six real scalars ϕj and the coupling
constant gYM is related to the ten-dimensional one as gYM =
g10
(2piR)3
. The dimensionally
reduced Fourier modes have the following mass dimensions
[Aµ] = 1 , [ϕj ] = 1 , [ψ
M−
10 ] =
3
2
, [gYM] = 0 , (2.1.14)
and the covariant derivative and field strength in four dimensions are respectively given by
DµX = [Dµ, X] = (∂µX)− igYM[Aµ, X] , Fµν = ∂µAν − ∂µAν − igYM[Aµ, Aν ] . (2.1.15)
To arrive at an entirely four-dimensional action, we still need to express the ten-di-
mensional Γ-matrices and Majorana-Weyl fermions in (2.1.13) in terms of four-dimensional
quantities. Several aspects concerning the Clifford-algebra in four, six, and ten dimensions
can be found in appendix B and the references therein. Likewise, the corresponding spinor
representations for the fermions are discussed in appendix C and the references therein. We
8We want to construct a conformal four-dimensional theory, in which the notion of probing certain distances
is not well defined. Therefore we must take R = 0, strictly.
9The metric on this space is Euclidean and therefore the distinction of upper and lower indices for the ϕj
is purely conventional.
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only give a brief discussion here and refer the reader to these appendices for details. We
start with the Minkowski-space Clifford algebra in ten dimensions with mostly plus metric10
C`(9, 1). It is generated by the Γ-matrices that fulfil
{Γm,Γn} = −2ηmn , ηmn = diag(−1,+1, . . . ,+1) , 0 ≤ m,n ≤ 9 . (2.1.16)
From the periodicity properties of Clifford algebras over real vector spaces the isomorphism
C`(9, 1) ' C`(0, 6)⊗ C`(3, 1) can be deduced, as shown e.g. in [86]. So the ten-dimensional
algebra can be constructed from a six-dimensional Euclidean-space algebra with generators ρa
and four-dimensional Minkowski-space algebra with generators γµ, that respectively fulfil11
{ρa, ρb} = 2δab , {γµ, γν} = −2ηµν . (2.1.17)
We take ρa and γµ to be in the Weyl representation of the explicit form
ρa =
(
0 Σa
Σ¯a 0
)
, ρ7 =
(−1(4) 0
0 1(4)
)
, γµ =
(
0 σµ
σ¯µ 0
)
, γ5 =
(−1(2) 0
0 1(2)
)
,
(2.1.18)
where σµ, σ¯µ and Σa, Σ¯a are the reduced Γ-matrices defined in (B.13) and (B.23), respec-
tively. The new generators ρ7 and γ5 are the chirality operators in six and four dimensions,
respectively. Using (2.1.17) and (2.1.18), we can construct the generators of C`(9, 1) that
fulfil (2.1.16) as
Γm =
{
1(8)⊗γm 0 ≤ m ≤ 3
ρm−3 ⊗ iγ5 4 ≤ m ≤ 9 , Γ
11 = i
9∏
m=0
Γm = −ρ7 ⊗ γ5 . (2.1.19)
With this realisation of γ-matrices we can construct the matrix B for the Majorana condition
(2.1.2). It realises the complex conjugation of γ-matrices as (γm)∗ = ±B−1γmB and is
proportional to the product of γ-matrices with complex entries
B4 = −iγ2 =
(
0 −iσ2
iσ2 0
)
, B6 = iρ
1ρ4ρ6 =
(
0 1(4)
1(4) 0
)
, B10 = B6 ⊗B4 ,
(2.1.20)
where σ2 is the second Pauli matrix. The projectors to chirality eigenstates are built from
γ5, ρ7, and Γ11 in the usual way
P±4 =
1
2
(1(4)±γ5) , P±6 =
1
2
(1(8)±ρ7) , P±10 =
1
2
(1(8)±Γ11) = P−6 ⊗P±4 +P∓6 ⊗P+4 ,
(2.1.21)
where we reexpressed P±10 in terms of the lower-dimensional projectors in the last equality
for later convenience. Finally, we construct generators of the spinor representation in four,
six, and ten dimensions from the γ-matrices as
Mmn =
i
4
[gm, gn] , with g = {ρ, γ,Γ} . (2.1.22)
Spinors transform as vectors under this representation and therefore a ten-dimensional Dirac-
spinor decomposes into a six- and a four-dimensional one, analogously to the decomposition
of the ten-dimensional Γ-matrices:
ψ10 = ψ6 ⊗ ψ4 , ψ10 = ψ†10β10 = (ψ†6β6 ⊗ ψ†4β4) , (2.1.23)
10The first and second argument of C` indicate how many positive and respectively negative entries the
metric has.
11The additional sign in the six-dimensional case occurs, as the ρa are generators of C`(0, 6) which has a
negative Euclidean metric −δab.
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where β realises the hermitian conjugation of γ-matrices as (γi)† = βγiβ−1. We can now
construct a Majorana-Weyl spinor ψM±10 in ten dimensions that fulfils the Majorana and
chirality constraints
ψM±10 = B10(ψ
M±
10 )
∗ , P±10ψ
M±
10 = ±ψM±10 , (2.1.24)
with B10 and P
±
10 from (2.1.20) and (2.1.21), respectively. When we take negative-chirality
fields in four and six dimensions to have lower indices, the negative Majorana-Weyl spinors
and their conjugates in ten dimensions have the explicit form12
ψM−10 =
(
ψA
0
)
⊗
(
χα
0
)
+
(
0
ψ∗A
)
⊗
(
0
χ†α˙
)
,
ψM−10 = (ψ
∗A, 0)⊗ (0, χ†α˙) + (0, ψA)⊗ (χα, 0) .
(2.1.25)
Using the crucial isomorphism spin(6) ' su(4), the spinors ψA and ψ∗A transform in the
fundamental and anti-fundamental representation of su(4), respectively. The spinors χα and
χ†α˙ transform in the fundamental and anti-fundamental representations of sl(2,C), which
we label by sl(2) and sl(2), respectively.13 We can get rid of the redundancies of the ten-
dimensional Dirac representation, by introducing the eight component spinors
λAα = ψA ⊗ χα , λAα˙ = ψ∗A ⊗ χ†α˙ , λAα = ψ∗A ⊗ χα , λα˙A = ψA ⊗ χ†α˙ , (2.1.26)
where the spinors with both upper or lower indices have negative-chirality and the remaining
ones have positive-chirality in ten dimensions. Note that the mass dimension of these fermions
follows from (2.1.14) to be [λ] = 32 . We can now insert the definitions of Γ-matrices (2.1.19)
and spinors (2.1.25) into the action (2.1.13) and by resolving the redundant matrix structure
we find the action of N = 4 SYM theory with real scalars and spinors from (2.1.26) to be
S =
∫
d4x tr
(
−1
4
FµνFµν − 1
2
(
Dµ ϕj
)(
Dµ ϕj
)
+
i
2
(
λαA(σ
µ)αβ˙ Dµ λ
Aβ˙
+ λ
A
α˙ (σ¯
µ)α˙β Dµ λAβ
)
− igYM
2
(
Σ¯jABλαA
[
ϕj , λBα
]− ΣjABλAα˙ [ϕj , λBα˙])+ g2YM4 [ϕi, ϕj][ϕi, ϕj]) .
(2.1.27)
Note that in the su(4) representation, the plus- and minus-chirality fermions couple as a
singlet to the gauge fields and as a real vector to the scalars.14
2.2 N = 4 SYM theory in four dimensions
In the last section we have derived the action of a supersymmetric four-dimensional model
from an N = 1 SYM theory in ten dimensions. With the definitions
ϕAB ≡ i
2
ϕjΣ
j
AB , ϕ
AB ≡ i
2
ϕjΣ¯
jAB (2.2.1)
12Note that the ∗ indicates the conjugation of the field in the six-dimensional Euclidean space, analogously
to the † in four-dimensional Minkowski space. See appendix C.3 for details.
13The group SL(2,C) is the universal cover of the Lorentz group SO(3, 1). More concretely, the proper
orthochronous Lorentz group is SO(3, 1) ' SL(2,C)/Z2 and the precise connections are nicely presented
in [87, chapter 7A].
14In the perspective of representation theory, the fermions couple to the gauge field via the singlet in
the decomposition 4 ⊗ 4 = 15 ⊕ 1, whereas they couple to the scalars via the 6 in the two decompositions
4⊗ 4 = 10⊕ 6 and 4⊗ 4 = 10⊕ 6 = 10⊕ 6.
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for antisymmetric scalar fields, this model in flat Minkowski space R(3,1) takes the form15
S =
∫
d4x tr
(
−1
4
FµνFµν − 1
2
(
Dµ ϕAB
)(
Dµ ϕAB
)
+ iλ
A
α˙ (σ¯
µ)α˙β Dµ λAβ
− gYM
(
λαA
[
ϕAB, λBα
]− λAα˙ [ϕAB, λBα˙])+ g2YM4 [ϕAB, ϕCD][ϕAB, ϕCD]) ,
(2.2.2)
with one non-abelian gauge field Aµ, four negative-chirality Weyl fermions λA and their
conjugates, six antisymmetric scalars ϕAB, and the dimensionless coupling constant gYM.
Under hermitian conjugation the fields transform according to16
(λAα)
† = λAα˙ , (λ
Aα˙
)† = λαA , (ϕ
AB)† = ϕAB , (Dµ)† = Dµ , (Fµν)† = Fµν (2.2.3)
and the canonical index contraction of sl(2) and sl(2) spinor indices is
ψχ ≡ ψαχα = εαβψβχα , χ†ψ† ≡ χ†α˙ψ†α˙ = εα˙β˙χ†α˙ψ†β˙ . (2.2.4)
The (σµ)αα˙ and (σ¯
µ)α˙α matrices are their own hermitian conjugates. They are defined ac-
cording to [90], c.f. subsection B.3 for details concerning the raising and lowering of sl(2)
spinor indices. The coupling tensors Σi and Σ¯i are explicitly constructed in subsection B.4.
These tensors are hermitian conjugates of each other and fulfil the following relations17
ABCDΣ¯
jAB = 2ΣjAB , 
ABCDΣjAB = 2Σ¯
jAB ,
ΣjABΣjCD = −2ABCD , Σ¯jABΣ¯CDj = −2ABCD ,
ΣjABΣ¯
CD
j = −2(δCAδDB − δDA δCB) , 2δijδAC = ΣABi Σ¯jBC + ΣABj Σ¯iBC
(2.2.5)
with the normalisation 1234 = 
1234 = 1 of the Euclidean Levi-Civita tensor.
In addition, to make contact with the spinorial representation, we define a vector field in
terms of sl(2)× sl(2) spinor indices to be
Xαβ˙ = −i(σµ)αβ˙Xµ , X α˙β = εα˙γ˙εβωXωγ˙ = −i(σ¯µ)α˙βXµ . (2.2.6)
Since (Xµ)† = Xµ, in our spinorial representation vector fields become anti-hermitian as
(Xαβ˙)
† = −Xβα˙. This applies in particular to the covariant derivative Dµ and Dαα˙. We also
introduce the (anti-) selfdual field strength as18
Fαβ = 1
2
Fµνεβγ(σµν)
γ
α =
i
4
(
Dαα˙A
α˙
β + Dβα˙A
α˙
α
)
,
F¯α˙β˙ =
1
2
Fµνεβ˙γ˙(σ¯µν)
γ˙
α˙ =
i
4
(
D αα˙ Aαβ˙ + D
α
β˙
Aαα˙
)
,
(2.2.7)
15For the transformation of the scalars we used −4δij = ΣiABΣ¯ABj . The two kinetic fermion terms from
(2.1.27) are combined via a partial integration and the identities (B.18) and (C.19). For a presentation of
this action in the N = 1 superspace formulation and a general introduction to the superspace approach
see [88, chapter 4] and [89].
16The conjugate transformations can be obtained by requiring (X†)† = X for consistency.
17Bear in mind that capital latin indices are su(4) indices and not four-dimensional Minkowski space indices.
18The projectors σµν and σ¯µν are explicitly given in (A.9) and the (anti-) self-dual projectors in spacetime
indices are given in (A.8).
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which are connected through hermitian conjugation as (Fαβ)† = F¯β˙α˙. Upon rewriting the
action (2.2.2) in terms of spinor indices we obtain the hermitian spinorial representation
S =
∫
d4x tr
(1
2
(FαβFαβ + F¯α˙β˙F¯ α˙β˙)−
1
4
(
Dα˙α ϕAB
)(
Dαα˙ ϕAB
)− λAα˙ Dα˙β λAβ
+ gYM
(
λ
A
α˙
[
ϕAB, λ
Bα˙]− λαA[ϕAB, λBα])+ g2YM4 [ϕAB, ϕCD][ϕAB, ϕCD]) ,
(2.2.8)
where we used the identities for contracting σ-matrices, c.f. appendix A.
2.3 Symmetries of N = 4 SYM theory
N = 4 SYM theory is the maximally supersymmetric gauge theory in four dimensions. In the
dimensional reduction from the ten-dimensional N = 1 SYM theory, six spacetime directions
are transformed to internal (flavour or R-symmetry) d.o.f. which enlarges the simple to
a fourfold supersymmetry. In addition, the four-dimensional theory exhibits a conformal
symmetry, that combines with the supersymmetry to render the theory superconformally
invariant.19 For an introduction see e.g. [24,93] for conformal symmetry and e.g. [94–96]
for a discussion in the context of N = 4 SYM theory. In contrast to the ten-dimensional
theory, the quantisation of N = 4 SYM theory does not introduce anomalies [14–19] and the
superconformal invariance is unbroken for observables of the quantum theory. Apart from the
manifest20 symmetries, N = 4 SYM theory is expected to exhibit further hidden symmetries
which we will not explicitly discuss in this section. These hidden symmetries include the
SL(2,Z) duality which relates the strong to the weak coupling regime [20,21] and the exact
quantum integrability [43,44,97] of the theory.
Following [98], the generators of the symmetry algebra of N = 4 SYM theory can be
neatly packaged into a psu(2, 2|4) supermatrix of the formsu(2, 2) QS
Q S R
 , (2.3.1)
with the conformal symmetry algebra21 su(2, 2) ' so(4, 2), the internal symmetry algebra
R, and the fermionic SUSY and special conformal SUSY generators Q and S. We will first
discuss the action of the symmetry generators of so(4, 2), R, Q, and S on the elementary
fields of the theory, i.e. fermions, scalars, and field strengths. Afterwards, we give the resulting
commutation relations between all generators. We express a symmetry transformation in
terms of some infinitesimal parameter αm contracted with a generator g
m. Macroscopic
symmetry transformations, i.e. elements of the symmetry group, can then be reached via
the exponential map and we write them in terms of the unitary operators Uα·g = e−iα·g, see
e.g. [100, chapter 2], [101, chapter 1] for further details. The change of an elementary field
f → fˆ under the symmetry transformation yields
fˆ = U−1α·gf Uα·g =
∞∑
n=0
in
n!
[α · g, f ](n) , fˆ = f + iαm[gm, f ] +O
(
α2
)
(2.3.2)
19This combination of an internal symmetry with the Poincare´ symmetry is possible for theories with
fermionic supercharges. This was shown in [91] as a generalisation of the Coleman-Mandula no-go theorem
of [92], which restricts the possibility to combine an internal with the Poincare´ symmetry to the trivial
combination.
20This does not mean manifest symmetries in the mathematical sense. Mathematically, only the Lorentz
and R-symmetry are manifest symmetries of the action.
21In four dimensional Minkowski space, the conformal group is locally isomorphic to SU(2, 2), see [99].
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where we abbreviate an n-fold commutator as [a, b](n) = [a, [a, . . . , [a, b] . . . ]] and we denote
the contraction of open indices as in the linearised case with a central dot.
2.3.1 Conformal symmetry algebra so(4, 2)
Let us first discuss the conformal symmetry, which combines the Poincare´ symmetry with the
dilatation or scaling symmetry and the special conformal symmetry. We keep its discussion
to a minimum here and refer the reader to appendix E and the references therein for a more
detailed presentation. On coordinates in flat space, the conformal generators act as
translations: Pµ = −i∂µ ,
Lorentz transformations: Mµν = i(xµ∂ν − xν∂µ) ,
Dilatations: D = ixµ∂µ ,
special conformal transformations: Kµ = i
2
(
xµxν∂
ν − x
2
2
∂µ
)
.
(2.3.3)
Together with their mutual commutation relations (E.2) and (E.3) they form the conformal
algebra. If our theory also contains a gauge connection, the generator of translations realises
the parallel transport of a field and hence it acts as a covariant derivative Pµ = −iDµ, instead
of the partial derivative above, c.f. [80, chapter 2.4] for a detailed discussion. For a field fA,
transforming in some representation of the Lorentz group labelled by A, we require22 that a
conformal transformation of the coordinates x → xˆ = C · x is compensated by a conformal
transformation of the field fA → fˆA itself up to an overall conformal transformation acting on
the representation label A. Furthermore, let us split the conformal coordinate transformation
in d ∈ N dimensions into an angle C˜ νµ and a scale contribution e−α = (det(C))1/d, so that
we have C νµ = e−α C˜ νµ . In this representation, coordinates and fields transform according
to
x̂µ = e−α C˜µνx
ν , fˆA(xˆ) = e
α∆fA L BA fB(x) , (2.3.4)
where L = L(C˜) realises the angle transformation23 of the Lorentz-representation index A
and ∆fA is the scaling dimension of fA, which classically equals its mass dimension. Note
that the scale is related to the Jacobian that arises in a coordinate change from x′ to x as
e−αd = |∂xˆ/∂x|. Therefore, the action of a set of fields fi that interact in a Lorentz-invariant
Lagrangian of the form L({fi(x),Dµ fi(x)}) transforms under a conformal transformation as
Sˆ =
∫
ddx e−αd L
({
eα∆fi (Lfi(x)), e
α∆fi−1(C˜−1 D)(Lfi(x))
})
, (2.3.5)
where we have suppressed the spacetime and representation indices. This implies that a
Lorentz-invariant action in four dimensions without dimensionful parameters and classical
scaling dimensions of fields ∆0ϕ = ∆
0
D = ∆
0
A = 1 and ∆
0
λ = ∆
0
λ
= 32 is also conformally invari-
ant24 at the classical level25. In particular the classical invariance of the action (2.2.2) can
22For scalar fields this requirement is plausible. Let us take for example the scalar temperature field T (x),
created by some source at the origin of a coordinate system. If we shift the coordinate system by some
parameter a, then T (x+ a) will look different. However, if we shift the source by the same parameter a, then
the shifted field with shifted origin will look the same as the original one.
23Effectively this pure angle transformation is a Lorentz transformation in the appropriate representa-
tion of the Lorentz group, compare (2.3.6) with the coordinate transformations P, M, K, D, and the scale
transformation ∆ set to zero.
24Strictly speaking, this implies only the scaling invariance of the theory. Only if the virial field is express-
ible as a total derivative of some local quantity without the use of the e.o.m., also conformal invariance is
guaranteed [102,103]. For a textbook treatment see [24, chapter 4].
25In perturbative calculations the classical scaling dimensions receive quantum corrections – the anomalous
dimensions. Their occurrence will be discussed in detail in chapter 3.
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easily be verified for each term. As we will make use of the symmetry algebra of N = 4 SYM
theory, let us also introduce the action of the conformal generators g = {Pµ,Mµν ,Kµ,D} on
fields. For the transformation (2.3.2), we need the commutators[
Mµν , fa(x)
]
= (Sµν) ba fb(x)−Mµνfa(x) ,[
Pµ, fa(x)
]
= Pµfa(x)− gYM[Aµ, fa(x)] = −iDµ fa(x) ,[
Kµ, fa(x)
]
= −1
2
xν(S
µν) ba fb(x) +
i
2
xµ∆fafa(x) +K
µfa(x) ,[
D, fa(x)
]
= −i∆fafa(x)− dfa(x) ,
(2.3.6)
where the conformal generators on coordinates are given in (2.3.3). The Lorentz transforma-
tion Sµν acts on Weyl-spinors λ and λ, vectors A, and scalars φ as26
(Sµν) βα λβ = (σ
µν) βα λβ , S
µνAρ = −i(ηµρAν − ηνρAµ) ,
(Sµν)α˙
β˙
λ
β˙
= (σ¯µν)α˙
β˙
λ
β˙
, Sµνφ = 0 ,
(2.3.7)
with σµν = i4σ
[µσ¯ν] and σ¯µν = i4 σ¯
[µσν], see appendix A. Further details concerning the Weyl
representation can be found in appendix C.
2.3.2 Internal symmetry algebra R
As a second closed subalgebra, we have the R-symmetry of N = 4 SYM theory with gen-
erators R. This symmetry arises in the compactification procedure from the ten to the four
dimensional theory as27
spin(9, 1)→ spin(3, 1)× spin(0, 6) ' spin(3, 1)× su(4) , (2.3.8)
where we used the isomorphism spin(6) ' su(4). Therefore the R-symmetry algebra of N = 4
SYM theory is su(4) and it acts on the fields in the appropriate representations: trivial
(gauge fields), fundamental (fermions), real antisymmetric (scalars), and anti-fundamental
(conjugate fermions). We choose to label the R-symmetry generators by two indices A,B ∈
{1, 2, 3, 4}, so that the generators can be represented in a canonical matrix representation(
R AB
)†
= R BA = eˆ
B
A , ∀A 6= B ,
R jj =
1
4
(4eˆ jj − 1) , ∀j = {1, 2, 3, 4} ,
(2.3.9)
where eˆ BA is a matrix with one in the A
th row and Bth column and zeros else. Note that only
three of our four diagonal generators are linearly independent, which is necessary since we
have the trace constraint for su(4) generators, reducing the number of generators to fifteen.
The three independent diagonal generators form the Cartan subalgebra of su(4) and their
eigenvalues in two different bases28 (q1, q2, q3) and (Q1, Q2, r) will be given in table 2.1.
26The transformations for fermions imply that switching spinor index position gives an additional sign as
λα(Sµν) βα = −(σµν) βα λα and analogously for λ.
27When the Clifford algebra C`(p, q) is restricted to its invertible elements, the spin algebra spin(p, q) is
obtained. A detailed derivation of the algebra decomposition can be found in [86].
28The matrix representation of the Cartan generators in these two bases can be read off from the eigenvalues
of the fundamental fermions, e.g. R1|q = 12diag(+1,−1,−1,+1) or R1|Q = diag(1,−1, 0, 0). The four diagonal
generators of (2.3.9) can be written as linear combinations of the Cartan generators in the q basis as R 44 =
1
2
(R1 + R2 + R3)|q and R jj = (Rj −R 44 )|q with j ∈ {1, 2, 3}.
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Fields fC and their duals f
C with fundamental R-symmetry index C transform under the
generators as [R, f ] = R · f , where the r.h.s. follows from (2.3.9) and explicitly reads
R BA fC =
(
δBC δ
D
A −
1
4
δBAδ
D
C
)
fD , R
B
A f
C = −(δCAδBD − 14δBAδCD)fD . (2.3.10)
This concludes the discussion of the bosonic symmetry subalgebras of N = 4 SYM theory.
2.3.3 SUSY transformations involving Q
Next, we investigate the SUSY transformations generated by the fermionic symmetry gen-
erators Q. They follow from the ten-dimensional transformations (2.1.9). Analogously to
(2.1.26), we write the SUSY generators and parameters in terms of su(4)⊗sl(2,C) quantities.
In four dimensions the unitary operator (2.1.7) which realises the N = 4 SUSY transfor-
mations becomes U(·Q) = e−iδ·Q . Upon writing the four-dimensional SUSY generators and
their corresponding free parameters in terms of (2.1.26), the exponent is given by
δ·Q =
1
2
(
QAαAα + QAα˙
Aα˙ + Aα˙Q
α˙
A + 
α
AQ
A
α
)
=
(
αAQ
A
α + QAα˙
Aα˙
)
. (2.3.11)
The ten-dimensional SUSY variations from (2.1.9) can be written as δ,X = i[δ·Q, X] and
for the gauge fields and real scalars in four dimensions we find
δ,Aµ =
1
2
(
−iξM− (1(8)⊗γµ)ψM−10 + h.c.
)
= i(−Aα˙ (σ¯µ)α˙αλAα + λAα˙ (σ¯µ)α˙αAα) ,
δ,ϕj =
1
2
(
−iξM− (ρj ⊗ iγ5)ψM−10 + h.c.
)
=
(
Aα˙ΣjABλ
Bα˙ − αAΣ¯ABj λBα
)
,
(2.3.12)
where we used (2.1.9), (2.1.18), and (2.1.19). In spinorial indices, these variations become
δ,Aαα˙ = −i(σµ)αα˙δ,Aµ = 2
(
βAεαβλ
A
α˙ − εα˙β˙λAαAβ˙
)
,
δ,ϕAB =
i
2
ΣjABδ,ϕj = i
(
αAλBα − αBλAα − ABCDλDα˙ Cα˙
)
,
δ,ϕ
AB = (δ,ϕAB)
† = i
(
−λBα˙ Aα˙ + λAα˙ Bα˙ + ABCDαCλDα
)
.
(2.3.13)
For the transformation of fermions, we split the ten-dimensional transformation (2.1.9) into
three contributions
δ,ψ
M−
10 = i[δ·Q, ψ
M−
10 ] = −
i
2
(Fµν10 Mµν + F
jk
10Mjk + 2F
µj
10 Mµj)ξ
M−
= − i
2
(
FµνM10µν − igYM[ϕj , ϕk]M10jk + 2(Dµϕj)M10µj
)
ξM− ,
(2.3.14)
where µ, ν are four-dimensional Minkowski-space indices and j, k are six-dimensional Euclidean-
space indices. Using (2.1.18) and (2.1.22), the ten-dimensional Lorentz generators decompose
into
M10µν = 1(8)⊗
i
4
[γµ, γν ] , M10jk =
i
4
[ρj , ρk]⊗ 1(4) , M10µj =
1
4
ρj ⊗ [γ5, γµ] .
(2.3.15)
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This allows us to write (2.3.14) in terms of the two contributions29
δ,λAα = − i
2
Fµν(σµν)
β
α Aβ + igYM[ϕAB, ϕ
BC ]Cα + (σµ)αβ˙ D
µ ϕAB
Bβ˙
= i
(
βAFβα − γC gYMεαγ [ϕCB, ϕBA]−Dαβ˙ ϕBABβ˙
)
,
δ,λ
Aα˙
= − i
2
Fµν(σ¯µν)
α˙
β˙
Aβ˙ + igYM[ϕ
AB, ϕBC ]
Cα˙ − (σ¯µ)α˙β Dµ ϕABBβ
= i
(
−F¯ α˙
β˙
Aβ˙ + gYM[ϕ
AB, ϕBC ]
Cα˙ + γBεβγ D
α˙β ϕBA
)
,
(2.3.16)
where we used (2.2.7) for the field-strength representation. Note that the variation of the
conjugate fermion can also be obtained as δ,λ
Aγ˙
= εγ˙α˙(δ,λAα)
†, which is required for
consistency. Analogously the transformations of the positive-chirality fields λαA and λ
A
α˙ are
obtained from (2.3.16) by raising or lowering the respective spinor indices with ε-tensors. To
complete the picture we also include the variation of the (anti-)selfdual field strength. Using
the variations of F and the spinorial gauge field respectively given in (A.14) and (2.3.13),
we find
δ,Fαβ = εβγδ,F γα = −
i
4
(
δραδ
ω
β + δ
ρ
βδ
ω
α
)
εα˙β˙ Dρα˙ δ,Aωβ˙
= i
(1
2
(
Dαα˙ λAβ + Dβα˙ λAα
)
Aα˙ − 1
2
ωA
(
εαω Dβα˙ +εβω Dαα˙
)
λ
Aα˙
)
,
δ,F¯β˙α˙ =
(
δ,Fαβ
)†
=
i
4
(
δρ˙α˙δ
ω˙
β˙
+ δρ˙
β˙
δω˙α˙
)
εαβ Dαρ˙ δ,Aβω˙
= i
(1
2
αA
(
Dα˙α λ
A
β˙ + Dβ˙α λ
A
α˙
)− 1
2
(
εα˙ω˙ Dαβ˙ +εβ˙ω˙ Dαα˙
)
λαA
Aω˙
)
.
(2.3.17)
The variations (2.3.13), (2.3.16), and (2.3.17) are consistent with the field variations in the
oscillator representation discussed in subsection 2.3.6 and appendix F.
2.3.4 Special SUSY transformations involving S
Finally, the only generators missing are those of the special conformal SUSY transformations
SAα and S
α˙
A. We define them as a commutator of a special conformal generator with a SUSY
generator as
SαA = −
1
2
(σ¯µ)
α˙α[Kµ,QAα˙] , S
Aα˙
= −1
2
(σ¯µ)
α˙α[Kµ,QAα ] . (2.3.18)
The commutation relations with fields are obtained by replacing the special conformal gen-
erators by the respective r.h.s. of (2.3.18). The resulting double (anti-)commutator can be
solved by the means of the graded Jacobi identity
[gA, [gB, gC}}+ ω2D0(gA)D0(gB+gC)[gB, [gC , gA}}+ ω2D0(gC)D0(gA+gB)[gC , [gA, gB}} = 0 ,
(2.3.19)
where the graded commutator is
[X,Y } = XY − ω2D0(X)D0(Y )Y X . (2.3.20)
The prefactors account for minus signs that arise from commuting two fermionic objects.
The generator D0 gives the scaling dimension
30 to 0th order in perturbation theory, which
29For the multiplication, note that the negative-chirality parameter ξM− has the same structure as the
negative-chirality fermion given in (2.1.25).
30The scaling dimensions of the generators are given in the following paragraph.
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for bosonic and fermionic objects is integer- and half-integer-valued, respectively. This com-
bines with the quantity ω, which must be evaluated after its complete exponent has been
determined31 and has the formal property
√
ω = −1. The commutator of SαA with a given
field X then becomes
[SαA, X} = −
1
2
(σ¯µ)
α˙α
(
[Kµ, [QAα˙, X}]− [QAα˙, [Kµ, X]}
)
. (2.3.21)
The factors of ω vanish when we take into account the scaling dimensions of generators which
will be defined after (2.3.23). The analogous relation is obtained for the conjugate generator
by replacing SαA → S
Aα˙
and QAα˙ → QAα .
2.3.5 Commutation relations of the symmetry algebra of psu(2, 2|4)
Finally, we can use the Jacobi identity (2.3.19) and the action of all symmetry generators on
elementary fields (2.3.6), (2.3.10), (2.3.12) and (2.3.16) to determine the mutual commutation
relations of all symmetry generators. For the conformal and R-symmetry subalgebras, we find
the following commutation relations
[R BA ,R
D
C ] = δ
B
CR
D
A − δDAR BC ,
[Mνρ,Vµ] = −i(ηµνVρ − ηµρVν) ,
[Kµ,Pν ] =
i
2
(ηµνD + Mµν) ,
[Mµν ,Mρσ] = i(ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ) ,
(2.3.22)
where Vµ is a generator transforming in the vector representation, e.g. Pµ or Kµ. The
commutation relations with the dilatation generator are
[D, J] = −i∆JJ , (2.3.23)
with the non-vanishing scaling dimensions ∆R = ∆P = −∆K = 1 and ∆Q = ∆Q = −∆S =
−∆S = 12 . On the supercharges the R-symmetry and Lorentz generators act as rotations of
the form[
Mµν ,QAα
]
= (σµν) βα Q
A
β ,
[
Mµν ,QAα˙
]
= −QAβ˙(σ¯µν)β˙α˙ ,[
Mµν ,SαA
]
= −SβA(σµν) αβ ,
[
Mµν ,S
Aα˙]
= (σ¯µν)α˙
β˙
S
Aβ˙
,[
R BA ,Q
C
α
]
= −δCAQBβ +
1
4
δBAQ
C
β ,
[
R BA ,QCα˙
]
= δBCQAβ˙ −
1
4
δBAQCβ˙ ,[
R BA ,S
α
C
]
= δBCS
β
A −
1
4
δBAS
β
C ,
[
R BA ,S
Cα˙]
= −δCASBβ˙ +
1
4
δBAS
Cβ˙
.
(2.3.24)
The special conformal and ordinary translations yield the following commutation relations
with the supercharges
[Pµ,SαA] =
1
2
(σ¯µ)α˙αQAα˙ , [K
µ,QAα˙] =
1
2
(σµ)αα˙S
α
A ,
[Pµ,S
Aα˙
] =
1
2
(σ¯µ)α˙αQAα , [K
µ,QAα ] =
1
2
(σµ)αα˙S
Aα˙
,{
QAα ,QBα˙
}
= δAB(σ
µ)αα˙Pµ ,
{
SαA,S
Bα˙}
= −δBA (σ¯µ)α˙αKµ ,
(2.3.25)
31We choose this realisation of fermionic signs for compatibility with the treatment in section 4.4.
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and finally the non-vanishing anti-commutation relations between the supercharges are32
{
QAα ,S
β
B
}
= −1
2
Mµν(σµν)
β
α δ
A
B − δβαR AB +
i
2
δABδ
β
αD ,{
S
Bβ˙
,QAα˙
}
=
−1
2
Mµν(σ¯µν)
β˙
α˙δ
B
A − δβ˙α˙R BA +
i
2
δBAδ
β˙
α˙D .
(2.3.26)
All remaining (anti-)commutators of the symmetry algebra vanish. Note, however, that the
action of symmetry generators on elementary fields will be supplemented with coupling-
dependent corrections. These corrections originate from the dilatation generator which, in
the interacting theory, is only well defined on renormalised fields and becomes coupling-
dependent, c.f. section 3.5. Since the commutation relations of the algebra (2.3.22) – (2.3.26)
must remain valid, the action of the special conformal and special conformal SUSY generators
on fields must becomes coupling-dependent.
2.3.6 The spinor or oscillator representation
With the explicit field representation of symmetry generators presented so far in this section,
we can also present the spinor or oscillator representation [48,104,105] which is compatible
with our conventions. We first give the mapping of the generators to the spinor representa-
tion and then we follow the presentation of [106] to write all elementary fields and spinor-
representation symmetry generators in terms of creation and annihilation operators of the
symmetry algebra psu(2, 2|4). For an explicit calculatory verification of the mapping we refer
to appendix F.
All generators given so far in this section can be written explicitly in terms of sl(2) and
sl(2) spinor indices. While the SUSY, special conformal SUSY and R-symmetry generators
are already given in this representation, the conformal symmetry generators take the spinor
representation form
L βα =
1
2
Mµν(σµν)
β
α , L
α˙
β˙ = −
1
2
Mµν(σ¯µν)
α˙
β˙
, Dosci = iD ,
Pαα˙ = (σµ)αα˙P
µ , Kα˙α = −(σ¯µ)α˙αKµ .
(2.3.27)
In the oscillator representation, the elementary fields of N = 4 SYM theory and its
deformations can be represented via two sets of bosonic oscillators a†α (α = 1, 2) and b†α˙
(α˙ = 1, 2) and one set of fermionic oscillators c†A (A = 1, 2, 3, 4) acting on the oscillator
vacuum |0〉. These oscillators obey the usual (anti-)commutation relations:
[aα,a†β] = δ
α
β , [b
α˙,b†
β˙
] = δα˙
β˙
, {cA, c†B} = δAB , (2.3.28)
with all other (anti-)commutators vanishing. Under hermitian conjugation, indicated by f †hc ,
the oscillators transform as
(aα)†hc = bα˙ , (a†α)
†hc = b†α˙ , (c
A)†hc = c†A , (2.3.29)
where the remaining relations are obtained from (f †hc)†hc = f . The unusual transformations
for the a and b oscillators under hermitian conjugation arise since these oscillators really
characterise sl(2) and sl(2) representations, which are connected by hermitian conjugation.
32To obtain this relation we enforce the graded Jacobi identity for e.g. [Q, [S,Q}} + · · · = 0 to fix the
coefficients on the r.h.s.
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In terms of the oscillators with suppressed spinor indices, the (anti-) self-dual field strength,
(anti-) Weyl fermions and antisymmetric scalars are
Dk F =̂ (a†)k+2(b†)k |0〉 ,
Dk λA =̂ (a
†)k+1(b†)k c†A|0〉 ,
Dk ϕAB =̂ (a
†)k (b†)k c†Ac
†
B|0〉 ,
Dk λABC =̂ (a
†)k (b†)k+1c†Ac
†
Bc
†
C |0〉 ,
Dk F¯ =̂ (a†)k (b†)k+2c†1c†2c†3c†4|0〉 ,
(2.3.30)
with ϕAB = 12!ε
ABCDϕCD and λ
A
= 13!ε
ABCDλBCD and the Levi-Civita tensor
33 in Eu-
clidean space is taken to be normalised as ε1234 = ε1234 = 1. Note that all sl(2) and sl(2)
spinor indices that may occur on the l.h.s. of (2.3.30) are totally symmetrised, see subsec-
tion 2.5.2 for details.
The symmetry generators can also be represented in terms of creation and annihilation
operators. The dilatation, R-symmetry, diagonal Lorentz and central charge generators have
the form
D0 =̂ 1 +
1
2
a†γa
γ +
1
2
b†γ˙b
γ˙ RAB =̂ c
†
Bc
A − 1
4
δABc
†
Dc
D ,
Lαβ =̂ a
†
βa
α − 1
2
δαβa
†
γa
γ , L
α˙
β˙ =̂ b
†
β˙
bα˙ − 1
2
δβ˙α˙b
†
γ˙b
γ˙ ,
C =̂ 1− 1
2
a†γa
γ +
1
2
b†γ˙b
γ˙ − 1
2
c†Ac
A
(2.3.31)
and the remaining off-diagonal translation, special conformal translation, SUSY, and special
conformal SUSY generators are
Pαα˙ =̂ a
†
αb
†
α˙ , Q
A
α =̂ c
Aa†α , S
α
A =̂ c
†
Aa
α ,
Kα˙α =̂ aαbα˙ , QAα˙ =̂ c
†
Ab
†
α˙ , S
Aα˙
=̂ cAbα˙ .
(2.3.32)
The action of symmetry generators on fields in the oscillator representation is determined by
writing them left to the fields and commuting the annihilation operators to the right, using
(2.3.28) and for an explicit verification of the present oscillator representation of symmetry
generators see appendix F. The symmetry generators in the oscillator representation have
the same transformation properties34 under hermitian conjugation as the generators given
in (2.3.27).
2.4 Deformations of N = 4 SYM theory
In this section, we introduce classical actions and symmetries of the two less symmetric
relatives of N = 4 SYM theory mentioned in chapter 1: the β- and the γi-deformation. We
will investigate the properties of these theories in detail in chapter 4. The presentation in
this section is based on the analysis in my publications [1–3].
We define a classical deformation of some parent gauge theory to have the same field
content as the parent theory. In addition, some or all of the parent theory’s symmetries may
33For calculations note the useful relations c†1c
†
2c
†
3c
†
4 =
1
4!
εABCDc†Ac
†
Bc
†
Cc
†
D and λBCD = εABCDλ
A
.
34In the oscillator representation, we use (2.3.29) for the hermitian conjugation and for the generators in
the field representation we use (A.10), the hermiticity of Pµ, Kµ, Mµν , and the anti-hermiticity of D. Note
also that M
α˙
β˙ transforms an upper index, while Lα˙β˙ transforms a lower one, which explains the additional
sign.
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be broken in the deformations by altering the existing interactions of the parent theory in
a given deformation procedure. Finally, we include all possible renormalisable interactions35
that are compatible with the remaining symmetries of the deformed theory. This last step
guarantees that quantum corrections do not add further couplings in the renormalisation of
the deformed theories which we will discuss in chapter 3 and 4. In practical examples any of
the additional couplings that do not receive quantum corrections may also be set to zero.
In the remainder of this section, we will introduce the deformation procedure that we will
impose on N = 4 SYM theory. Then we will present the single-trace part of the deformed
actions and the new renormalisable multi-trace trace interactions that are compatible with
the surviving symmetries. Finally, we discuss how the symmetry generators of section 2.3
must be modified for the deformed theories.
2.4.1 The deformations
On the string theory side, the deformed theories are obtained by altering the S5 part in
the AdS5 × S5 background, as mentioned above. On the gauge theory side, this procedure
can be mimicked by altering the internal space36 of the parent N = 4 SYM theory to a
non-commutative space with a Moyal-like ∗-product which also breaks the su(4)R-symmetry
algebra to its u(1)×3 Cartan subalgebra, see [107] for a review on the connections to non-
commutative field theory. The ∗-product for two fields A and B is realised as
A ∗B = AB e i2qA∧qB , (2.4.1)
where qX = (q
1
X , q
2
X , q
3
X) is the Cartan charge vector of the field X. For fields with definite
Cartan charges, i.e. complex scalars φi or antisymmetric scalars ϕij , Weyl fermions λAα, and
gauge fields Aµ, the charges are given in table 2.1. The antisymmetric product of the charge
vectors in the γi-deformation is given by
qA ∧ qB = (qA)TC qB , C =
 0 −γ3 γ2γ3 0 −γ1
−γ2 γ1 0
 . (2.4.2)
While this definition is sufficient, we choose to work with the following linear combinations
of the deformation parameters:
γ±i = ±
1
2
(γi+1 ± γi+2) , (2.4.3)
where cyclic identification i+ 3 ∼ i is understood. For the β-deformation, the antisymmetric
product is obtained by setting γ+i = γi = β and γ
−
i = 0. This renders the simplification
qA ∧ qB
∣∣∣
β-def.
= −β
3∑
a,b,c=1
εabcq
a
Aq
b
B = −β
3∑
a,b=1
εab3Q
a
AQ
b
B , (2.4.4)
where the last equality holds for the second basis choice given in table 2.1. From this second
representation, which was originally used in [65], we also see that the β-deformation only
depends on the two charges Q1 = q1 − q2 and Q2 = q2 − q3 and is insensitive to the third
r = 23(q
1 + q2 + q3).
35If some of these newly introduced couplings turn out to be running, exact conformal invariance is broken
for the corresponding deformation. Therefore, the exact conformal invariance can only be checked for the
quantised theories.
36In subsection 2.1.2, this is the six-dimensional space that is compactified to a torus with vanishing radius.
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Table 2.1: Cartan charges of the fields in two different bases, which are related as Q1 = q1 − q2,
Q2 = q2 − q3, and r = 23 (q1 + q2 + q3). The charges of antisymmetric scalars can be obtained from
the complex scalars using the mapping that will be defined in (2.4.7). The respective anti-fields carry
the opposite charges.
B Aµ φ1 φ2 φ3 λ1α λ2α λ3α λ4α
q1B 0 1 0 0 +
1
2 −12 −12 +12
q2B 0 0 1 0 −12 +12 −12 +12
q3B 0 0 0 1 −12 −12 +12 +12
Q1B 0 1 −1 0 1 −1 0 0
Q2B 0 0 1 −1 0 1 −1 0
rB 0
2
3
2
3
2
3 −13 −13 −13 1
While we use a Moyal-like ∗-product, we must mention one important difference to the
Moyal-product used in non-commutative field theory [108]. For the latter, the deformation
phase as well as the ordering principle in interactions depends on one quantity: the spacetime
coordinate. In our case, however, the deformation phase of the Moyal-like ∗-product depends
on the Cartan charges of su(4)R (the flavours of elementary fields), while it alters ordinary
products within colour traces. Hence, the phase depends on the flavour of fields, while their
ordering is dictated by the colour trace, in contrast to the non-commutative field theory
case. An immediate consequence of the separation of ordering and deformation phase is that
∗-deformed traces of fields are in general not cyclically invariant any more, e.g.
tr
(
f1 ∗ f2 ∗ · · · ∗ fN
)
= e
i
2
∑N
j≤k=1 qfj∧qfk tr
(
f1f2 . . . fN
)
,
tr
(
fN ∗ f1 ∗ f2 · · · ∗ fN−1
)
= e
i
2
(∑N−1
k=1 qfN∧qfk+
∑N−1
j≤k=1 qfj∧qfk
)
tr
(
f1f2 . . . fN
)
,
(2.4.5)
where the two phase factors are not equal for generic fields fi. However, if the sum of
Cartan charges in a trace vanishes, we can express the charge vector of the N th field as
qfN = −
∑N−1
j=1 qfj . Together with the antisymmetry of the ∧-product, we then find that
both traces in (2.4.5) are equal which restores the cyclic invariance of the trace in this case.
2.4.2 The deformed single-trace action
The single-trace parts of both gauge theory deformations inherit the properties of the parent
N = 4 SYM theory [109–111]. Note, however, that the arguments in these publications
do not hold for potential multi-trace parts of the actions, since such terms are absent in
the parent theory and we will determine the additional multi-trace interactions separately
in the following subsection. To construct the single-trace part from the parent theory, we
have to write all elementary fields in representations with definite u(1)×3 charge vectors. For
comparability with the N = 1 superspace formulation [88], we choose to work with complex
scalars, which are obtained from the antisymmetric ones in (2.2.2) as37
ϕij =
i√
2
εijk4φ
k
, ϕ4i =
i√
2
φi , ϕ
ij = − i√
2
εijk4φk , ϕ
4i = − i√
2
φ
i
, (2.4.7)
37In terms of real scalars this mapping corresponds to the choice
φ1 = − 1√
2
(ϕ3 + iϕ4) , φ2 = − 1√
2
(ϕ2 − iϕ1) , φ3 = 1√
2
(ϕ5 − iϕ6) . (2.4.6)
38
The classical theories
where the complex conjugate scalar fields are φ
i
= (φi)
†. As before, we have ε1234 = 1 and
under hermitian conjugation it turns into its dual according to (εijk4)
† = εijk4. We can
now build the single-trace part of the deformed theories from the action (2.2.2). We employ
(2.4.7) to obtain the Minkowski-space action with complex scalars and promote all ordinary
products between fields to the ∗-products defined in (2.4.1). This yields
Ss.t. =
∫
d4x tr
(
−1
4
FµνFµν −
(
Dµ φ
j)(
Dµ φj
)
+ iλ
A
α˙ (σ¯
µ)α˙β Dµ λAβ
− gYM√
2
(
iεijk4λαi
[
φj , λkα
]
∗ + 2iλ
α
i
[
φ
i
, λ4α
]
∗ + h.c.
)
+ g2YM
([
φj , φk
]
∗
[
φ
j
, φ
k]
∗ −
1
2
[
φj , φ
j][
φk, φ
k]))
,
(2.4.8)
where ∗-deformed commutators are defined by replacing ordinary products within them by
by ∗-deformed ones. To obtain this action, we also used that all terms in the single-trace
action have a vanishing total su(4) Cartan charge and that the ∗-product of two fields with
opposite charge vectors reduces to the ordinary product. In case of the β-deformation, also
commutators involving the gluino λ4α reduce to ordinary ones. Since the ∗-products within
commutators in (2.4.8) depend on the order of fields, the deformation explicitly breaks the
commutator-type structure of interaction it appears in. While all interactions in N = 4
SYM theory are of commutator-type, some of these are altered in the deformations. As a
consequence, both deformations distinguish between the gauge groups SU(N) and U(N),
since U(1) modes do not decouple any more in non-commutator-type interactions, see [112].
Up to ghost and gauge-fixing terms the action (2.4.8) can be cast into the single-trace
part of (G.2) with coupling tensors given in (G.13) and (G.14). This is done by expanding
all ∗-commutators, using the (anti-)cyclicity of the trace and absorbing the deformation
parameters into appropriate coupling tensors analogously to the following example
εijk4
i
√
2
tr(λαi
[
φj , λkα
]
∗) =
εijk4
i
√
2
(
e
i
2
qφj∧qλk tr(λαi φjλkα)− e
i
2
qλk∧qφj tr(λαi λkαφj)
)
=
εijk4
i
√
2
(
e−
i
2
qλi∧qλk tr(λαi φjλkα)− e−
i
2
qλk∧qλi tr(λαkφjλiα)
)
= (ρj)ki tr(λαi φjλkα) ,
(2.4.9)
where we used qλk + qλj + qφi = 0 in the second and implicitly defined via the last line
as (ρj)ki = −i√2εjki4 e i2qλk∧qλi . The mapping between the current conventions and the one
used in [1] is given in appendix G.
2.4.3 Multi-trace parts of the action
In this subsection, we discuss which multi-trace interactions can be added to the single-trace
action (2.4.8) of the deformed theories. In principle, all multi-trace couplings whose individual
traces factors have non-vanishing q-charge are not captured in the non-planar inheritance
principle of [113] and hence do not appear in the deformed action (2.4.8).38 Such interactions
can, however, appear in loop corrections in the quantised theory and, as discussed at the
beginning of this section, we include all additional couplings that are compatible with the
remaining symmetries of the deformed theories into the respective classical actions of the
deformations. In case of the conformally invariant β-deformation, it is in fact mandatory to
38In orbifolded theories such interactions are constructed from the twisted sectors [114].
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add a multi-trace structure, as the theory does not preserve conformal invariance otherwise,
c.f. section 4.3.
In principle, we are free to choose any type of renormalisable multi-trace structure for
the deformed models. However, since we are interested in deformations that have the same
field content as the parent theory, a well defined ’t Hooft limit, natural limits for identical or
vanishing deformation parameters and at best also preserve conformal invariance, we restrict
each multi-trace coupling to fulfil the following requirements:
1. the three global u(1) charges are preserved (it has vanishing total u(1)3 charge),
2. it does not spoil the ’t Hooft limit (no proliferation of N -power beyond the planar
order occurs in perturbative calculations),
3. for gauge group SU(N), in the limit γ+i = β and γ
−
i = 0 the action of the N = 1
supersymmetric β-deformation is obtained,
4. in the limit γ±i = 0 the action of the undeformed N = 4 SYM theory is obtained,
5. it is marginal (its classical scaling dimension is four).
In addition, we restrict to theories with gauge group U(N) or SU(N). Note that requirement
5 is a necessary but not sufficient requirement for the deformed theory to be conformally
invariant beyond the classical level, see chapter 3 for details and section 4.1 for an explicit
example of broken conformality in the γi-deformation. For calculational purposes, we also
want to avoid a perturbative mixing of the expansion in deformation angles γ±i on the one
hand with the expansion in the ’t Hooft or effective planar coupling constant
λ = g2YMN , g =
√
λ
4pi
(2.4.10)
on the other hand. For the β- and γi-deformation we hence choose γ
−
i = 0 with γ
+
i not of
order λ and γ±i not of order λ, respectively.
Gauge group SU(N)
For gauge group SU(N), the tracelessness of the colour generators together with requirement
5 ensures that the only possible multi-trace structure is a product of two traces which each
contain two scalar fields. The only double-trace action that fulfils the requirements 1 – 5
hence is39
Sd.t. =
∫
d4x
(
−g
2
YM
2N
[
QijF kl tr(φiφj) tr(φ¯
kφ¯l) +QijD kl tr(φ¯
kφi) tr(φ¯
lφj)
])
, (2.4.11)
where the coupling tensors QF and QD contain the dependence on γ
±
i and are compatible
with the Feynman rules derivation in appendix G. Since we want the action (2.4.11) to be
real the coupling tensors must fulfil
(QijF kl)
∗ = QlkF ji , (Q
ij
D kl)
∗ = QlkD ji . (2.4.12)
Note that requirement 2 in general restricts the N -power that can occur in multi-trace
couplings: compared to the single-trace coupling an n-trace coupling must be suppressed by
a factor of at least N1−n, see subsection 3.4.1 for details.
39The Yang-Mills coupling is factored out of the coupling tensors to simplify a perturbative expansion in
one of the couplings in (2.4.10).
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In case of the β-deformation with gauge group SU(N), there is an alternative derivation
that fixes the structure of the double-trace terms entirely. Starting from the N = 4 SYM
action in its N = 1 superspace formulation, the superpotential can be deformed by altering
all ordinary products of chiral superfields to superspace ?-deformed ones [1]. This deformation
must be carried out before auxiliary fields are integrated out. Only after the deformation is
completed, the auxiliary fields may be integrated out. This procedure gives the β-deformation
in elementary fields as a special case of the conformally invariant Leigh-Strassler deformations
[115]. The double-trace term obtained in this procedure has a vanishing β-function [109] and
takes the form
Sβd.t. = −
g2YM
N
∫
d4x tr
([
φj , φk
]
∗
)
tr
([
φ
j
, φ
k]
∗
)
= 4
g2YM
N
sin2
β
2
∫
d4x
∑
j 6=k
tr
(
φjφk
)
tr
(
φ
j
φ
k)
,
(2.4.13)
where we used the explicit structure of the ∗-product in the second equality.
Gauge group U(N)
For gauge group U(N), there are many more possible couplings, since we can now have a
single colour generator of the U(1) mode inside a single trace. In couplings we separate the
U(1) modes off explicitly: each U(1) component is written as a trace over the respective
U(N) field, whereas traces of more than one field are understood to contain only the SU(N)
components. Note that we only make this distinction in the action in order to efficiently
present all couplings that are unique to the U(N) theory. In calculations in chapter 3 and
4 all gauge group components can occur in generic colour traces. All cubic terms that fulfil
the requirements 1 – 5 in this case are combined in
S3U(1) =
∫
d4x
(gYM
N
[
(ρiλ)
BA tr(λαA) tr(φiλBα) + (ρ
i
φ)
BA tr(φi) tr(λ
α
BλAα)
+ (ρλ¯ i)BA tr(λ¯
A
α˙ ) tr(φ¯
iλ¯Bα˙) + (ρφ¯ i)BA tr(φ¯
i) tr(λ¯Bα˙ λ¯
Aα˙)
+ (ρ˜iλ¯)BA tr(λ¯
A
α˙ ) tr(φiλ¯
Bα˙) + (ρ˜iφ¯)BA tr(φi) tr(λ¯
B
α˙ λ¯
Aα˙)
+ (ρ˜λ i)
BA tr(λαA) tr(φ¯
iλBα) + (ρ˜φ¯ i)
BA tr(φ¯i) tr(λαBλAα)
]
+
gYM
N2
[
(ρi3)
BA tr(λαA) tr(φi) tr(λBα) + (ρ3 i)BA tr(λ¯
A
α˙ ) tr(φ¯
i) tr(λ¯α˙B)
+ (ρ˜i3)BA tr(λ¯
A
α˙ ) tr(φi) tr(λ¯
Bα˙) + (ρ˜3 i)
BA tr(λαA) tr(φ¯
i) tr(λBα)
])
.
(2.4.14)
In addition, the quartic scalar interaction may be supplemented with the following terms
S4U(1) =
∫
d4x
(
−g
2
YM
N
[
Qij
φ¯ kl
tr(φiφjφ¯
l) tr(φ¯k) +Qijφ kl tr(φi) tr(φjφ¯
kφ¯l)
]
− g
2
YM
N2
[
Qij
φ¯φ¯ kl
tr(φiφj) tr(φ¯
k) tr(φ¯l) +Qijφφ kl tr(φi) tr(φj) tr(φ¯
kφ¯l)
+Qij
φ¯φ kl
tr(φi) tr(φjφ¯
k) tr(φ¯l)
]
− g
2
YM
N3
Qij4 kl tr(φi) tr(φj) tr(φ¯
k) tr(φ¯l)
)
.
(2.4.15)
Like in the SU(N) case, by requiring that the action is hermitian the transformation rules
of all U(N) coupling tensors under complex conjugation can be obtained. In addition, the
requirements 1 and 4 further restrict the U(N) coupling tensors.
For the β-deformation with gauge group U(N), we could follow the same logic as earlier in
the SU(N) case. This leads to Sβd.t. = S
3
U(1) = S
4
U(1) = 0. However, in [116] it was found that
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the U(N) β-deformation is not conformally invariant and flows to the SU(N) β-deformation
in the infrared (IR). Therefore, couplings in the U(N) β-deformation receive non-vanishing
UV-divergent quantum corrections and a priori we could add any coupling within (2.4.13),
(2.4.14) or (2.4.15) that vanishes perturbatively at the IR fixed point. Whether the last
requirement is fulfilled is, however, subject to explicit perturbative calculations.
2.4.4 Symmetries of the deformed models
The deformations that we discussed so far in this section are obtained by breaking the R-
symmetry of the parent N = 4 SYM theory partially or completely. Hence, many symmetry
properties of the deformed models can immediately be adopted from the discussion in sec-
tion 2.3. For the classical discussion in this section, we assume that any added multi-trace
coupling in the deformed theories does not break additional symmetries. Be warned, how-
ever, that this assumption is not true in general and in section 4.1 we will explicitly show
that certain double-trace couplings receive UV-divergent quantum corrections that break the
dilatation symmetry and hence conformal invariance.
At the classical level, the conformal invariance of the parent N = 4 SYM theory de-
scribed in subsection 2.3.1 is inherited to the deformed models. This is clear, since the four-
dimensional Minkowski-space structure and the classical scaling properties of all fields are
untouched. In addition, only marginal interactions are added to the actions of the deformed
models.
The R-symmetry is explicitly broken for the deformed models. The deformations de-
scribed in subsection 2.4.1 break the original su(4)R symmetry algebra down to its u(1)
×3
Cartan subalgebra. Hence, from the generators R BA in subsection 2.3.2, only the three di-
agonal Cartan elements40 R1, R2, and R3 survive.
Finally, coming to the supersymmetry, the discussion is rather short for the γi-defor-
mation: this symmetry is entirely broken and hence all generators QAα , QAα˙, S
α
A, and S
Aα˙
from section 2.3 are absent. For the β-deformation, the ∗-product only depends on the two
Cartan charges Q1 and Q2 but not on r, see (2.4.4).41 Since Aµ and λ4α are not affected
by the deformation (2.4.4), the respective SUSY generators Q4α and Q4α˙ and the associated
special conformal generators Sα4 and S
4α˙
survive in the β-deformation. The superconformal
algebra of the β-deformation is obtained by taking the one of N = 4 SYM theory given in
subsection 2.3.5, restricting the R-symmetry generators to the three Cartan generators and
restricting the SUSY and special conformal SUSY generators to the remaining ones with
spinor index A = 4.
2.5 Composite operators
Apart from the fundamental properties of theories, we are most interested in the properties
of composite operators that we may insert into correlation functions of external states, like
in the case of two- and three-point functions in (1.1.1). Following [117, lecture 3], we define
composite operators to be gauge invariant42 products of elementary fields, possibly with
covariant derivatives acting on them, which all reside at the same point in spacetime. An
40Their matrix representation in the (q1, q2, q3) or the (Q1, Q2, r) can be read off from the eigenvalues of
fundamental fermions in table 2.1, e.g. R1|q = 12diag(+1,−1,−1,+1) or R1|Q = diag(1,−1, 0, 0).
41The remaining simple supersymmetry of the β-deformation becomes manifest, when the model is ex-
pressed in an N = 1 superspace, where fundamental fermions and scalars with the same (Q1, Q2) charge are
combined in one chiral superfield.
42We restrict the definition to gauge-invariant objects because these objects do not mix with gauge-
dependent ones – not even under renormalisation, see the discussion in section 3.3.2.
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immediate example of composite operators are the fundamental interactions in the action,
e.g. (2.4.8). They are, however, special since they must obey all symmetries of the QFT.
In this section, we discuss how finite composite operators can be defined in a free QFT,
then we introduce the elementary building blocks from which they can be constructed for
N = 4 SYM theory and its deformations, and finally we present the action of symmetry
generators on composite operators in the free theory.
2.5.1 Normal ordering
In the quantised theory, naive products of multiple fields at a coincident point are not well
defined, since they develop divergences in correlation functions. In order to define such prod-
ucts and hence composite operators in the quantised (free) theory, it is therefore necessary to
subtract the occurring divergences. For correlation functions in which a composite operator
of L elementary fields is connected to r external fields, this amounts to subtracting all bL−r2 c
loops that appear in all possible Wick contractions. In the canonical quantisation approach,
this leads to the normal ordering of creation and annihilation operators introduced in [118].
In [119], this normal-ordering procedure it was used to define finite composite operators with
arbitrarily many constituent fields in the free quantised theory.
As a simple example of normal ordering, let us analyse the correlation function of two
complex scalars ∆(x, y) = 〈0|Tφ(x)φ(y)|0〉, which is the Green’s function of the d’Alembert
operator −∂2x. In the conventions of [90, chapter 8], it can be represented in four-dimensional
Minkowski space by
∆(x, y) =
∫
d4p
(2pi)4
eip(x−y)
p2 − i , (2.5.1)
which is divergent for y → x. Therefore, the naive definition O(φ,φ)(x) = φ(x)φ(x) is ill-
defined in the quantum theory and we use the alternative definition, which explicitly sub-
tracts the divergent part as
O(φ,φ)(x) = lim
y→x
(
φ(x)φ(y)− 〈0|Tφ(x)φ(y)|0〉id) . (2.5.2)
Note that for a correlation function with no external fields (r = 0), this definition implies
that the vacuum expectation value of the operator vanishes 〈0|O(φ,φ)(x)|0〉 = 0.
In general, we define a composite operator with L constituent fields in a free theory43 as
O(~f )(x) =: f1(x1)f2(x2) . . . fL(xL) :
∣∣∣
xi=x
, (2.5.3)
where : · : indicates a normal-ordered product. Following [120], the latter is defined via the
three relations:
1. The normal-ordering of the identity operator id is just itself, : id := id ,
2. For operators with complex coefficients c, normal-ordering is linear:
: cfO(~f ) + cgO(~g ) := cf : O(~f ) : +cg : O(~g ) : ,
3. A general normal-ordered product is defined recursively via44
fi(y) : FL :=: fiFL : +
∫
ddz
∑
j
〈0|T fi(y)fj(z)|0〉 : δFL
δfj(z)
: , (2.5.4)
43In an interacting QFT, the definition of a composite operator given here still contains divergences that
need renormalisation, c.f. subsection 3.2.4.
44Note that the variation with respect to a fermionic field is Grassmann valued and hence commuting it to
a certain position generates the signs for fermions.
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where fi is an elementary field, FL a collection of L elementary fields at positions
x1, . . . xL and the functional variation fulfils
δfi(x)
δfj(y)
= δji δ
(4)(x− y).
In (2.5.4) we explicitly see the separation of an ordinary product of operators into a normal-
ordered part and a second part that contains all possible Wick contractions.
2.5.2 Building blocks
Let us now introduce the basis elements from which all composite operators in N = 4 SYM
theory and its deformations can be constructed.
In principle, these gauge-invariant45 operators are built from colour traces of the elemen-
tary fields: scalars, fermions, and (anti-)self-dual field strengths with an arbitrary number
of covariant derivatives acting on them. However, not all operators that we construct in this
way are independent. They may be connected to other composite via the Bianchi identity or
the e.o.m., see appendix H for the realisations of these equations in our conventions. Since the
Bianchi identity as well as the e.o.m. always contain a term in which a covariant derivative
acts on an elementary field, we can lift redundancies in our description, by imposing that no
spinor indices may be contracted via the antisymmetric symbols εαβ or εα˙β˙, see appendix H
for details. For spinor indices, this requirement translates to symmetrising all sl(2) and sl(2)
spinor indices of covariant derivatives and the fields they act on. This prescription yields the
alphabet of composite operators
A = {Dk φi,Dk φi,Dk λAα,Dk λAα˙ ,Dk Fαβ,Dk F¯α˙β˙} , (2.5.5)
where the abbreviation Dk λAα stands for an expression with k ∈ N0 covariant derivatives
Dγγ˙ acting on λAα in which the sl(2) and sl(2) indices are totally symmetrised. Single-trace
composite operators can now be represented as a graded cyclic chain46 where each chain
site is occupied by an element of the alphabet Ai. Instead of a chain with sites, we can also
think of the composite operator as a tensor product of fields taken from the alphabet A
with an appropriate equivalence relation ∼ realising the graded cyclic invariance. A length-L
operator then takes the form
O( ~A )(x) = 1N tr
(A1A2 . . .AL) = 1N (A1 ⊗A2 ⊗ · · · ⊗ AL)∼ , (2.5.6)
where each field Ai is evaluated at position x and the normalisation factor N = N L2Nfl
includes a colour normalisation and a flavour normalisation Nfl to ensure that the two-point
function in (1.1.1) is normalised.
With the oscillator representations given in subsection 2.3.6 for the alphabet (2.5.5), we
can represent a length-L composite operator as a graded cyclic spin-chain state with the
appropriate oscillator vacuum |0〉L = |0〉 ⊗ · · · ⊗ |0〉 and L families of collective creation
oscillators A†i = (a
†
(i)α,b
†
(i)α˙, c
†
(i)A) acting on the individual sites i. Instead of the collective
creation oscillators we can also use the collective oscillator occupation numbers
Ai = (a
1
(i), a
2
(i), b
1
(i), b
2
(i), c
1
(i), c
2
(i), c
3
(i), c
4
(i)) (2.5.7)
45Since all these quantities transform in the adjoint representation of the gauge group, any product of them
in a trace is gauge invariant, compare (2.3.2).
46The chain is graded cyclic to account for the anti-commutation property of fermion. If a fermion is shifted
from last to first place in a composite operator which is bosonic overall, the operator acquires an additional
sign, see e.g. the terms involving fermions in the action (2.2.8).
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to characterise a composite operator in terms of the vector |A〉 = |A1, . . . , AL〉. For the
graded cyclic invariance, we define the graded shift operator T which transforms a length-L
state as
T |A1, . . . , AL〉 = ω2D0(AL)
∑L−1
i=1 D0(Ai) |AL, A1, . . . , AL−1〉 , (2.5.8)
with the grading prefactor which was defined below (2.3.19). The classical dilatation operator
in the oscillator representation is defined in (2.3.31) and in terms of the occupation numbers
in (M.1). On a length-L spin-chain state |A〉, graded cyclic invariance is then realised by
including the length-L projector
PL = 1
L
L−1∑
i=0
T i (2.5.9)
and hence the composite operator (2.5.6) is realised in the oscillator representation by
O( ~A )(x) = 1N PL |A1, . . . , AL〉 . (2.5.10)
2.5.3 Symmetry transformations of composite operators
With composite operators at hand, let us discuss how symmetry generators act on them
in the free theory. Note that this also covers the action of symmetry generators on the
elementary interaction vertices, which can be understood as special composite operators.
In the previous subsection, we discussed that composite operators can be thought of
as cyclic tensor products of elementary fields, possibly with traceless symmetric covariant
derivatives acting on them. Symmetry generators act linearly on such products, i.e. on a
length-L operator O(x) the action of the symmetry generator gm is realised via the single-
cite generator gm as
[gm,O(x)] =
L∑
i=1
ω2D0(gm)
∑i−1
k=1D0(Ak)
N tr
(A1 . . .Ai−1[gm,Ai]Ai+1 . . .AL) , (2.5.11)
where the ω factor realises the grading for fermionic generators. In the context of composite
operators we will call gm the symmetry generator and gm its density. In the case of N = 4
SYM theory, the action of the symmetry generators on elementary fields was given in sub-
section 2.3 and the necessary adaptations for the β- and γi-deformation were discussed in
subsection 2.4.4. We already see that the length of composite operators is only fixed in the free
theory, since e.g. the SUSY transformations of fermions (2.3.16) introduces length-changing
gYM-dependent contributions in the field representation. More severe length-changing ex-
amples involve the dilatation generator D which realises scaling transformations and which
is directly affected by the introduction of a renormalisation scale in the quantised theory.
Its coupling-dependent quantum corrections induce corrections to the realisation (2.5.11),
see subsection 3.5. Length-changing contributions are also induced for generators that are
constructed47 from D, i.e. K, S and S.
Restricting to the dilatation generator of the free theory (be it N = 4 SYM theory or its
deformations) for the moment, its action on the composite operator O(x) is determined via
(2.5.11) and the commutation relations (2.3.6). We find
DO(x) = −i(∆0O + xµ∂µ)O(x) , ∆0O = L∑
i=1
∆Ai , (2.5.12)
47The special conformal SUSY generators are explicitly given in terms of the dilatation generator in (2.3.18).
The special conformal generator itself can be written as the linear combination Kµ =
xν
4
(ηµνD+Mµν), which
can be seen from (E.1) and (E.14) with (E.12).
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where ∆0O is the classical scaling dimension of the operator O and the term xµ∂µ arises from
the induced coordinate transformation, see 2.3.1 and E.2 for details. The induced coordinate
transformation can be stripped off by evaluating the action of the dilatation operator on
composite operators at the origin, where we have
DO(0) = −i∆OO(0) . (2.5.13)
Whenever we discuss properties of the dilatation operator, we mean its properties when act-
ing on fields or composite operators at the origin. In the oscillator picture, the free dilatation
operator density is given in (M.1).
The structure of the two- and three-point correlation functions of composite operators
which was already mentioned in (1.1.1) can be fixed entirely from the properties of composite
operators under symmetry transformations. In analogy to the macroscopic symmetry trans-
formations of elementary fields in (2.3.4), we find the macroscopic scaling transformation of
composite operators by exponentiating (2.5.12), which yields
Ô(x) = eα∆0O O(eα x) . (2.5.14)
In a CFT, the two-point correlation function must be invariant under rescaling and hence
we have the condition
e
α(∆0O1+∆
0
O2 )〈0|TO1(eα x)O2(eα y)|0〉 = 〈0|TO1(x1)O2(x2)|0〉 . (2.5.15)
Following [24, chapter 4], this equation can be solved by using the rotational and translational
invariance as well as the Lorentz covariance of correlation functions to give the two-point
function
〈0|TO1(x1)O2(x2)|0〉 =
δ∆0O1∆
0
O2
(|x1 − x2|2 + i)∆
0
O1
. (2.5.16)
The structure of the three-point correlation function in (1.1.1) can be determined analogously,
c.f. [24, chapter 4] for details.
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Renormalisation and the quantised
theories
In this chapter, we discuss the effects that quantisation has on the classical theories intro-
duced in chapter 2. The presentation in this chapter is inspired by [24,90,121–123] and we
refer the reader there for further details.
We start with a brief review of the path integral approach and give the definitions of
position and momentum space correlation functions in this context. Subsequently, we in-
troduce the renormalisation program for ϕ3-theory in six-dimensional Minkowski space. In
this simplified setting, we fix our conventions and discuss general aspects of renormalisation
for elementary fields, couplings, and composite operators that are also important for N = 4
SYM theory and its deformations. In particular, we review the mixing of composite operators
under renormalisation and how the associated anomalous dimensions arise.
With the general setup of the renormalisation program at hand, we then focus on the
particularities that occur in the highly symmetric settings of N = 4 SYM theory and its
deformations. We review how the classical symmetries of these theories restrict the structure
of correlation functions in the quantised theories and for CFTs we discuss how the exact scale
invariance influences the renormalisation. We also investigate how the anomalous dimensions,
which are independent of the renormalisation scheme in a CFT, affect the classical scaling
symmetry of composite operators. This leads us to an extended definition of the dilatation
generator in quantised CFTs. We conclude our general discussion of the renormalisation
program with an example of elementary field and composite operator renormalisation in
N = 4 SYM theory and we also use the examples to introduce the concrete notation that
will be employed in perturbative calculations in chapter 4.
In addition to general aspects of renormalisation, we give a precise definition of the
’t Hooft limit in which we will perform all calculations in chapter 4. We discuss which types
of diagrams may contribute in correlation functions of composite operators, including the
finite-size wrapping and prewrapping contributions. In the final part of this chapter, we use
this limit, to formally construct the (asymptotic) planar one-loop dilatation generator of
N = 4 SYM theory and its deformations in terms of a one-loop dilatation generator density.
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3.1 The path integral approach
In this section, we briefly discuss the concepts of the path integral approach that we explicitly
need in the following sections and we refer to the literature for a general introduction, e.g. [90,
124,125]. For perturbative calculations of non-abelian gauge theories including Weyl fermions
and scalars, a detailed derivation of Feynman rules from the path integral is presented in
appendix G and its Mathematica implementation in form of the package FokkenFeynPackage
is presented in appendix I.
The partition function of a system is given by the sum over all possible states, weighted
by a phase factor. If there are no external forces, the system will stay in the vacuum state
and the sum of states in the quantised theory is given by a transition from the vacuum state
to itself
Z = 〈0|0〉 =
∫
D{ϕ} eiS[{ϕ}] . (3.1.1)
In the second equality we used the path integral representation which depends on the local
D-dimensional action of the theory S[X] =
∫
dDxL[X,DµX]. The integration is taken over
all possible field configurations with a suitable path integral measure indicated by D{ϕ}. For
the evaluation of more interesting transitions that include explicit field insertions, we must
also incorporate a source action Ssource[{ϕ, j}] =
∫
dDxji(x)ϕ
i(x) into the definition of the
partition function. In doing so we arrive at the generating functional
Z[{j}] = 1
NZ
〈0| eiS[{ϕ}]+iSsource[{ϕ,j}] |0〉 =
∫ D{ϕ} eiS[{ϕ}]+iSsource[{ϕ,j}]∫ D{ϕ} eiS[{ϕ}] , (3.1.2)
where the normalisation sets Z[{0}] = 1 in the absence of external sources. We can now
generate time-ordered correlation functions of n elementary fields (also called n-point or
Green’s functions) from the normalised generating functional Z[{j}] by taking functional
derivatives with respect to the sources jm(x), using
δjl(x)
δjm(y)
= δml δ
(D)(x − y) and setting all
sources to zero in the end. We arrive at1
G(
~i )(~x) ≡ 〈0|Tϕi1(x1)ϕi2(x2) . . . ϕin(xn)|0〉 =
[
δ
iδjin(xn)
. . .
δ
iδji1(x1)
Z[{j}]
]
{j}=0
=
1
NZ
∫
D{ϕ}ϕi1(x1) . . . ϕin(xn) eiS[{ϕ}] ,
(3.1.3)
where the time ordering symbol T ensures that fields evaluated at later times occur to the
left of fields evaluated at earlier times, c.f. (A.1). Since we work with the momentum space
Feynman rules of appendix G, we also need the Fourier transformed n-point functions2
G˜(
~i )(~p) ≡ 〈0|T ϕ˜i1(p1)ϕ˜i2(p2) . . . ϕ˜in(pn)|0〉 =
[
δ
iδj˜in(−pn)
. . .
δ
iδj˜i1(−p1)
Z˜[{j˜}]
]
{j˜}=0
,
(3.1.4)
which are obtained from (3.1.3) using (A.2). All calculations in this thesis are performed
in momentum space and we will drop the tilde of Fourier transformed quantities from now
on. For connected n-point functions, we can use the locality of interactions to factor out a
momentum conservation factor, resulting in the reduced n-point function
G(
~i )
c (~p) = (2pi)
Dδ(D)
( n∑
j=1
pj
)
〈0|Tϕi1(p1) . . . ϕin−1(pn−1)ϕin
(
−
n−1∑
j=1
pj
)
|0〉iT . (3.1.5)
1If the theory contains fermions, additional signs appear in the functional differentiation, c.f. appendix G
and in particular (G.22) therein for details.
2The time ordering symbol means that the Fourier transformation of the momentum space expression is
a time-ordered position space expression, compare the definition in appendix A.
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Path integrals which enter our definition of correlation functions in the quantised theory
in (3.1.3) usually cannot be solved exactly but a prominent exception to this statement
are path integrals of non-interacting theories. The free action S0 of such theories takes a
quadratic form in the field variables and the path integral can be solved via a generalisation
of the Gaussian integral. In the presence of a source term, the free theory is still solvable
and the generating functional can be written as
Z0[{j}] = 1
NZ
∫
D{ϕ} ei
(
S0[{ϕ}]+Ssource[{ϕ,j}]
)
∼ ei
∫
dDxdDyj(x)∆(x,y)j(y) , (3.1.6)
where ∆(x, y) is the propagator of the free theory. For interacting theories with a free action
S0[{φ}] and an interaction part Sint[{φ}], we can use this solution by expressing the interact-
ing theory as a perturbation of a non-interacting one. For this to work, we assume that the
interaction part depends on a set of coupling constants gi, that allow for such a perturba-
tive expansion. In the path integral approach, this idea amounts to splitting the generating
functional into a free part whose solution takes the form of (3.1.6) and an interaction part
that acts on it. Following [90, chapter 9], this procedure yields
Z[{j}] = 1
NZ
∫
D{ϕ} eiSint[{ϕ}]+i
(
S0[{ϕ}]+Ssource[{ϕ,j}]
)
= exp
[
iSint[{ δiδj }]
]
Z0[{j}] .
(3.1.7)
For any correlation function, we can expand the interaction exponential up to a given order
in the coupling constants gi and evaluate all occurring contributions.
3.2 Massless ϕ3-theory
In this section, we discuss how perturbative corrections to correlation functions can be ob-
tained in the path integral approach. For the moment, we restrict to massless ϕ3-theory (a
non-conformal theory of real scalars with a single three-point interaction) to discuss general
aspects of renormalisation and we will come back to N = 4 SYM theory and its deformations
in the next section. The ϕ3-theory is intensively discussed in [90, chapter 9] and we refer the
reader there for results and the Feynman rules used in this section.
3.2.1 The bare theory
Let us start with the bare or unrenormalised theory. In d-dimensional Minkowski space with
mostly plus metric, we can write the action of ϕ3-theory in terms of a free and an interaction
part as
S0[ϕB, jB] =
∫
ddx
(
−1
2
∂µϕB(x)∂
µϕB(x) + jB(x)ϕB(x)
)
, Sint[ϕB, gB] =
∫
ddx
gB
3!
ϕ3B(x) ,
(3.2.1)
where the label B indicates bare (non-renormalised) quantities. From the discussion in sub-
section 2.3.1, we know that this action is classically scale invariant if the classical scaling
dimensions fulfil
∆0ϕ =
1
2
(d− 2) , ∆0j =
1
2
(d+ 2) , ∆0g =
1
2
(6− d) (3.2.2)
and hence our coupling gB is dimensionless in d = 6 dimensions. In this case, we also know
the classical correlation function of two scalars which is given by taking (2.5.16) and replacing
the two composite operator insertions by two elementary scalar fields.
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Focussing on the two-point correlation function in d = 6 dimensions, let us investigate its
perturbative quantum corrections at lowest order in the coupling gB. The reduced momentum
space two-point function of the free theory can be obtained from the Fourier transformation
of the free position space two-point function (2.5.16) and it is given by
〈0|TϕB(p)ϕB(−p)|0〉iT , free = 1
i
∆(p) =
1
i
1
p2 − i , (3.2.3)
where the subscript iT means that we have dropped the momentum conservation factor
(2pi)dδ(d)(p + pin). The term i in the last equality appears since we work in Minkowski
space3. In the interacting theory, this free propagator is corrected by coupling dependent
contributions and in terms of connected momentum space Feynman diagrams the lowest
order contribution is
〈0|TϕB(p)ϕB(−p)|0〉iT = + +O
(
g4B
)
=
1
i
∆(p) +
1
i
∆(p)
[
iΠ(p)
]1
i
∆(p) +O (g4B) , (3.2.4)
where we depicted the free propagator by a straight line and each interaction with a power
of gB by a three-point vertex. In the second line, we have divided the loop diagram into one-
particle irreducible (1PI) parts, which separates the two external free propagators and the
(amputated) self-energy contribution Π(p). Using the Feynman rules of ϕ3-theory [90, chapter
9,14], the latter can be expressed in terms of the Minkowski space Feynman integral
iΠ
(1)
B (p) =
( )
1PI
=
1
2
g2B
∫
ddl
(2pi)d
1
(l2 − i)((p− l)2 − i) , (3.2.5)
where the superscript (1) labels the one-loop contribution in ΠB and the subscript 1PI
indicates that all external propagators have been amputated. Note that we will drop the i
terms later in this thesis for purely notational reasons. The integral depends on the single
external scale p2 and, following [126,127], it can be solved exactly in terms of the Euclidean
space integral∫
dD l¯
(2pi)D
1
l¯2α(p¯− l¯)2β =
G(α, β)
(4pi)
D
2 p¯2(α+β−
D
2
)
, G(α, β) =
Γ(D2 − α)Γ(D2 − β)Γ(α+ β − D2 )
Γ(α)Γ(β)Γ(D − α− β) ,
(3.2.6)
with generalised parameters D,α, β ∈ R and Euclidean momenta indicated by a bar. De-
pending on the parameters, this integral develops divergences, which appear in the solution
as poles in the Γ functions. Whether an occurring divergence appears in the ultraviolet (UV)
or in the infrared (IR) regime, can be determined from the Euclidean integrand in (3.2.6):
UV divergences appear in the |l¯| → ∞ regime and IR divergences in the |l¯| → 0 or |l¯| → |p¯− l¯|
regime, see appendix K.2 and the references therein for a treatment of UV and IR diver-
gences in Feynman integrals. Using the methods discussed in appendix K to Wick rotate the
integral in (3.2.5) to Euclidean space and back to Minkowski space via the inverse operator
WR−1, we find
iΠ
(1)
B (p) =
i
2
g2BWR
−1
∫
dd l¯
(2pi)d
1
l¯2(p¯− l¯)2 =
i
2
g2B
(4pi)
d
2
Γ2(d2 − 1)Γ(2− d2)
Γ(d− 2)
1
p2(2−
d
2
)
, (3.2.7)
3Our conventions of the Wick rotation and Fourier transformations are given in appendix A and they are
compatible with [90].
50
Renormalisation and the quantised theories
where the factor of i occurs in the Wick rotation. We see that the integral is UV divergent for
even integer dimensions d ≥ 4 and we will address the renormalisation of such divergences
in the following subsection.
Next, we discuss the first order correction to the three-point function. For external mo-
menta p1 and p2, we have
〈0|TϕB(p1)ϕB(p2)ϕB(−p1 − p2)|0〉iT = + + 3 +O
(
g5B
)
, (3.2.8)
where the last diagram appears three times since we can have a one-loop self-energy insertion
on each of the external legs. We can construct the third diagram by gluing (3.2.5) together
with two external propagators via the three-vertex of the theory and hence the second di-
agram renders the only new contribution. Following [90, chapter 16], its 1PI part is given
by
iV
(1)
ϕ3B
(p1, p2) =
( )
1PI
= ig3BWR
−1
∫
dd l¯
(2pi)d
1
l¯2(p¯1 − l¯)2(p¯2 + l¯)2
, (3.2.9)
where the Minkowski space integral is given in terms of the Euclidean space integral, analo-
gously to the self-energy case in (3.2.7). While we cannot solve this integral exactly, we can
still determine its UV and IR behaviour. In d > 2 dimensions it is IR convergent, since it
scales as
∫
d|l¯||l¯|d−3 for non-vanishing external momenta p¯1 6= p¯2. In the UV regime, where it
scales as
∫
d|l¯||l¯|d−7, we find a divergence for d ≥ 6. In particular, in the six-dimensional case
the divergence is independent of the external kinematic since the integral is logarithmically
divergent for d = 6. Hence, we can choose the special kinematical point p2 = 0, where the
integral (3.2.9) becomes
iV
(1)
ϕ3B
(p1, 0) = ig
3
BWR
−1
∫
dd l¯
(2pi)
d
2
1
l¯4(p¯1 − l¯)2
= i
g3B
(4pi)
d
2
Γ(3− d2)Γ(d2 − 2)Γ(d2 − 1)
Γ(3− d)
1
p
2(3− d
2
)
1
,
(3.2.10)
to extract the UV divergence4 analytically.
We stop the discussion of bare correlation functions in ϕ3-theory here, since we are only
concerned with questions of renormalisation and all higher-point functions are UV convergent
for the (d = 6) dimensional theory.
3.2.2 The renormalised theory
In the previous subsection, we found that the two- and three-point correlation functions in
bare ϕ3-theory in d = 6 dimensional Minkowski space yield UV-divergent contributions. In
this subsection, we introduce a renormalisation scheme consisting of a regularisation and
a subtraction procedure to rewrite the action (3.2.1) which depends on bare quantities in
terms of local5 1PI renormalisation constants that absorb the UV divergences and renor-
malised quantities. The renormalised theory, in contrast to the bare theory, is finite when
the regulated theory is transformed back to the original one. Here, we discuss aspects of
renormalisation schemes explicitly needed in this thesis and we refer to appendix J and the
references therein for a detailed definition.
For the regularisation procedure, we choose to analytically continue the spacetime dimen-
sion, so that we work with a regulated theory that lives in D = 6 − 2 dimensions instead
4In d = 6 dimensions, this integral has no IR divergence which follows from power counting in the Euclidean
integrand.
5The locality of counterterms and hence the renormalisation constants was proven in [128]. See also [129]
for a refined version of the proof.
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of d = 6 dimensions. All former divergences then appear as poles in  in the regularised ex-
pressions. This change of dimension also affects the coupling constant which picks up a mass
dimension of ∆0g =  as can be seen from (3.2.2). However, to keep the expansion parameter
dimensionless, we introduce a renormalisation scale µ that absorbs the dimensional shift of
the coupling in the regularised theory as
gB −→
d→D
µ
1
2
(d−D)gB . (3.2.11)
In the subtraction procedure, for each quantity q in the action (3.2.1) we define a 1PI
counterterm δq which enters the 1PI renormalisation constant Zq and absorbs the poles in
 that are associated to this quantity in the regularised theory. We express the bare scalar
field, source, and coupling in (3.2.1) in terms of renormalised quantities as
ϕB(x) = Z
1
2
ϕϕ(x) , jB(x) = Z
− 1
2
ϕ j(x) , gB = ZgZ
− 3
2
ϕ µ
g , (3.2.12)
where the 1PI renormalisation constants are defined in terms of the respective 1PI countert-
erms as6
Zϕ = 1− δφ , Zg = 1 + δg , with δ =
∞∑
j=1
δ(j) , (3.2.13)
with δ(j) depending on gj . The counterterms and the renormalisation constants are expressed
in terms of the renormalised coupling g and hence they implicitly depend on the renormali-
sation scale µ. The coefficients in each counterterm are determined perturbatively to a given
order in g so that observables in the regularised theory are finite when the limit to the
renormalised theory with  = 0 is taken.
Let us now investigate the renormalised theory. Upon inserting (3.2.12) into the action
(3.2.1), we find the regularised action
S0[ϕ, j] =
∫
dDx
(
−1
2
Zϕ∂µϕ(x)∂
µϕ(x) + j(x)ϕ(x)
)
, Sint[ϕ, g] =
∫
dDx
µg
3!
Zgϕ
3(x) ,
(3.2.14)
in which the free field and the interaction vertex are renormalised by 1PI renormalisation
constants. Note that the fields absorb the dimensional shift in the free action such that
the partial derivatives still have dimension one. In the source term, the renormalisation
constants cancel, so that we can use (3.1.7) as a generating functional for renormalised ϕ3-
theory in which all UV divergences are absent. Indeed, when we calculate the first correction
to the renormalised two-point function, we find an additional counterterm contribution that
must absorb the occurring divergence in (3.2.4). Graphically, we depict the corresponding
counterterm vertex as
ip2δϕ = i∆
−1(p)δϕ =
( )
1PI
(3.2.15)
and with it the renormalised version of (3.2.4) becomes
〈0|Tϕ(p)ϕ(−p)|0〉iT = Z−1ϕ 〈0|TϕB(p)ϕB(−p)|0〉iT = + + +O
(
g4
)
(3.2.16)
6The signs in this definition are chosen such that all minimal subtraction 1PI counterterms δX are given by
(−1) times the sum of UV-divergent 1PI contributions that involve X, regardless if X is a field or a coupling.
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where we expressed all bare quantities on the r.h.s. in terms of renormalised ones using
(3.2.12). Extracting the one-loop 1PI contributions, we find the renormalised one-loop self-
energy in the regulated theory to be
iΠ(1)(p) =
(
+
)
1PI
= ip2
(
1
12
g2
(4pi)3
(
−1

− 8
3
+ log
eγE p2
4piµ2
)
+ δ(2)ϕ
)
+O () .
(3.2.17)
This expression must be finite in the limit of vanishing regulator → 0 which is guaranteed
if the counterterm takes the form
δ(2)ϕ =
−1
ip2
K
[( )
1PI
]
+
g2
(4pi)3
cs =
g2
(4pi)3
(
1
12
+ cs
)
+O () , (3.2.18)
where the operator K extracts the divergence in  of its regularised argument and the scheme
constant cs is finite in . The renormalisation scheme with a dimensional regularisation and
cs = 0 is called the minimal subtraction (MS). We are, however, free to also absorb finite
parts into the counterterms as long as these additional terms do not spoil any symmetries of
the original theory. In the modified minimal subtraction (MS) scheme also the factor cs =−cMS
12 =
−1
12 log
eγE
4pi is absorbed and in kinematical subtraction
7 (KS) the counterterm is fixed
by requiring that observables do not receive quantum corrections at a special kinematical
point: here cs =
1
36(8− 3cMS), which yields Π(1)(µ) = 0.
Turning to the three-point function, we can fix the 1PI counterterm δg from the UV-
divergent 1PI contribution (3.2.9). In the renormalised theory, we have an additional 1PI
contribution to (3.2.9) at order g3 from the counterterm, which we depict as
igµδg =
( )
1PI
. (3.2.19)
With this, the renormalised one-loop 1PI vertex function is given by
iV
(1)
ϕ3
(p1, p2) =
(
+
)
1PI
= igµ
(
g2WR−1
∫
dd l¯
(2pi)d
µ2
l¯2(p¯1 − l¯)2(p¯2 + l¯)2
+ δg
)
.
(3.2.20)
We can fix the one-loop value δ
(2)
g in the MS and MS schemes8 by requiring that the renor-
malised one-loop 1PI vertex function evaluated at the special kinematical point p2 = 0 is
free of UV divergences. Using (3.2.10), this yields
δ(2)g =
−1
igµ
K
[( )
1PI
]
+
g2
(4pi)3
cs =
g2
(4pi)3
1
2
(
−1

+ cMS
)
, (3.2.21)
where the constant cMS is only present in the MS scheme. The renormalised version of
(3.2.8) can now be expressed diagrammatically in analogy to renormalised two-point function
(3.2.16) in terms of unrenormalised graphs and counterterm insertions as
〈0|Tϕ(p1)ϕ(p2)ϕ(−p1 − p2)|0〉iT = Z−
3
2
ϕ 〈0|TϕB(p1)ϕB(p2)ϕB(−p1 − p2)|0〉iT
= + + + 3 + 3 +O (g5) .
(3.2.22)
7This renormalisation scheme is also known as momentum subtraction (MOM) scheme.
8In the KS scheme, the vertex is renormalised at a non-exeptional momentum configuration, e.g. the
symmetric renormalisation point where V
(1)
ϕ3
(µ, µ) = 0 is enforced.
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3.2.3 Renormalisation group equation
In the renormalisation program via dimensional regularisation, we have introduced an ar-
bitrary renormalisation scale µ in the previous subsection. However, quantities in the bare
theory do not depend on this scale and we can use this fact to determine the µ-dependence
of renormalised quantities. This analysis leads to the renormalisation group equation (RGE),
to the anomalous dimensions γ of fields and the β-functions of couplings.
Starting with the scalar field, its RGE can be obtained by varying the first equation in
(3.2.12) with respect to µ. We find
0 = µ
d
dµ
ϕB(x) = Zϕ
[
γϕ + µ
d
dµ
]
ϕ(x) , with µ
d
dµ
Zϕ = 2γϕZϕ , (3.2.23)
where the anomalous dimension γϕ measures the degree of homogeneity
9 of the renormalisa-
tion constant Zϕ. The anomalous dimension appear since the scaling behaviour of Zϕ affects
the scaling behaviour of the renormalised field. Under a scaling transformation µ → e−α µ
we have Ẑϕ = e
−2γϕα Zϕ and using the first equation in (3.2.12), this implies
ϕ̂(x) = Ẑ
− 1
2
ϕ (µ)ϕ̂B(x) = e
αγϕ Z
1
2
ϕ (µ) e
α∆0ϕ ϕB(e
α x) = eα(∆
0
ϕ+γϕ) ϕ(eα x) , (3.2.24)
where we used (2.3.4) for the rescaling of the bare scalar field. Hence, the classical scaling
dimension of the scalar field ∆0ϕ is shifted by the anomalous piece γϕ in the renormalised
theory.10 We find the one-loop coefficient of γϕ from the one-loop counterterm (3.2.18) and
it is given by
γϕ =
1
2
1
Zϕ
µ
d
dµ
Zϕ = −1
2
µ
d
dµ
(δ(2)ϕ ) +O
(
g4
)
=
1
12
g2
(4pi)3
(1 + cs) +O
(
g4
)
, (3.2.25)
where we used (3.2.12) to take the derivative with respect to µ. We see that the renormalisa-
tion scheme constant cs which was discussed after (3.2.18) vanishes at first loop order in the
 → 0 limit. This is, however, an artefact from the low loop order and from two-loop order
onwards we find that the anomalous dimensions become renormalisation-scheme dependent
in non-conformal theories.
Similarly to the renormalised field RGE, we find the RGE for the renormalised coupling
from (3.2.12). For this, we introduce the connected or complete coupling renormalisation con-
stant which absorbs all renormalisation constants connected to the coupling renormalisation
in (3.2.12) into one constant as
Zg = 1 + dg = ZgZ−
3
2
ϕ = (1 + δg)(1− δϕ)− 32 , (3.2.26)
where we also introduced the connected counterterm-like object dg. The RGE for the coupling
g is now given by
0 = µ
d
dµ
gB = Zgµ
[
−γg + + µ d
dµ
]
g , with µ
d
dµ
Zg = −γgZg , (3.2.27)
where the complete renormalisation constant of g is also a homogeneous function in µ with
degree γg. Typically, this equation is written in terms of the coupling’s β-function which
9In [123], it was shown for a renormalisable scalar field theory which is dimensionally regularised that the
renormalisation constants are homogeneous functions in µ.
10For a detailed discussion how γϕ appears in the position space two-point function see e.g. [121, chapter
10].
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determines the rate at which the renormalised coupling varies when the renormalisation
scale is varied. The relation between the coupling’s anomalous dimension and its β-function
is
βg = µ
d
dµ
g = (γg − )g . (3.2.28)
Hence, the one-loop β-function can be determined from γ
(2)
g and using (3.2.18) and (3.2.21)
we find11
γg = − 1Zg µ
d
dµ
Zg = − d
dµ
(δ(2)g +
3
2
δ(2)ϕ ) +O
(
g4
)
= −3
4
g2
(4pi)3
(1− cMS) +O
(
g4
)
, (3.2.29)
where we have only given the MS scheme result with cMS = 0 and the MS scheme result
with cMS = log
eγE
4pi . Like in the case of γϕ, this anomalous dimension and hence the cou-
pling’s β-function become renormalisation-scheme-dependent at higher loop orders. We will
see an explicit example of the renormalisation scheme dependence in the γi-deformation in
section 4.2.
Finally, we can calculate the RGE of any n-point correlation function (3.1.4) involving
only elementary fields. As we already implicitly used in (3.2.16) and (3.2.22), the bare n-point
function is related to the renormalised one via
G
(n)
B (~p) =
(
δj(kn)
δjB(pn)
. . .
δj(k1)
δjB(p1)
)[
δ
iδj(kn)
. . .
δ
iδj(k1)
Z[j]
]
j=0
= Z
n
2
ϕ G
(n)(~p) . (3.2.30)
Taking the derivative of this expression with respect to the renormalisation scale µ, we find
the RGE for n-point functions in ϕ3-theory
0 =
[
nγϕ + µ
d
dµ
]
G(n)(~p) =
[
nγϕ + βg
∂
∂g
+ µ
∂
∂µ
]
G(n)(~p) , (3.2.31)
where the β-function appears since the n-point function depends on all couplings in the
interacting theory, compare (3.1.4). Note that n-point functions in non-conformal theories,
like the ϕ3-theory discussed here, inherit the renormalisation-scheme dependence from the
β-functions of the couplings and the anomalous dimensions of the elementary fields.
3.2.4 Composite operator insertions
With the structure of correlation functions of elementary fields fixed, let us discuss how
composite operators can be inserted in correlation functions and how they behave under
renormalisation. For further details, see also [122, chapter 6,7] where the massive version of
the examples discussed here are treated.
In fact, for the simplest operator we already discussed this problem. In the beginning of
this section, we included a source jB(x) in the partition function and we used this source to
generate single-field operators ϕB(x) in correlation functions. Analogously, we can generate
bare composite operators by including the following source action in the partition function
(3.1.7):
Ssource[{OB}, {jB}] = (2pi)d
∫
ddx
∑
A
∑
n
j
(A)n
B (x)O(A)Bn(x) , (3.2.32)
where each composite operator is identified by its quantum numbers A and an index n that
labels all distinct operators with the same quantum numbers. The classical scaling dimension
11Our one-loop coefficient β
(2)
g differs by a factor of
1
2
from [90, chapter 28] since we calculate the β-function
for the coupling g and not its square g
2
(4pi)3
= α.
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of the composite operator ∆0O(A) is given in (2.5.12) by the sum of its constituent-field scaling
dimensions and to render the source action dimensionless, the classical scaling dimension of
the corresponding source must take the form
∆0
j(A)
= d−∆0O(A) . (3.2.33)
With the source action (3.2.32), the generalisation of (3.1.3) to bare correlation functions
that also contain bare composite operators is straightforwardly obtained by including the
sources j
(A)
Bn (x) into the generating functional. For the momentum space realisation, note
that the source action of a single length-L composite operator OB(x) =
∏L
m=1 oBm(x), built
from elementary fields oBm, in momentum space takes the form
(2pi)d
∫
ddx jB(x)OB(x) =
∫ ( L∏
i=1
ddki
(2pi)d
)
ddp(2pi)dδ(d)(p+
L∑
j=1
kj)jB(p)
L∏
m=1
oBm(km) .
(3.2.34)
To obtain the momentum space correlation functions (3.1.4) with composite operators, we
replace the elementary fields oBm(km) by variations with respect to their sources and follow
the path integral approach of section 3.1 for elementary fields and interactions, see also
appendix G and the references therein for technical details. There is a slight complication
for the momentum space representation: position space correlation functions of composite
operators in the free theory already contain divergences12, when multiple operators approach
a coincident point. When we regulate these divergences by altering the spacetime dimension
d → D = d − 2, the Fourier transformation maps the divergences to poles in  in the free
momentum space correlation function. For example, let us calculate the free momentum space
two-point function of the operatorOB(p) = 12ϕ2B(p) whose scaling dimension13 is ∆O(p) = −2.
Separating off a momentum conserving δ-distribution from the two-point function, we find
the reduced two-point function in D = 6− 2 dimensional Minkowski space
µ2〈0|TOB(p)OB(−p)|0〉iT
∣∣
gB=0
= µ2 =
ip2
2i2
G(1, 1)
(4pi)3
(4piµ2
p2
)
=
p2
i(4pi)3
−1
12
+O (0) ,
(3.2.35)
where µ absorbs the non-integer dimensional shift from the separation of the δ-distribution,
the symmetry factor is 12 , the factor of
1
i2
originates from the Feynman rules of the two
propagators and the integral is evaluated using the same techniques as in (3.2.7). In this
example, the divergence in G(1, 1) originates from the Fourier transformed position space
correlation function 〈0|TOB(x)OB(0)|0〉 ∼ x−2(D−2), given in (2.5.16). In appendix L, we
calculate this Fourier transformation explicitly and find that its divergence at the origin
matches that of (3.2.35) up to an overall normalisation. Following [122, chapter 6], we can
absorb the occurring divergence into a new local MS counterterm c(0) = −K[µ2 ] and
define a renormalised two-point correlation function of composite operators as[
µ2〈0|TOB(p)OB(−p)|0〉iT |gB=0
]
R
= µ2〈0|TOB(p)OB(−p)|0〉iT |gB=0 + p2c(0)〈0|1 |0〉 .
(3.2.36)
In the interacting theory, the local counterterm must be determined perturbatively for each
loop order and we have C(g) =
∑∞
j=0 c
(j)(g).
12These divergences are absent in the free theory when we replace the multiple operators Oi(xi) at a
coincident point xi → x by a new composite operator which is built from all these operators as O(x) = [:∏
iOi(xi) :]xi=x, compare subsection 2.5.1.
13The scaling dimension of the momentum space operator follows from the Fourier transformation of the
respective position space operator which has scaling dimension ∆O(x) = D − 2.
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The renormalisation of composite operators
When we turn to the interacting theory, we find yet more UV divergences in the correlation
functions of composite operators which are similar to the ones that we encountered in the
context of elementary fields and interactions in subsection 3.2.2. This is unsurprising since we
can think of composite operators as additional interactions with couplings j
(A)
Bn (x) that are
set to zero when the correlation functions are evaluated. Hence, we can introduce complete
renormalisation constants for the sources of composite operators and mimic the coupling
renormalisation of subsection 3.2.2. There is, however, an important difference in the renor-
malisation of composite operators: different operators with the same quantum numbers can
be mixed into each other under renormalisation.14 Therefore, for each j
(A)
B (x) in (3.2.32)
we must introduce a renormalisation matrix that absorbs all UV divergences associated to
the composite operators with quantum numbers A. We explicitly choose the renormalisation
matrix realisation
O(A)Bm(x) =
∑
n
µsO(m,n)(Z−1A ) nm O(A)n (x) , j(A)mB (x) =
∑
n
µsj(m,n)j(A)n(x)(ZA) mn ,
(3.2.37)
where the function sO(m,n) = ∆O(A)m − ∆O(A)n accounts for the scaling dimension dif-
ference15 of the mixing objects in the analytically continued D-dimensional theory. The
complete renormalisation constant is given in terms of 1PI renormalisation constants of the
operator O(A)n (x) =
∏L(n)
i=1 oi(x) and its elementary constituent fields oi as
(ZA) mn = (1+dA) mn =
(ZA)
m
n∏L(n)
i=1 Z
1
2
oi
=
(1+δA)
m
n∏L(n)
i=1 (1− δoi)
1
2
, (δA)
m
n =
∞∑
j=1
(δ
(j)
A )
m
n , (3.2.38)
where (δ
(j)
A )
m
n depends on g
j . Note that the complete renormalisation matrix is of the form
ZA = 1+O (g) and we can use this to explicitly construct its inverse in (3.2.37) as Z−1A =∑∞
j=0(−dA)j . In analogy to the situation in subsection 3.2.2, the bare quantities on each l.h.s.
in (3.2.37) are independent of the renormalisation scale µ, while the renormalisation constants
as well as the renormalised quantities on each r.h.s. depend on it. When we insert (3.2.37)
into (3.2.32), the complete renormalisation matrices cancel and we can use this source action
in (3.1.7) to generate renormalised correlation functions involving renormalised composite
operators. Like in the case of the two- and three-point function of elementary fields, we fix
the new 1PI counterterm matrix (δA)
m
n to absorb the divergences that occur in Feynman
diagrams of bare quantities.
To illustrate the renormalisation of composite operators, we follow [122, chapter 6] and
calculate the one-loop 1PI counterterms that renormalise the operator O(4)B 1(x) = 12ϕ2B(x)
with classical scaling dimension ∆0 = 4 in the six-dimensional ϕ3-theory. In this spacetime
dimension, there is one further operator with the same quantum numbersO(4)B 2(x) = ∂2ϕB2(x)
which can mix into the renormalisation of O(4)B 1. To identify the UV divergent contributions,
we analytically continue the spacetime dimension to D = 6 − 2 which alters the classical
scaling dimensions of both operators to
∆O(4)1
= D − 2 , ∆O(4)2 =
1
2
(D + 2) . (3.2.39)
14In [122, chapter 6] it was proven that operators with dimension ∆ can be renormalised by adding operators
with a maximal dimension of ∆.
15In the original theory in d dimensions the scaling dimension difference is sO(m,n) = 0, by construction.
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In the D-dimensional theory, we can now calculate the one-loop 1PI renormalisation con-
stants from the following reduced correlation function
〈0|Tϕ(−p)ϕ(0)O(4)1 (p)|0〉iT =
2∑
n=1
µ
−2−∆
O(4)n (Z4) n1
Zϕ
〈0|TϕB(−p)ϕB(0)O(4)Bn(p)|0〉iT
=
(Z4)
1
1
Z2ϕ
+ + 2 + µ
D−6
2
(Z4)
2
1
Z
3
2
ϕ
+ +O (g3)
= + µ
D−6
2 +
(
+
)
+ 2
(
+
)
+
(
+ µ
D−6
2
)
+O (g3) ,
(3.2.40)
where the factor of two accounts for the self-energy insertion on each external leg and the
external momentum is fused into the composite operator and extracted at the upper scalar
leg. In the final line, we have expanded the renormalisation constants to order g2 and indi-
cated 1PI counterterm vertices for composite operators (δ4)
n
m O(4)Bn by a hexa-cross on the
composite operator insertion. We see that the correlation function can only be made finite
by the means of 1PI counterterms if we include the length-1 operator O(4)B 2(x) and hence we
find that this operator mixes into the renormalisation of the operator O(4)B 1(x). The one-loop
counterterms that render (3.2.40) finite in the MS scheme16 are concretely given by
g2(δ
(2)
4 )
1
1 = −K
[( )
1PI
]
=
−1
2
g2
(4pi)3
, g(δ
(1)
4 )
2
1 = −K
[( )
1PI
]
=
1
12
g
(4pi)3
,
(3.2.41)
together with the self-energy couterterm given in (3.2.18). With the renormalised operator
we can straightforwardly calculate the one-loop contribution to (3.2.35). It is given by the
following graphs
µ2〈0|TO(4)1 (p)O(4)1 (−p)|0〉iT =
2∑
n,m=1
µ(2−δm,2+δn,2)(Z4)m1 (Z4)n1 〈0|TO(4)Bm(p)O(4)Bn(−p)|0〉iT
= µ2
((
(Z4) 11
)2
+ +
+ + µ−2 + 2µ−
)
+O (g4)
=
p2
i(4pi)3
[−1
12
+
g2
144(4pi)3
(
5
2
− 1
3
)]
+O (g4)+O (0) ,
(3.2.42)
which is free of UV subdivergences17 due to the one-loop counterterm contributions. The re-
maining local divergences can be absorbed into the two-point function counterterms p2(c(0) +
c(2)), analogously to the zero-loop counterterm p2c(0) in (3.2.36). This concludes our mini-
mal one-loop example in ϕ3-theory and we refer to the literature18 for further introductory
calculations.
16The corresponding counterterms in the MS scheme can directly be obtained as in (3.2.18) and (3.2.21).
17The two-loop diagrams can be evaluated using the techniques of [130] and we find
K
[
+ 2
]
=
p2g2
i(4pi)6
1
12
( 1
22
− 1
3
)
, K
[
+ 2
]
=
p2g2
i(4pi)6
1
12
(
− 1
122
+
11
72
)
. (3.2.43)
18See [123], for a calculation in massive ϕ4-theroy or e.g. the detailed textbook discussions in [122,131,132].
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The renormalisation group equation for composite operators
So far, we introduced bare composite operators in correlation functions and absorbed all
newly occurring UV divergences into complete renormalisation constant matrices that mix
renormalised operators with the same quantum numbers. While the bare operators are in-
dependent of the renormalisation scale µ, the renormalised composite operators and renor-
malisation constant matrices both depend on it. Hence, in analogy to the coupling and
field renormalisation discussed in subsection 3.2.3, we can exploit this fact to determine the
µ-dependence of renormalised quantities via the RGE for composite operators.
For all composite operators labelled by the quantum numbers A, the RGE matrix is
obtained by varying the first equation in (3.2.37) with respect to µ. We find
0 = µ
d
dµ
O(A)B i = (Z−1A ) ji
[
(γA)
k
j + δ
k
j µ
d
dµ
]
O(A)k , µ
d
dµ
(ZA) ji = −(γA) ki (ZA) jk ,
(3.2.44)
where we absorbed the scale factor µsO into the renormalisation constant. The matrix of
anomalous dimensions (γA)
k
i measures the degree of homogeneity in µ of the renormali-
sation matrix ZA and the sign in the second equality occurs since ZA corresponds to the
source renormalisation matrix, compare (3.2.27) and (3.2.37). Like the anomalous dimen-
sions of elementary fields and couplings, this anomalous dimension matrix is in general
renormalisation-scheme dependent at higher loop orders and we will see an explicit example
of this in section 4.2. Note that the renormalised operator depends on the renormalised cou-
pling of the theory and therefore the total derivative with respect to µ in (3.2.44) induces
contributions of the β-function, as in (3.2.31).
Generically, the matrices ZA and γA are not diagonal which leads to the mixing of renor-
malised operators. Perturbatively, we may choose to diagonalise the renormalisation matrix
Z˜A = U−1z ZAUz which leads to a different operator basis O˜(A)i = (U−1z ) ji O(A)j for bare and
renormalised operators. Note that the matrix Uz depends on the renormalisation scale µ and
hence we have to be careful when adjusting (3.2.44). We can, however, also diagonalise the
first equation in (3.2.44) directly. When the new operator basis is obtained by the transfor-
mation Oˆ(A)i = (U−1γ ) ji O(A)j , this is possible if the diagonalised anomalous dimension matrix
fulfils γˆA = U
−1
γ γAUγ +U
−1
γ µ
d
dµUγ . Calculating γˆA from the second equation in (3.2.44), we
find the relation between Uz and Uγ to be
γˆA = U
−1
γ γAUγ + γUγ = U
−1
z γAUz + [γUz , Z˜A]Z˜−1A , (3.2.45)
where γU = U
−1µ ddµU measures the change of U under a scale transformation.
To make this more explicit, let us return to the example in (3.2.40). Using the 1PI
counterterms (3.2.41), we can construct the one-loop renormalisation matrix to express the
renormalised operators in (3.2.37) in terms of bare ones to find(
1
2ϕ
2
p2ϕ
)
=
[
1+
1
24
g2
(4pi)3
(−10 2gµ
0 1
)](
1
2ϕ
2
B
p2ϕB
)
, ⇒ γ4 = 1
12
g2
(4pi)3
(−10 2gµ
0 1
)
.
(3.2.46)
Note that the zero in the lower left corner of the renormalisation matrix indicates that the
operator p2ϕ does not receive divergent 1PI contributions from diagrams that involve the
operator 12ϕ
2, which can directly be verified in ϕ3-theory. The anomalous dimension matrix
can be diagonalised via the transformation19
Uγ =
(
1 211gµ
0 1
)
, Oˆ(4) = U−1γ O(4) =
(1
2ϕ
2 − 211gµ p2ϕ
p2ϕ
)
, (3.2.47)
19In this example we have γUγ = 0 and thus (3.2.45) is trivially fulfilled.
59
3.3 N = 4 SYM theory and its deformations
where we also showed the one-loop diagonalised basis. In the latter basis, we can also calculate
the one-loop scaling behaviour of the renormalised composite operators in analogy to (3.2.24).
Under rescaling labelled by a wide hat, we find that the classical scaling dimensions of the
composite operators are altered according to
̂ˆO(4)(x) = Ẑ4(µ)̂ˆO(4)B (x) = eα(4+γ4) Oˆ(4)(eα x) , (3.2.48)
where we used (2.3.4) for the rescaling of the bare operator with classical dimension ∆0O(4) = 4
in d = 6 dimensions and (3.2.44) for the rescaling of Z4 under µ→ e−α µ.
With the scaling properties of composite operators, we can also generalise the RGE of
n-point functions (3.2.31) to also include composite operators in a diagonal basis. When we
label a correlation function by a vector of quantum numbers ~A and momenta ~p characterising
n operator insertions with mutually distinct momenta pi 6= pj and which all renormalise
diagonally, the RGE is given by
0 =
[
−
n∑
i=1
γˆAi + µ
d
dµ
]
G(
~A)(~p) =
[
−
n∑
i=1
γˆAi + βg
∂
∂g
+ µ
∂
∂µ
]
G(
~A)(~p) . (3.2.49)
3.3 N = 4 SYM theory and its deformations
In the previous section, we briefly introduced the program of renormalisation in the setting of
ϕ3-theory in six-dimensional Minkowski space. In this section, we discuss how this program
is implemented for N = 4 SYM theory and its deformations in four-dimensional Minkowski
space. We focus on the differences and simplifications that occur in the settings of these
highly symmetric theories and refer to the literature, e.g. [90, chapter 71] for the general
treatment of non-abelian gauge theories in the path integral approach. As starting point,
we use the classical actions introduced in section 2.4 and replace all classical fields by bare
quantum fields.
3.3.1 The renormalised theories
For N = 4 SYM theory and its deformations, like for ϕ3-theory, we can employ the path in-
tegral formalism of section 3.1 to evaluate perturbative contributions to correlation functions
of elementary fields and composite operators. In principle, the entire approach introduced in
section 3.2 remains valid when we trade the action of ϕ3-theory in (3.2.1) for the action of
deformed N = 4 SYM theory introduced from section 2.4. The classical scaling dimensions of
scalars, gauge fields, ghosts, and fermions in the regularised theory in D = 4−2 dimensional
Minkowski space respectively are
∆0φ = ∆
0
A = ∆
0
c =
1
2
(D − 2) , ∆0λ =
1
2
(D − 1) . (3.3.1)
The renormalised action of deformed N = 4 SYM theory is obtained by replacing all bare
fields fB and couplings gB in section 2.4 with renormalised ones according to
20
fB = Z
1
2
f f , gB = Zgg =
µ∆
0
g(4)−∆0g(D)Zg
(Zf1Zf2 . . . Zfn)
1
2
g , Zf = 1−δf , Zg = 1+dg , Zg = 1+δg ,
(3.3.2)
20The 1PI renormalisation constants are chosen to be compatible with our conventions from appendix G.
All 1PI counterterms δX are given by (−1) times the sum of divergent 1PI contributions that involve X,
regardless whether X is a field, operator, or coupling.
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where the coupling occurs in an interaction term of the form gB tr(fB 1 . . . fBn) and it has the
classical scaling dimension ∆0g(D) in D dimensions. The connected and 1PI renormalisation
constants are defined in terms of the connected and respectively 1PI counterterms as in
subsection 3.2.2. The new action defines a new set of Feynman rules and consequently a
new set of Feynman graphs that can contribute to a given correlation function and we refer
to appendix G for a derivation of these rules. For N = 4 SYM theory, we also derive the
corresponding Feynman rules for the action (2.1.27) with real scalar fields in appendix G.5.
As discussed in chapter 1, N = 4 SYM theory is conformally invariant at the quantum
level and in the renormalisation procedure this poses a significant difference compared to
ϕ3-theory. While the coupling in the latter theory is renormalised as we have explicitly seen
in subsection 3.2.2, the couplings in N = 4 SYM theory and its conformality preserving
deformations are not. In the MS scheme, where only divergent contributions are absorbed
into the renormalisation constants, this leads to the relations
1
MS
= ZgYM =
ZgYM
(Zf1Zf2Zf3)
1
2
=
Z2gYM
(Zf1Zf2Zf3Zf4)
1
2
, (3.3.3)
for combinations of field renormalisation constants Zfi that can be matched to one of the
interaction terms in the N = 4 SYM action. Note that these relations imply that the con-
nected counterterms d vanish while they do not imply that the 1PI counterterms δ vanish.
The latter counterterms do, however, fulfil exact relations such that (3.3.3) remains true. In
subsection 3.3.3 we will see explicitly that the one-loop 1PI counterterm δ
(1)
λ is non-vanishing
in N = 4 SYM theory. We can combine (3.3.3) with (3.2.27) and (3.2.28) to obtain an exact
relation between the bare and renormalised coupling and the corresponding β-function in
D = 4− 2 dimensions. We find
gYMB = µ
gYM , βgYM = −gYM , (3.3.4)
which yields βgYM = 0 in strictly d = 4 dimensions as is required for a CFT. The -dependence
of the coupling and the β-function in the D-dimensional theory is related to the fact that
dimensional regularisation does not preserve the conformal symmetry of the theory.
The exact conformal invariance also ensures that the anomalous dimensions become
renormalisation scheme independent 21 and in the MS scheme they can be written as
γf = lim
→0
βgYM
1
2Zf
∂
∂gYM
Zf = − lim
→0
gYM
2
∂
∂gYM
logZf . (3.3.5)
Using (3.3.4) and (3.3.5), n-point correlation functions of elementary fields in N = 4 SYM
theory are straightforwardly obtained from (3.2.31). It is important to keep in mind that
(3.3.3) – (3.3.5) are only correct if the conformal invariance remains unbroken at the quantum
level. For the deformations introduced in section 2.4, it is not guaranteed that the complete
renormalisation constant of all newly introduced deformation-dependent couplings also van-
ishes as ZgYM . Whether this is the case has to be checked explicitly, see section 4.1 for an
example.
Correlation functions in N = 4 SYM theory and its deformations must be compatible
with the unbroken symmetries of the underlying theory. Therefore, n-point functions as
given in (3.1.3) must be invariant under symmetry variations generated by g and a variation
21To see this, note that two different renormalisation schemes can be related to one another via a finite
function ξ in the regulator  and the couplings of the theory. The difference between anomalous dimensions
calculated in two such schemes is proportional to the β-functions of the theory times a finite function in ξ.
Hence this difference vanishes if all β-functions vanish, see [122, chapter 7] for details.
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parameter α, i.e. δ(α·g)G(
~k )(~x) = 0. For each symmetry generator of the theory, this yields a
relation
0 = i〈0|T(δ(α·g)S)fk1(x1) . . . fkn(xn)|0〉+ n∑
j=1
〈0|T fk1(x1) . . .
(
δ(α·g)fkj (xj)
)
. . . fkn(xn)|0〉 ,
(3.3.6)
where S is the action of the theory and the symmetry variations of elementary fields δ(α·g)f =
i[α · g, f ] are discussed in section 2.3 for N = 4 SYM theory and in subsection 2.4.4 for the
β- and γi-deformation. When we write the variation of the action δ(α·g)S in terms of a
conserved Noether current and a surface term, these equations are known as the Ward-
Takahashi identities [133,134] for abelian gauge theories. For non-abelian gauge theories, like
N = 4 SYM theory and its deformations, there is the additional Becchi-Rouet-Stora-Tyutin
(BRST) symmetry [135,136] under which n-point functions must be invariant. In the path
integral approach, this is the rigid symmetry that remains when the classical non-abelian
action S is replaced by a gauge-fixed one S + Sgf + Sgh with the gauge-fixing and ghost
contributions Sgf and Sgh, respectively. The explicit BRST variations compatible with our
conventions in chapter 2 and appendix G can be found in [90, chapter 74]. When we write
(3.3.6) including the identities from BRST transformations, we arrive at the Slavnov-Taylor
identities [137,138], which are the analoga of the Ward-Takahashi identities for non-abelian
gauge theories22.
3.3.2 Composite operator insertions
Composite operator insertions in correlation functions can also be discussed analogously to
the ϕ3-theory case. Specifically, we can follow subsection 3.2.4 and adjust the alphabet from
which composite operators are constructed to the one in (2.5.5) for N = 4 SYM theory and
its deformations.
We renormalise composite operators in N = 4 SYM theory and its deformations exactly
as in (3.2.37). Hence, using (3.2.44) and (3.3.4) for CFTs, we find the anomalous dimensions
matrix of composite operators characterised by quantum numbers A in the MS scheme to be
(γA)
j
i = − lim→0βgYM
(
∂(ZA) ki
∂gYM
)
(Z−1A ) jk = lim→0
∞∑
u=0
gYM
(
∂dA
∂gYM
(−dA)u
) j
i
, (3.3.7)
where we used ZA = 1+dA and the series representation of Z−1A in the second equality.23 Like
in the case of elementary fields in (3.3.5), this anomalous dimension matrix is independent of
the renormalisation scheme due to the exact conformal invariance of the theory. Note that for
some composite operators the complete counterterm vanishes in the interacting theory and
for these operators the anomalous dimension matrix vanishes as well. A prime example of
such operators are the so-called BPS operators24 which preserve part of the supersymmetry
and consequently do not receive perturbative quantum corrections [141]. From (2.1.10), we
know that the Lagrange density of N = 4 SYM theory itself also belongs to these operators
up to surface terms.
The complete renormalisation matrix ZA mixes composite operators with quantum num-
bers A under renormalisation and consequently also the anomalous dimension matrix (3.3.7)
22For abelian gauge theories, the ghost part in the action decouples from every other term, so that ghosts
can be integrated out in this case which renders the BRST transformations trivial.
23If ZA is diagonal, the anomalous dimension matrix can be written as γA = gYM ∂∂gYM logZA which is
compatible with the definition in [139].
24For a classification of BPS operators for N = 4 SYM theory see e.g. [140].
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mixes the renormalised composite operators. Generically, in the construction of ZA gauge-
invariant and gauge-noninvariant operators will contribute [142]. It was, however, shown25
in [142] that there exists a basis in which the gauge-noninvariant operators decouple from
the gauge-invariant ones such that renormalised gauge-invariant operators can be computed
without the help of gauge-noninvariant operators. Therefore, the composite operators that
we defined in section 2.5 are only mixed among each other in a suitable basis and the corre-
sponding matrix of anomalous dimensions is gauge-invariant.
When we turn to a diagonalised basis in which the composite operators do not mix
under renormalisation, we can determine the scaling behaviour of renormalised composite
operators in N = 4 SYM theory and its deformations analogously to the situation in (3.2.48).
In this basis, the vector of composite operators Oˆ(A) labelled by quantum numbers A and the
diagonalised renormalisation matrix ZˆA transform under a rescaling µ→ e−α µ and x→ eα x
as
̂ˆO(A)(x) = ̂ˆZA(µ)̂ˆO(A)B (x) = eα(∆0A 1+γˆA) Oˆ(A)(eα x) , (3.3.8)
where ∆0A is the classical scaling dimension of the operators Oˆ(A) and γˆA is the diagonal
matrix with the anomalous dimensions (γˆA)
i
i as entries. We can use this scaling behaviour
to determine the structure of the two-point function of renormalised composite operators in
a CFT. Following the analogous reasoning as we did in the classical theory at the end of
subsection 2.5.3, we find
〈0|T Oˆ(A)(x1)Oˆ(B)(x2)|0〉 = δAB
(|x1 − x2|2 + i)∆O(A)
, (3.3.9)
where the complete scaling dimension ∆O = ∆0O + γO is a combination of the classical piece
∆0O and the anomalous piece γO.
The anomalous scaling behaviour of renormalised composite operators as shown in (3.3.8)
implies that the classical action of the dilatation generator (2.5.11) is supplemented by an
additional coupling-dependent part in the quantised theory. When we sort these quantum
corrections according to their power in the coupling, the full dilatation generator can be
written analogously to (2.5.12) as
D =
∞∑
j=0
gjYMDj , with D
b
a Ob(x) = −i
(
δ ba (∆
0
O + xµ∂
µ) + (γ
(j)
O )
b
a
)Ob(x) , (3.3.10)
where D0 is the classical dilatation generator and the remaining Dj give the anomalous con-
tributions26 when acting on a composite operator. In general, the elements of the anomalous
dimension matrix (γ
(j)
O )
b
a can be determined perturbatively as in (3.2.44) or (3.3.7) and in
the basis of (3.3.8) this matrix is diagonal and immediately gives the anomalous dimension
of the composite operator Oˆ.
3.3.3 Calculating Green’s functions in N = 4 SYM theory
With the techniques discussed so far in this chapter, we can in principle calculate any Green’s
function inN = 4 SYM theory and its deformations in a perturbative approach. To exemplify
the calculation of Green’s functions, we present the evaluation of the fermionic self-energy
and a composite operator insertion at low orders in the coupling constant gYM. We employ
the momentum-space Feynman rules derived in appendix G for the action (2.1.27) of N = 4
25For a simplified version of this proof see [143].
26In N = 4 SYM theory the g1D1 term is absent [48].
63
3.3 N = 4 SYM theory and its deformations
SYM theory with real scalars. For the Mathematica implementation of these rules, we use
the FokkenFeynPackage described in appendix I. The examples may easily be generalised
to other theories by altering the Feynman rules appropriately. The occurring integrals are
regularised in D = 4 − 2 dimensions in the dimensional reduction procedure introduced
in appendix J. For the evaluation of occurring integrals we use the techniques presented in
appendix K and we express the final results in terms of the effective planar coupling constant
g2 =
g2YMN
(4pi)2
= λ
(4pi)2
.
The fermionic two-point function
Let us calculate the one-loop perturbative correction to the fermion propagator. We can
construct it by combining the free fermionic propagator Sαβ˙(p) with the perturbatively
evaluated 1PI contributions as
〈0|Tλα(p)λα˙(−p)|0〉iT = 1
i
Sαα˙(p) +
1
i
Sαβ˙(p)
[
iΣβ˙β(p)
]1
i
Sβα˙(p) +O
(
g4YM
)
, (3.3.11)
where we suppressed flavour and colour indices. From dimensional analysis we know that the
reduced momentum space two-point function of two fermions on the l.h.s. has dimension −1.
Hence, the free fermion propagator also has dimension [S] = −1 and the fermionic self-energy
has dimension [Σ] = 1. The 1PI one-loop self-energy contributions to this equation in N = 4
SYM theory are given by
iΣ(p) =
(
〈0|Tλβ˙bB (−p)λAαa(p)|0〉iT
)
1PI
=
(
pAαa−pBβ˙b
+
pAαa−pBβ˙b
+
−pBβ˙b pAαa
)
1PI
+O (g4YM) ,
(3.3.12)
where we suppressed all indices on Σ. Amputated legs are labelled like vertices, i.e. the shown
indices do not label the line under which they stand but characterise which indices can be
connected at this point. The first diagram is given by(
pAαa−pBβ˙b
)
1PI
= nscf(vA, vB)(Tν)
β˙αIˆν(1,1)(p) , (3.3.13)
where we separated the diagram into momentum space integral Iˆ, the tensor T which com-
bines spinor and spacetime indices from γ-matrices and a prefactor nscf that combines the
remaining numerical, symmetry, colour, and flavour factors. For the prefactor we have
nscf(vA, vB) = −g
2
YM
i2
Σ¯jACΣjCB(cj [a, cC ])(cj [cC , b]) = 12g
2
YMNδ
A
B
(
(ab)− (a)(b)
N
)
,
(3.3.14)
where we used the abbreviation (a1a2 . . . an) ≡ tr
[
Ta1 Ta2 . . .Tan
]
for the colour-trace fac-
tors. From the Feynman rules of N = 4 SYM theory in appendix G.4, we see that the tensor
T is given in general by an alternating product of σ- and σ¯-matrices as
(Tν1...νm)
α˙β = (σ¯ν1)
α˙γ1(σν2)γ1γ˙2(σ¯ν3)
γ˙2γ3 . . . (σ¯νm)
γ˙m−1β , (3.3.15)
where the position of the spinor indices α˙ and β defines which type of σ-matrix is at the
beginning and at the end of the product. We work in the DR renormalisation scheme, where
the objects within T live in the quasi-four-dimensional space Q4S and the momentum space
integral is evaluated in the quasi-D-dimensional space QDS, with D = 4−2. The regularised
integral in D-dimensional Minkowski space is evaluated in Euclidean space, where it is given
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as a special case of (K.28). Afterwards, it is Wick-rotated back to Minkowski space by the
means of the operator WR−1 to yield
Iˆν(1,1)(p) =
∫
dDl
(2pi)D
µ2(−lν)
(l2 − i)((p− l)2 − i) = WR
−1
(µ2
i
ν )
=
G(1)(1, 1)
i(4pi)2
pν
L
,
(3.3.16)
with L = p
2
4piµ2
. From now on, we will suppress the −i terms in the denominators for purely
notational reasons. Combining all three contributions and using the effective planar coupling
(2.4.10), we find
(
pAαa−pBβ˙b
)
1PI
= −12ig2δAB
(
(ab)− (a)(b)
N
)
G(1)(1, 1)
pν(σ¯ν)
β˙α
L
, (3.3.17)
where p and σ¯ both live in Q4S. For the second Feynman diagram, we define the linear
combination
Iˆµ1...µm,ν(α,β) (p) ≡ pν Iˆµ1...µm(α,β) (p)− Iˆνµ1...µm(α,β) (p) , (3.3.18)
where the Euclidean space versions of the integrals on the r.h.s. are defined in (K.28) and
(K.7) for the case of m = 0. The diagram is then given by(
pAαa−pBβ˙b
)
1PI
= nscf(vA, vB)(Tν1ν2ν3)
β˙α
(
ηˆν1ν3 Iˆ ,ν2(1,1)(p)− (1− ξ)Iˆν1ν3,ν2(2,1) (p)
)
(3.3.19)
and the first two terms take the form
nscf(vA, vB) = −2g2YMδAB(cj [a, cC ])(cj [cC , b]) = −g2YMNδAB
(
(ab)− 1
N
(a)(b)
)
,
(Tν1ν2ν3)
β˙α = −(ην1ν2ην3ρ − ην1ν3ην2ρ + ην2ν3ην1ρ + iεν1ν2ν3ρ)(σ¯ρ)β˙α . (3.3.20)
The two integrals evaluate to
Iˆ ,ν2(1,1)(p) =
ipν2
(4pi)2L
(
G(1, 1)−G(1)(1, 1)
)
,
Iˆν1ν3,ν2(2,1) (p) =
i
(4pi)2L
[(
G(2)(2, 1)−G(3)(2, 1)
)pν1pν2pν3
p2
+
G(1, 1)−G(2)(2, 1)
D
pν2 ηˆν1ν3
− G(1)(1, 1)−G(3)(2, 1)
D + 2
S(ηˆν1ν2pν3)
]
,
(3.3.21)
where the operator27 S symmetrises all spacetime indices of its argument, the metric tensor
ηˆ lives in QDS and the second equation is obtained using (K.26). Combining all contributions
we find(
pAαa−pBβ˙b
)
1PI
= −2ig2ξδAB
(
(ab)− 1
N
(a)(b)
)2−1+2(− 1)pi 32
Γ(32 − ) sin(pi)
pν(σ¯ν)
β˙α
L
(3.3.22)
where we used the definitions of G-functions (3.2.6) and (K.25). The regularised one-loop
self-energy contributions to the fermion propagator displayed in (3.3.12) are obtained by
combining (3.3.17) and (3.3.22). Up to order 0 we find
ΣB(p) = −2g2
[
2 + (3 + ξ)
(
1 +
1

− cMS − log
( p2
µ2
))]
δAB
(
(ab)− (a)(b)
N
)
ipβ˙α , (3.3.23)
27See also below (K.26) for further defining comments.
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where cMS = log 4pi − γE and the spinorial momenta are defined as in (2.2.6).
The counterterm can now easily be defined, since both diagrams are IR-finite and the
divergence stems from the UV regime. We demand that the sum of iΣB and the counterterm
given in (G.32) is finite to order g2YM. Using the colour generator identities (G.1), we see from
the colour part that only the SU(N) modes of iΣB must be renormalised, as the U(1) part
vanishes in N = 4 SYM theory. In the DR, DR, and kinematical subtraction scheme this
yields the following one-loop counterterms
δDRλ = 2g
2(3 + ξ)−1 ,
δDRλ = 2g
2(3 + ξ)
(
−1 − cMS
)
,
δKSλ = 2g
2
[
2 + (3 + ξ)
(
1 + −1 − cMS
)]
.
(3.3.24)
A dimension ∆0 = 3 composite operator
In this subsection, we evaluate the divergent contributions up to order g3YM that arise when
the composite operator
O = 1
N
tr(λ
A
α˙λ
Bβ˙
) =
1
2N
(
λ
Aa
α˙ λ
Bβ˙a − λBβ˙aλAaα˙
)
(3.3.25)
is inserted into particular correlation functions. To exemplify the diagonal renormalisation
as well as operator mixing in N = 4 SYM theory, we determine the one-loop counterterms
that enter the two correlation functions
SλλO = 〈0|Tλγ˙cAA (−p)λcBBδ˙(0)O(p)|0〉iT =
ZλλO
Z2λ
+ + 2 +O (g4YM)
SϕϕϕO = 〈0|Tϕici(−p)ϕkck(0)ϕjcj (0)O(p)|0〉iT =
µZϕϕϕO
Z3ϕ
+ +O (g4YM) ,
(3.3.26)
where we schematically depicted the contributing one-loop diagrams. The 1PI renormalisa-
tion constants stem from the elementary fields as well as the two elements of the complete
operator renormalisation constant matrix ZO, like in (3.2.37). Note that the final state fields
in these two correlation functions are not gauge-invariant composite operators in contrast to
the discussion on composite operator renormalisation in subsection 3.3.2. We can, however,
combine the final state fields to form a second gauge-invariant composite operator and deter-
mine all contributions to ZO via the corresponding two-point functions as in (3.2.42). Here,
we refrain from this procedure to save one and respectively two loop orders in the calculation
analogous to the calculation in (3.2.40) at the expense of having nongauge-invariant objects
in the calculation. We use the notational conventions from the calculation of the fermionic
self-energy above to evaluate all possible transitions.
For the diagonal correlation function SλλO , there are two divergent one-loop contributions
that need to be cancelled by counterterms. The first is the 1PI contribution
(
SλλO
)
1PI
= K
[( Aα˙a
Bβ˙a
−pAγ˙cA
0Bδ˙cB
p
)
1PI
]
= nscf(vA,O, vB) K
[
ηµ3µ4 Iˆµ2,µ1(2,1) (p)− (1− ξ)Iˆµ2µ3µ4,µ1(3,1) (p)
]
(Tµ4µ1)
γ˙
α˙(Tµ2µ3)
β˙
δ˙
= −2g
2
N
(
(1− ξ)δγ˙α˙δβ˙δ˙ − 2δ
β˙
α˙δ
γ˙
δ˙
)(
(cAcB)− 1
N
(cA)(cB)
)
,
(3.3.27)
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where the construction of the tensors T follows by starting from the outgoing fermion line to
the upper left and applying rule eight of the Feynman rules in appendix G.4. The last line
is obtained using
nscf(vA,O, vB) = 2ig2YMN
((cAcB)
N
− (cA)(cB)
N2
)
,
K
[
Iˆµ2µ3µ4,µ1(3,1) (p)
]
=
−i
(4pi)2
S(ηˆµ1µ2 ηˆµ3µ4)
24
,
K
[
Iµ2,µ1(2,1) (p)
]
=
−i
(4pi)2
ηˆµ1µ2
4
.
(3.3.28)
Since both integrals are IR convergent28, it is sufficient to extract the entire pole part of
the integrals via the operator K. The second divergent contribution to SλλO stems from the
one-loop insertion of the fermionic self-energy (3.3.23) on one of the external legs of the
operator. It is a connected non-1PI contribution (1PI) and given by
(
SλλBO
)
1PI
= K
[(
Aα˙a
Bβ˙a
−pAγ˙cA
0Bδ˙cB
p +
Aα˙a
Bβ˙a
0Aγ˙cA
−pBδ˙cB
p
)
1PI
]
= −4g
2(3 + ξ)
N
δγ˙α˙δ
β˙
δ˙
(
(cAcB)− 1
N
(cA)(cB)
)
,
(3.3.29)
where the 1PI operation on diagrams only amputates the external free propagators, which
are grey shaded in the above diagrams. The divergent contributions (3.3.27) and (3.3.29)
are renormalised by the external fermion leg renormalisation constant Z−1λ and the complete
renormalisation matrix element ZλλO = ZλλO Z−1λ in (3.3.26). The one-loop contribution to
the latter must absorb the following divergence29
(
SλλBO
)
1PI
+
1
2
(
SλλBO
)
1PI
= −4g
2

(
2δγ˙α˙δ
β˙
δ˙
− δβ˙α˙δγ˙ δ˙
) 1
N
(
(cAcB)− 1
N
(cA)(cB)
)
(3.3.30)
and from this, the diagonal entry of the renormalisation constant ZO can be constructed for
given choices of the spinor indices. As discussed in subsection 3.3.2, the gauge dependence
drops out of the complete renormalisation matrix element and hence also the corresponding
anomalous dimension matrix element γO is independent of ξ. The latter can be determined
from this expression as in (3.2.44) or directly (3.3.7).
Let us now calculate the a non-vanishing contribution to the correlation function SϕϕϕO
with three different scalar field flavours30 i 6= j 6= k. It changes the length of the operator O
28The IR finiteness can be seen in Euclidean space by counting of loop momentum powers [121], see also
appendix K.2.
29The colour structure guarantees that the operator does not mix with two U(1) operators in this process,
since the corresponding contraction vanishes. In a two-point function of O with its conjugate, the colour
factor drops out since 1
N2
(cAcB)
(
(cAcB)− 1N (cA)(cB)
)
= 1−N−2.
30We restrict the scalar field flavours here to avoid contributions from the following range-2 diagram with
final state radiations
Aα˙
Bβ˙
−p−pi
0i
0j
p . (3.3.31)
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and starts at order g3YM with the contribution
SϕϕϕO = K
[(
Aα˙a
Bβ˙a
−pici
0kck
0jcj
p
)
1PI
]
= nscf(vi,O, vj , vk)K
[
Iˆµ2µ3µ4,µ1(3,1) (p)
]
εα˙γ˙ε
β˙δ˙(Tµ1µ4µ3µ2)
γ˙
δ˙
=
4piig3µ

(ci[cj , ck])
N
3
2
(Σ¯ikj)AB δβ˙α˙ ,
(3.3.32)
where the integral was already given in (3.3.28) and the remaining factors stem from
Rest(vi,O, vk, vj) = g3YMµ(Σ¯i)AC(Σk)CD(Σ¯j)DB(ci[cj , ck]) ≡ µ(g2YMN)
3
2 (Σ¯ikj)AB
(ci[cj , ck])
N
3
2
.
(3.3.33)
The divergent contribution in (3.3.32) must be renormalised by the 1PI renormalisation
matrix element µZϕϕϕO and hence we find that the operator O mixes non-trivially under
renormalisation with a composite operator containing three real scalars in N = 4 SYM
theory. This process starts at order g3 ∼ λ 32 in agreement with the fact that length-changing
processes do not occur at order λ in N = 4 SYM theory.
Note that the divergent contributions to the correlation functions (3.3.26) that we dis-
cussed in this subsection give two entries of the renormalisation matrix (3.3.7). In principle,
also the operators tr(ϕiϕjϕk) and tr(F¯α˙β˙ϕ) can have the same quantum numbers31 as O
for certain choices of the spinor and flavour indices in (3.3.25). For these choices, there are
further entries in the complete renormalisation matrix ZO.
3.4 The ’t Hooft limit
So far in this chapter, we discussed general aspects of renormalised field theories. As men-
tioned in the introduction, it is particularly interesting to investigate N = 4 SYM theory
and its deformations in the ’t Hooft limit where the parent theory was found to be integrable
at one-loop order. Originally, the ’t Hooft limit was proposed in [144] to separate Feynman
diagrams according to their topology: in gauge-invariant correlation functions only planar
diagrams survive. In these correlation functions, diagrams are planar if all their (closed)
colour lines can be drawn in a plane without intersecting lines. For gauge groups U(N) and
SU(N), the ’t Hooft limit is given by simultaneously taking the colour degrees of freedom
N →∞ and the Yang-Mills coupling gYM → 0, so that the product λ = g2YMN remains fixed.
To determine which terms survive in the ’t Hooft limit in a perturbative calculation, we
sort all contributions according to the powers of N that are generated by their respective
colour structures. In a diagrammatic expansion, these powers are most conveniently deter-
mined in the colour-space double-line notation, see [144] or [90, chapter 80] for a textbook
presentation. In this notation, fields carry the two fundamental matrix indices of the colour
generators they are contracted with. For gauge groups U(N) and SU(N), a field X in the
adjoint representation takes the form
Xij =
N2−1∑
a=s
Xa(Ta)ij , s =
{
1 SU(N)
0 U(N)
(3.4.1)
31These quantum numbers to order g3 are its classical scaling dimension ∆0O = 3, its R-symmetry Cartan
charges characterised through A and B and the sl(2)-charge characterised through α˙ and β˙.
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and it is connected in diagrams via its gauge group indices i and j. The colour part of a
propagator that connects an adjoint field with its conjugate is given by
N2−1∑
a=s
(Ta)ij(T
a)kl = δ
i
lδ
k
j −
s
N
δijδ
k
l =
i
j
l
k
− s
N
i
j
l
k
, (3.4.2)
where the colour flow is directed from upper to lower fundamental indices. The sN -term
guarantees that the propagator in the SU(N) theory is traceless. When we connect two U(1)
modes which have the colour generator (T0)ij =
1√
N
(1)ij by this type of propagator we find
1√
N
2
( i
j
l
k︸ ︷︷ ︸
N1
− s
N
i
j
l
k︸ ︷︷ ︸
N2
)
= (1− s) , (3.4.3)
where we used that each closed fundamental colour-line loop corresponds to δii and yields
a factor of N . We see that (3.4.3) vanishes for s = 1 in the SU(N) theory but is non-
vanishing in the U(N) theory with s = 0. This is a first encounter of a contribution which
must be present in the ’t Hooft limit despite its naive suppression factor32 of N−1. Apart
from propagators, there are three- and four-point interactions in the actions of N = 4 SYM
theory and its deformations. In colour space, each planar single-trace part of an interaction
with n external legs is represented by a connected planar double-line graph with n open
double lines. For example the colour-space part of the scalar propagator, fermion-scalar and
scalar-scalar interactions are given by
tr
(
φφ )=ˆ
(
− s
N
)
, gYM tr
(
λφλ
)
=ˆ ,
g2YM tr
(
φφφφ
)
=ˆ ,
g2YM
N
tr
(
φφ
)
tr
(
φφ
)
=ˆ ,
(3.4.4)
where we dropped the colour line arrows and suppressed all flavour and spinor indices.
In analogy to the fundamental interactions in (3.4.4), we can define length-L single-trace
composite operators in colour space as
Oi(x) = = 1√
NL
tr
(A1A2 . . .AL) , (3.4.5)
where the composite operator Oi(x) agrees with (2.5.6) up to the flavour normalisation
constant which depends on the explicit field-flavours in the operator, see e.g. [145]. The colour
normalisation ensures that the planar leading term33 in two-point correlation functions scales
as N0, since
〈0|TOiOi|0〉free = +O
( 1
N2
)
=
δi1 i1 . . . δ
iL
iL
NL
+O
( 1
N2
)
= 1 +O
( 1
N2
)
,
(3.4.6)
where the suppressed terms stem from n non-planar double-line contractions in the two-point
function and each such term comes with a suppression factor of N−2n. We can repeat this
32The naive idea to discard the s
N
-term fails since propagators are not gauge invariant quantities without
open colour lines and hence power counting in N is meaningless.
33The planar term in a free two-point correlation function is unique since the involved composite operators
are graded cyclically invariant.
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exercise for the splitting of an initial single-trace operator into n final ones and find that such
processes are suppressed by a factor of at least N−(n−1) and hence the mixture of composite
operators with different numbers of colour traces is suppressed in the ’t Hooft limit.
When we allow for interactions, we can use single-trace vertices like the ones displayed
in (3.4.4) to calculate the N - and gYM-power in a gauge-invariant correlation function. We
find that each length-preserving (∆L = 0) and length-changing (∆L = 1) interaction yields
a factor of Ng2YM = λ and N
1
2 gYM = λ
1
2 , respectively. In a single-line representation these
statements can be depicted for two-point functions in the ’t Hooft limit as
∝ 1 , s.t. ∝ λ , s.t. ∝
√
λ , (3.4.7)
where each white blobs represents one single-trace interaction of order ` = 1 or ` = 2 in
the coupling constant gYM. At generic order g
`
YM, we can also connect multiple single-trace
interactions to form a connected interaction kernel which is attached through ri and rf
external legs to the initial and final composite operators and has a total number of ri + rf ≤
`+ 2 external legs. In the asymptotic regime, i.e. where the initial and final operator lengths
exceeds the respective interaction ranges ri and rf , relation (3.4.7) can straightforwardly be
generalised: the blobs are promoted to single-trace interaction kernels with ` powers of gYM.
Such diagrams with planar interaction kernels contribute to correlation functions at order
λ
`
2 in the ’t Hooft coupling and non-planar interaction kernels are suppressed with at least
N−2.
3.4.1 Finite-size effects
So far, we discussed asymptotic contributions to two-point correlation functions in which the
lengths of the initial and final composite operators exceed the respective interaction ranges ri
and rf of all interaction kernels. In this subsection, we discuss the so-called finite-size effects
that start to occur when either the initial or the final operator length meets the interaction
range ri or rf of the interaction kernel.
Wrapping
First, we have the wrapping effect34 which was systematically analysed in [51]. It starts to
occur in two-point correlation functions involving an initial length-Li and a final length-Lf
composite operator at loop order K ≥ 12(Li +Lf ), when the interactions contain Li +Lf or
more power of gYM. At this loop order, it is possible to build a connected chain of interactions
that entirely wraps around the initial or final composite operator. The interaction kernel of
such a process appears to be non-planar when drawn. A simple three-loop example of this
in colour space is35
, ∝ g6YMN3 = λ3 , (3.4.8)
where the left hand expression is not a gauge invariant correlation function and hence the
’t Hooft limit cannot be taken. Wrapping diagrams that also involve four-point interactions
34In the context of AdS/CFT integrability, wrapping was discussed in [52].
35We do not choose particular field flavours but with the interactions from (2.4.8) it is clear that the drawn
diagrams exist in general.
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can be drawn in a similar fashion. A general wrapping diagram for correlation functions of
two operators with lengths Li and Lf exists for loop orders K ≥ 12(Li +Lf) and can be drawn
as
∝ λ 12 (Li+Lf) , (3.4.9)
where the dark grey area yields only planar interactions and Li + Lf powers gYM. The grey
loop that wraps around the operator Oi is also called wrapping loop. Since these wrapping
diagrams have no suppression factor in N , they do contribute in the ’t Hooft limit.
Prewrapping or multi-trace interactions
The other finite-size effect which influences gauge invariant correlation functions in the
’t Hooft limit is prewrapping, which was introduced in [2]. This effect subsumes all contribu-
tions from multi-trace interactions that start to occur one loop order prior to the wrapping
contributions. Such interactions contribute in the ’t Hooft limit if each single-trace factor of
the multi-trace interaction is entirely contracted with an external single-trace composite op-
erator – despite the naive suppression factor in N for multi-trace interactions in the actions
in subsection 2.4.3.
In two-point correlation functions involving single-trace composite operators of lengths
Li and Lf, prewrapping can occur if each operator is connected to the single-trace factor of
a double-trace interaction in a K ≥ 12(Li + Lf) − 1 loop process. For example, two scalar
L = 2 composite operators can interact via the double-trace coupling displayed in (3.4.4) in
the following correlation function36
〈0|TO2O2
(g2YM
N
tr
(
φφ
)
tr
(
φφ
))|0〉free = ∝ g2YM
N
δi1 i1 . . . δ
i4
i4
N2
= λ , (3.4.10)
where the four colour loops generate an N -enhancement that absorbs the 1N suppression
factor of the coupling, similar to the calculation in (3.4.5). Note that this mechanism also
applies, when the initial and final composite operator are both fused into a single line. In
this case, the colour part of the propagator for that single connecting line is given in (3.4.4)
and for length-Li and Lf operators we find the s-channel type prewrapping contribution
37
− s
N
∝ (1− s)λ 12 (Li+Li)−1 , (3.4.11)
where the dark grey areas encode planar interactions as in (3.4.9). Hence, in any theory
with gauge group SU(N) where s = 1 the s-channel-type processes vanish. Analogously, we
36Here the free correlation function is evaluated so that no additional interaction can be added to the one
explicitly included.
37The overall power of the ’t Hooft coupling is determined in analogy to those of the length-changing
processes depicted in (3.4.7).
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can fuse the initial and final composite operator into each single-trace factor of any of the
possible double-trace couplings given in subsection 2.4.3 and such a process contributes at
the same loop order to the two-point correlation function.
3.5 The (asymptotic) planar one-loop dilatation generator
In subsection 3.3.2 we discussed how the renormalisation of composite operators in a quan-
tised CFT induces anomalous scaling dimensions that supplement the operators’ classical
scaling dimensions and alters the action of the dilatation generator (3.3.10) in the interacting
theory. In the ’t Hooft limit introduced in the previous section, the anomalous dimensions
only receive planar contributions. In this section, we use this to simplify the structure of
the one-loop dilatation generator38 of N = 4 SYM theory and discuss which parts of this
structure can be carried over to the β- and γi-deformation.
The dilatation generator (3.3.10) yields the perturbative corrections in gYM to the anoma-
lous dimension when it acts on a composite operator Oi and these corrections were con-
structed from the complete renormalisation constant matrix of Oi in (3.3.7). At one-loop
order in N = 4 SYM theory, all possible quantum corrections to Oi stem from diagrams
with a maximal interaction range of ri = 2, see the first line in (3.3.26) for an explicit exam-
ple. In the ’t Hooft limit, the only contributing range ri = 2 diagrams connect two adjacent
legs of the composite operator via a suitable interaction kernel. We can hence combine all
range ri = 2 and ri = 1 one-loop contributions into a one-loop dilatation generator den-
sity (DN=42 )
A3A4
A1A2 which transforms two adjacent initial fields A1 and A2 of the composite
operator into two final ones A3 and A4 and weighs the transition with the corresponding
contribution to the anomalous dimension matrix element. For a composite operator of the
form (2.5.6), the action of the one-loop dilatation generator can then be written analogously
to (2.5.11) as
[DN=42 ,O(x)] = −i
L∑
i=1
∑
Fj∈A
(DN=42 )
F1F2
AiAi+1
1
N tr
(A1 . . .Ai−1F1F2Ai+1 . . .AL) , (3.5.1)
where i + L is identified with i and the sum over Fj accounts for all possible transitions
from the two initial fields to the two final ones. Note that DN=42 is generically length-
independent but for L = 1 operators in the U(N) theory it becomes explicitly length-
dependent and the wrapping corrections discussed in subsection 3.4.1 have to be included.
So far, this representation of the one-loop dilatation generator is simply a repackaging of
the prescription given in subsection 3.3.2 into a form suitable to the spin-chain description
of composite operators in N = 4 SYM theory. However, the dilatation generator density
was completely determined in [48] and in appendix M we give DN=42 explicitly in terms of
occupation numbers in the oscillator representation. Using this representation, the planar
one-loop dilatation generator of N = 4 SYM theory with gauge group SU(N) is completly
determined via (3.5.1).
For the β- and γi-deformation, the question arises, if we can use (3.5.1) to determine their
respective dilatation generators as well and in the remainder of this section we follow the
presentation of [2] to address this question. In section 2.4, the deformations were obtained
from N = 4 SYM theory by turning the internal space to a non-commutative space with
a Moyal-like ∗-product and by including all multi-trace interactions compatible with the
remaining symmetries. In the asymptotic regime (which at one loop includes all operators
38We restrict to the one-loop case here, since we will not need the higher-loop generalisations in chapter 4.
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with lengths L ≥ 3), we know from (3.4.11) that the latter interactions cannot contribute.
In this regime, the deformation-dependence of anomalous dimensions is determined entirely
by the deformed elementary interactions that enter the weight factor in (3.5.1). Hence, if
we can determine the deformation phase of a given one-loop contribution to the anomalous
dimensions entirely from the fields that enter and leave the dilatation generator density, we
can relate the deformed densities to the undeformed density (DN=42 )
A3A4
A1A2 . To achieve this, we
adapt the theorem of [108] for noncommutative field theories to the β- and γi-deformation: a
planar single-trace Feynman diagram with n entering fields in the deformed theory is given
by the analogous diagram in the undeformed theory, multiplied by a phase that is determined
purely by the order and the su(4) Cartan charges (q1, q2, q3) of the n incoming fields. For
colour-ordered amplitudes an explicit formulation of this theorem in the β-deformation was
given in [146] and when we take the n = 2R incoming fields from the alphabet (2.5.5) to
enter the diagram in cyclic order, the relation reads
= Φ(A1 ∗ A2 ∗ · · · ∗ A2R) , (3.5.2)
where the operator Φ extracts the phase generated from the ∗-products which were defined
in (2.4.1). In the asymptotic regime, the order in which the initial and final fields in the
dilatation generator density D2 in (3.5.1) appear is fixed. Therefore, we can determine the
deformation phase from the elementary interactions from (3.5.2) with R = 2 in this case.
In [147], the asymptotic one-loop dilatation operator density of the γi-deformation was con-
structed from the undeformed one using this method. Restricting to the asymptotic regime
with operator lengths L ≥ 3 their result can be written as
(DL≥32 )
AkAl
AiAj = Φ(Ak ∗ Al ∗ Aj ∗ Ai)(DN=42 )
AkAl
AiAj = e
i
2
(qAk∧qAl−qAi∧qAj )(DN=42 )
AkAl
AiAj ,
(3.5.3)
where we used that all interactions in (2.4.8) have vanishing total (q1, q2, q3) charge.
For operator lengths L ≤ 2 the above relation cannot be used39 to obtain the dilatation
generator density in the deformed theories since the finite-size corrections discussed in sec-
tion 3.4.1 in general spoil the applicability of (3.5.2). Subtleties how the finite-size corrections
can be implemented in this equation are discussed in section 4.3 for the β-deformation. For
gauge group U(N), the corrections include wrapping contributions to L = 1 operators and
prewrapping contributions from additional double-trace couplings. For gauge group SU(N),
the prewrapping contributions in L = 2 states have to be included.
39For R ≥ 2, we have prewrapping contributions which originate from multi-trace couplings and for R > 2
we also have wrapping contributions, which are non-planar in an interaction kernel picture, c.f. (3.4.8).
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Applications
In this chapter, we employ the renormalisation program reviewed in chapter 3 to analyse the
structure of the β- and γi-deformation introduced in chapter 2 in the ’t Hooft limit. This
chapter is based on my publications [1–4].
In the first section, we calculate the complete one-loop renormalisation constant of the
coupling QiiF ii in the ’t Hooft limit. This is one of the additional double-trace couplings
of the γi-deformation and was introduced in (2.4.11). We find that the complete one-loop
counterterm dQF does not vanish, which shows the explicit breaking of conformal invariance
in the γi-deformation at first loop order in the ’t Hooft limit.
In the second section, we use the close kinship of the γi-deformation to N = 4 SYM
theory to construct the leading wrapping correction to the spin-chain vacuum state ∼ tr(φLi )
for generic L ≥ 2. For L = 2 we calculate the two-loop anomalous dimension which is only
finite if prewrapping contributions are included. The finite renormalisation-scheme dependent
result directly demonstrates the non-conformality of the γi-deformation in the spectrum of
composite operators.
In the third section, we derive all planar L = 2 and L = 1 one-loop finite-size correc-
tions to construct the complete one-loop dilatation operator of the β-deformation. For this
deformation, we show that a large class of composite operators is never affected by the de-
formation. For deformation-dependent operators, we classify which states may potentially
be affected by prewrapping.
In the fourth section, we use the planar one-loop dilatation operator1 of the β- and γi-
deformation to construct the planar one-loop thermal partition function of both theories on
the space S3 ×R. We do this by generalising the Po´lya-theoretic approach that was used to
find the respective partition function in the undeformed theory. From the partition function,
we calculate the phase transition temperature, where the low-energy description of the theory
in terms of colour neutral composite operators breaks down.
1In case of the conformal β-deformation with gauge group SU(N), we employ the dilatation operator
derived in section 4.3 and for the remaining theories we choose a particular one-loop dilatation operator with
tree-level multi-trace couplings set to zero.
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4.1 Non-conformality of the γi-deformation
In this section, we employ the techniques discussed in chapter 3 to show that the γi-
deformation as introduced in section 2.4 breaks conformal invariance in one loop quantum
corrections. This section is based on [1] and we will present the derivation and main results
here including implications for the AdS/CFT correspondence. We postpone the discussion
of questions concerning integrability to chapter 5, since they are also related to section 4.2
and 4.3.
The γi-deformation, as we introduced it in section 2.4, is a non-supersymmetric deforma-
tion of the N = 4 SYM parent theory. This gauge theory together with its string-theory dual
are supposed to be a non-supersymmetric example of the AdS/CFT correspondence. On the
string-theory side the three consecutive TsT transformations do not alter the AdS5 part of
the string background, as mentioned in chapter 1. Since the isometry group of the AdS5
part is SO(4, 2), which on the gauge-theory side corresponds to the conformal symmetry,
it is tempting to assume that the γi-deformation is also conformally invariant. While this
statement is trivially true for the classical theory, see subsection 2.3.1, it is premature to
assume its validity in the quantum theory. In chapter 3, we have seen that the scaling sym-
metry as part of the conformal symmetries is in general influenced by renormalisation and
it only remains exact if the β-functions of all elementary interactions vanish. This vanishing
delicately2 depends on the fine tuning between fermionic and bosonic d.o.f. In deforming the
S5 part of N = 4 SYM theory to obtain the γi-deformation, the relations between fermions
and scalars are indeed altered and hence conformal invariance in the deformed theory must
explicitly be checked for all couplings.
In the context of non-supersymmetric orbifold theories running β-functions of double-
trace couplings without fix-points have already been found in [114] and in [148] these find-
ings amounted to the no-go theorem: no non-supersymmetric orbifold exists which has a
perturbatively accessible fix-points for all couplings in the ’t Hooft limit. This theorem does
not exclude isolated Banks-Zaks fix-points [149], where the two-loop corrections to the β-
function cancel the one-loop corrections at a real and perturbatively accessible value of the
coupling constant. On the string-theory side of the orbifold theories, the running double-
trace coupling appears to correspond to the emergence of tachyonic modes in the twisted
sectors, see [148] and [150] for similar findings concerning non-commutative field theories.
On the gauge-theory side, the running of the double-trace couplings can be attributed to
dynamical symmetry breaking [151].
The analysis in the orbifold setup pushes forward the question whether the γi-deforma-
tion also generates running couplings without fix-points which would spoil the conformal
invariance. In this context, it is important to note that the proof of finiteness of the γi-
deformation in [110,152] is incomplete. The non-renormalisation of couplings in the ’t Hooft
limit can only be inherited from the parent N = 4 SYM theory for single-trace couplings3. In
section 2.4, we have, however, seen that there are additional multi-trace couplings compatible
with the symmetries of the γi-deformation. For these multi-trace couplings no inheritance
principle exists [153,154] and hence the vanishing of their β-functions is not guaranteed. In
addition, the non-renormalisation proofs cannot be applied for these couplings, since they are
restricted to planar single-trace diagrams without external states. Therefore, situations in
which multi-trace couplings contribute in the ’t Hooft limit are not covered in the finiteness
2For a non-abelian gauge theory with nF and nS adjoint Weyl fermions and respectively complex scalars, the
coupling’s β-function for example is proportional to β ∼ g3N(11−2nF−nS)+O
(
g5
) N=4
= O (g5), [90, chapter
78].
3The proof of finiteness of the single-trace couplings closely follows the proof in the undeformed theory
[16,17].
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proofs of [110,152], see subsection 3.4.1.
In this section, we explicitly calculate the one-loop correction to the double-trace cou-
plings
− g
2
YM
2N
QiiF ii tr(φiφi) tr(φ¯
iφ¯i) , (4.1.1)
with fixed i ∈ {1, 2, 3}, which was given in (2.4.11) as part of the multi-trace couplings in
the γi-deformation. For gauge groups U(N) and SU(N) we calculate its β-function up to the
first order correction in the effective planar coupling constant g and find4
βQiiF ii
= 2g2
(
64 sin2 γ+i sin
2 γ−i + (Q
ii
F ii)
2
)
. (4.1.2)
Since this expression is non-vanishing for real deformation angles γ±i and tree-level couplings
QiiF ii, the conformal invariance of the γi-deformation is broken by perturbative quantum
corrections. This breaking of conformal invariance will in general reappear in the anomalous
dimensions of the composite operators5 OL with vanishing sl(2) and sl(2) Lorentz charges
and a total su(4) Cartan charges qOL = 2ei, where ei is the i
th unit vector. Such an op-
erator with length L can be fused planarly to a length-2 operator involving two scalars
φi in an (L − 2)-loop length-changing process, analogously to the fusion in (3.4.11). When
this fused composite operator is connected via the coupling (4.1.1) in a two-point function
〈0|TOLOL|0〉, the resulting diagram is a generalisation of (3.4.10) for length-L operators.
These types of diagrams contribute in the ’t Hooft limit at order λL−1 and hence, the
non-conformality of the coupling (4.1.1) will start to affect the corresponding anomalous
dimension of the composite operator at this order.
4.1.1 One-loop renormalisation of QiiF ii
In this subsection, we calculate the one-loop renormalisation constant to the double-trace
coupling (4.1.1), using the Feynman rules of appendix G and the FokkenFeynPackage de-
scribed in I. We employ the general renormalisation program introduced in chapter 3 and
refer to section 3.3.3 for our notational conventions.
The relevant counterterms entering the renormalised coupling constants are
ZQFQiiF ii = (1 + dQF)QiiF ii =
ZQF
Z2φ
QiiF ii = (1 + δ
(1)
QF
+ 2δ
(1)
φ )Q
ii
F ii +O
(
g4YM
)
, (4.1.3)
where we expressed the connected renormalisation constant ZQF in terms of 1PI constants
of the vertex ZQF = 1 + δQF and of the external legs Zφ = 1 − δφ, see subsection 3.3.1
and appendix G for details. While the one-loop 1PI renormalisation constant of the scalar
fields (wave function renormalisation) is calculated separately in appendix N, we calculate
the 1PI renormalisation constant of the coupling QF here and construct the connected one-
loop counterterm d
(1)
QF
= δ
(1)
QF
+ 2δ
(1)
φ . The 1PI counterterm δ
(1)
QF
can be determined from the
one-loop coefficient of the reduced correlation function of renormalised fields
0 = K
[(
〈0|Tφai (p)φbi(0)φic(−p)φid(0)|0〉(1)iT
)
1PI
]
= K
[(
ia
ib
ic
id
+
ia
ib
ic
id QF
)
1PI
]
= −2ig
2
YMµ
2
N
(ab)(cd) K
[
V
(1)
QFB
(p, 0,−p) + δ(1)QFQiiF ii
]
,
(4.1.4)
4To relate our β-function to the one in [1,3], the coupling constants are rescaled as gYM = 2
− 1
2 gˆYM
and QiiF ii = 4Qˆ
ii
F ii, where hatted quantities are the ones of [1,3]. Furthermore, we have sin
2 γ+1 sin
2 γ−1 =
1
4
(cos γ2 − cos γ3)2 and βQiiF ii = 4βˆQiiF ii , since it scales as Q
ii
F ii.
5In terms of oscillator occupation numbers (2.5.7), the composite operator with charge q1 = 2 is for
example characterised by AOL = (0, 0, 0, 0, 2, 0, 0, 2), where we used table 2.1.
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where the identical field flavours are i ∈ {1, 2, 3}, the operator K extracts the divergence
rendering the expression zero and we have projected to the double-trace contribution in the
final equation. The first diagram contains all 1PI graphs that involve only bare quantities
and the second diagram gives the corresponding 1PI counterterm of the coupling QF, in
analogy to the situation in (3.2.20). In the following, we evaluate V
(1)
QFB
in the dimensional
reduction scheme in D = 4 − 2 dimensions and determine the 1PI counterterm so that
(4.1.4) vanishes. We then construct the connected counterterm dQF and use it to calculate
the one-loop β-function of the coupling (4.1.1).
Gauge group SU(N)
To calculate V
(1)
QFB
in the γi-deformation with gauge group SU(N), we have to add all one-
loop diagrams with the coupling-tensor structure of (4.1.4) that can be constructed from the
single-trace action (2.4.8) and the double-trace action (2.4.11). We can reduce the number
of contributions, by exploiting that the counterterm of δQF vanishes in the parent N = 4
SYM theory6, which allows us to calculate only those Feynman diagrams that depend on
the deformation angles γ±i and/or the double-trace couplings QF and QD explicitly. The
remaining contributions can be reconstructed by enforcing that the divergent contributions
to V
(1)
QFB
vanishes in the limit of vanishing deformation parameters QF = QD = γ
±
i = 0.
The only vertices that are altered in the γi-deformation are cubic and quartic vertices
involving only matter fields, i.e. fermionic and scalar fields. All 1PI one-loop diagrams that
contain such couplings and contribute to V
(1)
QFB
are shown in figure 4.1. These diagrams
can be evaluated using the Feynman rules of appendix G and the Mathematica package
FokkenFeynPackage. For generic gauge ξ and fixed i ∈ {1, 2, 3}, we find the divergent parts
in terms of the coupling tensors given in (G.14) to be
(I) = (II) =
1
2
g4YMµ
2 K[Iˆ(1,1)(p)]
3∑
r=1
F irriF
ir
ri (ab)(cd) ,
R|[(I)] = R|[(II)] =
1
2
g4YMµ
2 K[Iˆ(1,1)(p)]
3∑
r=1
F riir F
ri
ir (ab)(cd) ,
(III) =
1
2
g4YMµ
2 K[Iˆ(1,1)(p)]
3∑
r,s=1
(QiiF sr +Q
ii
F rs)(Q
sr
F ii +Q
rs
F ii)(ab)(cd) ,
(4.1.5a)
(IV) = −4g4YMµ2 K[Iˆ(1,1)(p)]QiiF ii(ab)(cd) ,
(V) = (VI) = 2ξg4YMµ
2 K
[
Iˆ(2,1)(p)
]
QiiF ii(ab)(cd) ,
(VII) = (VIII) = −2g4YMµ2 K[Iˆ(1,1)(p)]
[
tr
(
(ρ†i)T(ρ˜†i)Tρ˜iρi
)
+ tr
(
(ρ˜†i)T(ρ†i)Tρiρ˜i
)]
(ab)(cd) ,
(IX) = −2g4YMµ2 K[Iˆ(1,1)(p)]
[
tr
(
(ρ†i)Tρi(ρ†i)Tρi
)
+ tr
(
(ρ˜†i)Tρ˜i(ρ˜†i)Tρ˜i
)]
(ab)(cd) .
(4.1.5b)
Note that we did not use the full vertices from the Feynman rules, but only considered the
trace structure explicitly displayed in figure 4.1. The operator R| reflects a diagram at the
vertical axis and restores the original order of the external labels and legs. In the special
kinematics chosen in (4.1.4), the spacetime integral in each contribution can be evaluated7
6Strictly speaking, the connected counterterm dQF vanishes in N = 4 SYM theory. However, since any
divergent contributions from the external field renormalisation is multiplied by QF in the calculation of dQF ,
they vanish in the limit QF → 0.
7For more general techniques to evaluate the pole parts of momentum space integrals, see appendix K.
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exactly and its UV divergence in D = 4 − 2 dimensions is extracted from the pole part of
the integral (3.2.6) as
K[Iˆ(α,β)(p)] = WR
−1
(
iµ2 K
[∫ dD l¯
(2pi)D
1
l¯2α(p¯− l¯)2β
])
, (4.1.6)
where the bar indicates momenta in Euclidean space and the operator WR−1 realises the
inverse Wick rotation back to Minkowski space. The two integrals that occur in (4.1.5) have
the pole parts K[Iˆ(1,1)(p)] = −K[Iˆ(2,1)(p)] = i(4pi)2 and with these the sums of the UV
(I) (II) (III)
(IV) (V) (VI)
(VII) (VIII) (IX)
Figure 4.1: Complete list of 1PI diagrams (up to conjugation) that contribute to φai φ
b
i φ¯
icφ¯id
(
ab
)(
cd
)
and deviate from the undeformed ones in N = 4 SYM theory. The diagrams are given in the double-
line notation introduced in section 3.4. A central plain or dashed line indicates the scalar or fermionic
flavour, respectively and the flavour-neutral gauge fields appear without central line. Using the vertex
classification of (G.33) and (G.34), the diagrams involve (I), (II): two single-trace F -tensor vertices;
(III): two double-trace QF-tensor vertices; (IV): one double-trace QF-tensor and one single-trace V
D
vertex; (V), (VI): one double-trace QF-tensor with gauge field exchange; (VII), (VIII), (IX): a fermion
box with four Yukawa-type interactions.
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divergences of each row in figure 4.1 is given by
(1 + R|)[ (I) + (II) ] + (III) = 2
(
16 cos 2γ+i cos 2γ
−
i + (Q
ii
F ii)
2
) ig4YMµ2(ab)(cd)
(4pi)2
,
2
[
(IV) + (V) + (VI)
]
= −8(1 + ξ)QiiF ii
ig4YMµ
2
(
ab
)(
cd
)
(4pi)2
,
(1 + R|)(IX) = −32(cos 2γ+i + cos 2γ−i )
ig4YMµ
2
(
ab
)(
cd
)
(4pi)2
,
(4.1.7)
where we used the flavour-tensor identity (O.6) and the conservation of the u(1)×3 Cartan
charges in the first and flavour-tensor identity (O.4) in the last line. The additional factors
of two for the contributions from (IV), (V) and (VI) arise since these diagrams give the same
result when the upper and lower vertices are interchanged. From the deformation-dependent
contributions in (4.1.6), we can now reconstruct the neglected ones by enforcing that their
sum vanishes when we set γ±i = Q
ii
F ii = 0. We find that the neglected terms yield a total
contribution of 32g4YMµ
2 K[Iˆ(1,1)(p)]
(
ab
)(
cd
)
. Adding this to the sum of (4.1.7) and removing
the tensor structure displayed in (4.1.4), we find the divergent one-loop 1PI contribution
K
[
V
(1)
QFB
(p, 0,−p)] = −δ(1)QFQiiF ii = − g2YMN(4pi)2(64 sin2 γ+i sin2 γ−i + (QiiF ii)2 − 4(1 + ξ)QiiF ii) ,
(4.1.8)
where the one-loop 1PI counterterm is fixed8 so that (4.1.4) is free of divergences.
For the non-1PI contributions to the connected renormalisation constant of dQF we need
the one-loop scalar self-energy counterterm
δ
(1)
φ = −K
[(
ia jb
)
am
]∣∣∣
ip2δji (ab)
= 2(1 + ξ)
g2YMN
(4pi)2
, (4.1.9)
which is calculated in appendix N and where we used the vertical bar to the right projects out
the overall tensor structure. In the renormalised coupling QF this counterterm renormalises
contributions of the form
0 = K
[
ia
ib
ic
id QF
+
ia
ib
ic
id QF
]
. (4.1.10)
Combining (4.1.8) and (4.1.9) yields the connected one-loop counterterm as
d
(1)
QF
QiiF ii = (δ
(1)
QF
+ 2δ
(1)
φ )Q
ii
F ii =
g2

(
64 sin2 γ+i sin
2 γ−i + (Q
ii
F ii)
2
)
, (4.1.11)
where we wrote the result in terms of the effective planar coupling g2 =
g2YMN
(4pi)2
. We see that the
gauge-dependence drops out as required for observables. In the unpublished work [155] this
counterterm was also obtained and our results agree.9 The one-loop anomalous dimension
and β-function of the couplings QiiF ii are now obtained using (3.2.27) and (3.2.28) and we
find
β
(1)
QF
= QiiF iiγ
(1)
QF
= QiiF ii
−µ
1 + d
(1)
QF
d
(
1 + d
(1)
QF
)
dµ
= 2g2
(
64 sin2 γ+i sin
2 γ−i + (Q
ii
F ii)
2
)
, (4.1.12)
where we used (3.3.4) to for the µ-dependence of gYM. This one-loop β-function is indeed
non-vanishing for real parameters γ±i and Q
ii
F ii and hence the SU(N) γi-deformation is not
conformally invariant in the ’t Hooft limit.
8Defining the counterterm like this amounts to choosing the dimensional reduction scheme with minimal
subtraction where only the pole parts are subtracted, see appendix J.3.
9We thank Radu Roiban for communication on this point.
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Gauge group U(N)
In the previous paragraph, we saw that the coupling QF has a non-vanishing β-function,
rendering the γi-deformation with gauge group SU(N) non-conformal. For the U(N) theory,
there is still the hope that the additional couplings displayed in subsection 2.4.3 contribute
to the renormalisation of QF and can be tuned to render β
(1)
QF
zero. This is, however, not
possible, as we show now.
Additional diagrams that contribute to the renormalisation of (4.1.1) in the U(N) theory
are of the form displayed in figure 4.1 but with a one or more vertices replaced by the higher-
trace vertices given in (2.4.14) and (2.4.15). In addition, the external double-trace structure
must be kept in all diagrams. All diagrams that can be drawn like this are suppressed in the
’t Hooft limit, since the higher-trace vertices introduce additional suppression factors 1N from
the coupling constant but cannot increase the number of internal colour loops. Hence, in the
’t Hooft limit at one-loop level the β-function of (4.1.1) is the same in the γi-deformation
with gauge group U(N) and it is given in (4.1.12).
4.1.2 Immediate implications for the AdS/CFT correspondence
We found that the γi-deformations with either gauge group U(N) or SU(N) has a positive
β-function (4.1.12) in the ’t Hooft limit for generic real deformation parameters γ±i and Q
ii
F ii.
In the absence further fix-points, the positivity of the β-function implies that the coupling
increases at higher energy scales. Hence, the γi-deformations are not conformally invariant
and potentially strongly coupled in the high energy regime, which raises questions concerning
the AdS/CFT correspondence of the γi-deformation.
Most bluntly put, it is possible that the AdS/CFT correspondence does not hold in the
setup of the non-supersymmetric and non-conformal γi-deformation. In lack of a working
proof of the correspondence in any setup, it is hard to verify this scenario. If the breakdown
of the AdS/CFT correspondence in the γi-deformed setup could, however, be shown, the
question arises whether this breakdown is related to the lack of supersymmetry or the lack
of conformality. In the other scenario, where the AdS/CFT correspondence holds even for
the γi-deformation, we have three possible implications from the non-conformality:
1. The background of the dual string-theory is destabilised by the emergence of closed
string tachyons related to the non-conformal multi-trace couplings, similar to the find-
ings in a non-supersymmetric orbifold setup [148]. Indeed, tachyons were found in
the γi-deformed flat space [156], but an exact connection to the instabilities of the
γi-deformation still needs to be established.
10
2. The string theory background introduced in [66] receives perturbative string corrections
that alter the AdS5 part, so that the SO(2, 4) symmetry is dynamically broken. This
scenario mimics the gauge theory situation, where the tree-level conformality is broken
by perturbative corrections.
3. If the string theory background of [66] is exact, it is possible that the correspond-
ing gauge theory dual is not the γi-deformation. However, our definition of the γi-
deformation includes all immediate candidates and in this scenario the CFT dual would
either include exotic couplings or even lack a Lagrangian description with the field con-
tent of N = 4 SYM theory all together.
10We thank Radu Roiban for this comment.
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4. Finally, the deformation angles γ±i which we treated as independent may in fact be
functions of the coupling gYM with the relation γ
−
i = O (g), so that the γi-deformation
can be viewed as a perturbation around the fix-point of the β-deformation. An anal-
ogous scenario appears in the ABJM and ABJ correspondences [157,158] and in the
interpolating quiver gauge theory [159–161]. In these cases, finite functions of the cou-
plings were found in [162–164] and [165–168], respectively. In general, this scenario is
hard to exclude, since non-vanishing terms in the β-functions can always be postponed
to higher loop orders by adjusting the deformation angles in (4.1.12).
To put our understanding of the AdS/CFT correspondence on a firmer ground, it is crucial
to determine which of the above scenarios is correct. In particular, it would be interesting to
compute the one-loop corrections to the string background. On the side of the γi-deformation,
it is also interesting to determine the two-loop contribution to the three double-trace cou-
plings in (4.1.1) and determine whether they exhibit Banks-Zaks fix-points [149].
4.2 Ground-state energies at leading wrapping order in the
γi-deformation
In this section, which is based on [3], we test the widely believed inherited integrability11 in
the γi-deformation (introduced in section 2.4) by calculating the leading wrapping corrections
to the anomalous dimensions of the length-L integrability groundstate
OL = N−L2 tr
(
φLi
)
, i ∈ {1, 2, 3} , (4.2.1)
in the SU(N) theory. While we confirm the integrability-based results for states that are not
affected by prewrapping, we also calculate the renormalisation-scheme dependent anoma-
lous dimension of the simplest example state O2 which is not accessible with the current
integrability-based method. This state has the quantum numbers of tr
(
φiφi
)
and is hence
subject to prewrapping corrections which stem from contributions that involve the running
coupling (4.1.1). Analogously, all length-L states with the same quantum numbers are po-
tentially affected by prewrapping and their anomalous dimensions was not yet derived from
current integrability-based methods.
In section 3.5, we discussed how the asymptotic one-loop dilatation operator in the γi-
deformation can be obtained from the undeformed one (3.5.3). This result, as well as the de-
formed gravity background [66], are compatible [147,171] with the integrability-based Bethe-
ansatz techniques of the original AdS/CFT correspondence12, see the review collection [23].
This is consistent with the finding that single-trace operators in the deformed theory inherit
their properties from the respective single-trace operators in the parent theory [109–111].
Beyond the asymptotic regime, the finite-size effects of subsection 3.4.1, i.e. non-planar
wrapping and multi-trace prewrapping interaction kernels, contribute to the anomalous di-
mensions. Hence, integrability may be spoiled at loop orders K ≥ L−1 and further tests are
required. In the closely related β-deformation, such a test was performed for the so-called
single-impurity operators, which correspond to the single-magnon states in the integrability
approach and differ from (4.2.1) by replacing one of the L chiral scalars by φj with j 6= i. The
anomalous dimensions of such single-impurity operators vanish in N = 4 SYM theory but
11Here, we assume that the undeformed N = 4 SYM theory is integrable [169,170] and only discuss whether
the deformation preserves the claimed integrability.
12In the γi-deformation the deformation parameters are incorporated in the asymptotic Bethe-ansatz via
twisted boundary conditions [147]. This procedure can be derived from a twisted S-matrix [172] or a twisted
transfer matrix [68] which corresponds to operational twisted boundary conditions [69].
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render non-vanishing results in both deformations for lengths L ≥ 3. In the β-deformation,
the asymptotic contributions to their anomalous dimensions are obtained from the dispersion
relation of the twisted Bethe ansatz [147]. These integrability-based findings can be verified
by incorporating the modifications for the β-deformation [173] into the explicit field-theoretic
three-loop calculation [174] and the all-loop argument of [175]. For L ≥ 3, also the occur-
ring finite-size wrapping corrections which start at K = L loops have been calculated. The
eleven loop Feynman diagram calculation of [67] was reproduced by the integrability-based
approach in [176] for β = 12 and in [68], [69], and [177] for generic β, based on Lu¨scher
corrections, Y-system, TBA equations, and the QSC approach, respectively. At L = 2, the
anomalous dimension of the single-magnon state vanishes to all loops13 in the conformal
SU(N) theory [2] and it is non-vanishing at one loop in the non-conformal U(N) theory
without multi-trace couplings [178]. On the integrability side which also does not incorpo-
rate contributions from multi-trace interactions, the present TBA and QSC result of [69] and
respectively [177] for the anomalous dimension of the L = 2 states diverges14 which clearly
cannot be correct.
In the γi-deformation, integrability beyond the asymptotic level can be tested already for
the groundstate (4.2.1). While these states are still protected in the β-deformation, they have
non-vanishing anomalous dimensions in the γi-deformation which solely stem from finite-size
corrections. For L ≥ 3, they were determined in [70] from the integrability-based approach up
to double-wrapping order K = 2L. For L = 2, this approach leads to a divergent anomalous
dimension, similar to the discussed divergence of L = 2 states in the β-deformation. From
the field-theoretic perspective this is expected, since the state O2 = N−1 tr
(
φiφi
)
can couple
in the ’t Hooft limit to the running double-trace coupling (4.1.1) and processes originating
form multi-trace interactions are not captured by the integrability-based approach.
As mentioned in the beginning of this section, we will determine the planar anomalous
dimensions of the states in (4.2.1) in the γi-deformation with gauge group SU(N) at critical
wrapping order K = L from a purely Feynman-diagrammatic approach. For lengths L ≥ 3,
they are given in terms of the Riemann-ζ function as
γOL = −32(2g2)L sin2
Lγ+i
2
sin2
Lγ−i
2
(
2L− 2
L− 1
)
ζ(2L− 3) , (4.2.2)
which reproduces15 the leading-order expression of [70]. For the L = 2 state we calculate the
non-divergent planar anomalous dimension
γO2 = 2g
2
(
QiiF ii −
%
2
βQiiF ii
)− 32(2g2)2 sin2 γ+i sin2 γ−i . (4.2.3)
At one loop, it receives contributions from the free tree-level coupling QiiF ii which entirely
originate from prewrapping. At two loops, we have the γ±i -dependent term which entirely
originates from wrapping diagrams and the one-loop β-function from the running double-
trace coupling (4.1.1). Since the β-function, which we calculated in (4.1.12), is non-vanishing,
the two-loop anomalous dimension becomes dependent on the chosen renormalisation scheme:
different choices of % characterise different schemes. In the DR scheme16 introduced in ap-
pendix J and used in the following subsections, we have % = 0 and in the DR scheme we have
13See [178] and [179] for explicit one- and two-loop calculations, respectively.
14Such a divergence was encountered earlier in the expressions for the ground-state energy of the TBA [62].
In [63], it was found that the divergent ground-state energy vanishes in the undeformed theory when a
regulating twist is introduced in the AdS5 directions. This regularisation extends to the ground state of the
supersymmetric deformations [180].
15Our deformation angles and the coupling constant must be rescaled to match their conventions.
16For other renormalisation schemes like the kinematic subtraction scheme, the renormalisation scheme
dependence may differ from the one displayed in (4.2.3).
83
4.2 Ground-state energies at leading wrapping order in the γi-deformation
% = cMS = γE − ln 4pi. The renormalisation-scheme dependence implies that the anomalous
dimension (4.2.3) is non-observable, which is an explicit consequence of the γi-deformation’s
non-conformality. Implications of this renormalisation-scheme dependent anomalous dimen-
sion for integrability-based methods will be discussed in chapter 5.
The non-conformality of the γi-deformation found in section 4.1 has immediate conse-
quences for the correlation functions of composite operators in the ’t Hooft limit, as exem-
plified in (4.2.3). The limit, as it was originally proposed in [181], must be applied to all
contributions in correlation functions. Hence, from the perspective of two-point functions of
composite operators in (1.1.1), conformality in the ’t Hooft is broken, if any gauge-invariant
local composite operator receives renormalisation-scheme dependent contributions to the
anomalous dimensions. This is in sharp contrast to the phrasing of [182, version 2], where
the author claims that the γi-deformation would be ‘conformally invariant in the planar
limit’. It is in equally sharp contrast to the implicit definition17 used in [177, version 1],
where the γi-deformation is claimed to preserve conformality in the N → ∞ limit. In ei-
ther of these two publications, the ’t Hooft limit as given in [181] cannot be applied to any
correlation function of the γi-deformation in which the coupling (4.1.1) can contribute.
4.2.1 Identifying deformation-dependent diagrams
Instead of calculating all Feynman diagrams that contribute to the UV renormalisation
constant ZOL and hence the anomalous dimension γOL at K = L loops, we employ a trick
similar to the one in the previous section. We exploit the kinship of the γi-deformation to
N = 4 SYM theory and only calculate those contributions that differ from their counterparts
in the undeformed theory. All remaining contributions are then reconstructed using that
the operator OL does not receive quantum corrections in N = 4 SYM theory or the β-
deformation. In this subsection, we develop the tools to identify diagrams that differ in the
γi-deformation from the ones in the undeformed theory and contribute in the ’t Hooft limit.
In the ’t Hooft limit, the connected K-loop order renormalisation constant Z(K)OL absorbs
all18 planar UV-divergent contributions that arise in the K-loop two-point function of the
bare operator OBL and its conjugate, so that the Kth-order momentum space correlation
function of renormalised operators
〈0|TOL(p)OL(q)|0〉(K) =
(Z(K)OL )2〈0|TOBL(p)OBL(q)|0〉(K) (4.2.4)
is finite. Any contribution to this correlation function that depends on the deformation
parameters of the γi-deformation receives this dependence from the elementary interac-
tions in the K-loop interaction kernel. Hence, to determine which contribution to (4.2.4)
is deformation-dependent, it is sufficient to determine the deformation-dependence of the
respective interaction kernels. These kernels are obtained by cutting both composite oper-
ators out of a given Feynman diagram. The cutting lets the originally connected diagram
fall apart into c connected pieces of elementary interactions which together form the inter-
action kernel of the respective diagram. For loop orders K < L− 2, where neither wrapping
nor prewrapping can occur, all the connected pieces c are planar single-trace diagrams of
17The implicit definition of ‘conformality in the ’t Hooft limit’ that is used in [177, version 1] excludes any
operator for which the coupling (4.1.1) may contribute in a planar Feynman diagram from the theory all
together [183]. When the planar limit is defined like this, it preserves the conformality of the parent N = 4
SYM theory by construction but severe constraints are put on the composite operators that are allowed.
18The only exceptions are divergences that arise when q → p in the following equation. In this case, we should
consider the operator O˜B composed of OBL and its conjugate instead of the individual operators. Then the
occurring divergence is cancelled by the normal-ordering of the new operator since we have 〈0| ˜OB(p)|0〉 = 0,
compare subsection 2.5.1.
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elementary interactions and hence we can determine their dependence on the deformation
parameters γ±i by employing relation (3.5.2). Since the external fields in each connected piece
are chiral scalars φi or their conjugates φ¯
i, the ∗-product reduces to an ordinary product and
their deformation dependence vanishes, compare (3.5.2) and subsection 2.4.1. Therefore, in
the asymptotic regime where K < L − 2, all contributing interaction kernels are indepen-
dent of deformation parameters. All their contributions to (4.2.4) vanish like they do in the
undeformed theory.
For loop orders K ≥ L − 1, prewrapping corrections contribute in (4.2.4). Since they
originate from N -enhanced multi-trace contributions, we cannot employ (3.5.2) to determine
their deformation-dependence. From subsection 3.4.1 we know that the N -enhancement oc-
curs when a double-trace coupling from subsection 2.4.3 is connected to two single-trace
operators that are the respective conjugates of each single-trace term in the coupling, as
happens e.g. in (3.4.10). This also extends to the double-trace part of an SU(N) propagator
depicted in (3.4.2), which is simply a two-point vertex with no coupling dependence. Luck-
ily, for the operators OL there are very few possible prewrapping contributions. Their su(4)
Cartan charges are qOL = Lei and hence, for L ≥ 3, they cannot be fused into any of the
single-trace factors of the multi-trace couplings displayed in subsection 2.4.3. For L = 2,
our operator allows for a single possible source for prewrapping contributions, which is the
coupling QF in (2.4.11).
For loop orders K ≥ L, also wrapping corrections contribute in (4.2.4). As discussed in
subsection 3.4.1, they originate from non-planar interaction kernels and hence we cannot
use (3.5.2) for these corrections either. However, for the operators OL, we can at least sort
all occurring interaction kernels for wrapping contributions into a class that contains all
diagrams depending on γ±i and a second class that contains all diagrams independent of γ
±
i .
This decomposition reads19
= + , (4.2.5)
where planar indicates, that no additional non-planarity is contained in the gray shaded
interaction area. The diagrams in the first class on the r.h.s. have at least one closed wrapping
loop that is entirely made from fermionic or scalar fields and which is indicated by the solid
flavour line. In the remaining wrapping diagrams, each wrapping line contains at least one
segment that is made of a gauge field propagator, which is indicated by the wiggly lines in
the rightmost diagram in (4.2.5). To see that all diagrams in the second class of (4.2.5) are
undeformed, we remove all gauge field propagators in the wrapping loop and replace the
vertices they are connected to, according to
, −→ . (4.2.6)
Here, the solid line stands for any fermionic or scalar flavour line as in (4.2.5). The resulting
diagram has the same deformation-dependence as the original diagram, since all gauge field
19The open field lines to the right and left in each diagram are the points where the initial and final state
operators have been cut out, respectively.
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interactions are undeformed, compare (2.4.8). In addition, this removal procedure renders
the resulting diagram20 planar and hence we can determine its dependence on γ±i using
(3.5.2). We find, in analogy to the K < L− 2 case, that all such diagrams are independent
of γ±i , which renders all diagrams in the second class of (4.2.5) to be independent of γ
±
i as
well.
To sum it all up, the deformation-dependent diagrams that contribute to (4.2.4) at order
K = L are for L > 2 the wrapping diagrams with a closed wrapping loop entirely made of
fermionic or scalar fields. For L = 2, in addition the prewrapping diagrams that involve the
coupling QiiF ii displayed in (2.4.8) are deformation-dependent. These are the only diagrams
necessary to construct the renormalisation constant ZOL at leading wrapping order K = L.
4.2.2 Finite-size corrections to the ground state
In this subsection, we determine the connected K = L loop UV renormalisation constant
ZOL of the length-L groundstate OL to leading wrapping order. From the discussion in
the previous subsection, we know that ZOL = 1 for loop orders K ≤ L − 2. At order
K ≥ 1, the prewrapping contributions that involve the coupling QF occur for the state O2.
Finally, at order K = L, we have the single-wrapping contributions from diagrams with a
purely fermionic or scalar wrapping line. Since the operator OL is not renormalised in the
undeformed N = 4 SYM theory, the mentioned prewrapping and wrapping contributions to
ZOL are the only ones that have to be calculated explicitly. We can reconstruct all remaining
contributions by enforcing that the renormalisation constant is one when all deformation
parameters are set to zero.
The complete renormalisation constant is built from the involved 1PI renormalisation
constants as ZOL = ZOLZ−L/2φ . From the wave function renormalisation constant Zφ, which
renormalises the external legs of OL, in the SU(N) theory only the undeformed parts con-
tribute21 in the ’t Hooft limit in this process. We do not calculate their contributions but
reconstruct them later. It is therefore sufficient to calculate the 1PI renormalisation con-
stant ZOL , which is most conveniently extracted from the reduced 1PI momentum space
correlation functions
0 = K
[(
〈0|Tφia1 . . . φiaLOL|0〉iT
)
1PI
]
= K
[
ZOL
(
〈0|Tφia1B . . . φiaLB OBL|0〉iT
)
1PI
]
,
(4.2.7)
with i ∈ {1, 2, 3}, all fields evaluated at zero momentum with pi = 0 and the final state OL(0)
being cut out. The operator K extracts the pole of the logarithmically divergent expression
in the DR scheme in D = 4 − 2 dimensional Minkowski space. This correlation function
is free of IR divergences22, even in the special configuration where all external kinematics
are set to zero. The contributions to ZOL = 1 + δOL are determined by evaluating the UV
divergent correlation function and adjusting δOL to render (4.2.7) true.
Lengths L ≥ 3
For L ≥ 3, prewrapping contributions are absent due to the particular state we are interested
in. All deformation-dependent diagrams are hence (K = L)-loop diagrams with a single
20Eventually, the resulting diagram will be disconnected due to the removal of some interactions. In this
case, we apply (3.5.2) to each disconnected component, like in the asymptotic case discussed earlier.
21The constant Zφ renormalises the scalar propagator, which can be seen as an L = 2 operator. Its planar
single-trace contribution is undeformed, since (3.5.2) applies. Its deformed double-trace contribution can,
however, only contribute in processes where two L = 1 traces are connected to it, compare (3.4.3). These
states are absent in the SU(N) theory.
22This becomes clear when choosing an explicit Euclidean-space loop momentum configuration in (4.2.9).
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wrapping loop made of fermions or scalars. All contributing diagrams can be constructed
using the Feynman rules of appendix G, the Mathematica package introduced in appendix I
and the tensor identities given in appendix O. We find
S(L) = L−1 2
1L
3
= λLc(L)
3∑
j=1
(Qˆjiij)
LPL
iL
= (2λ)Lc(L)
(
2 e−iLγ
−
i cosLγ+i +
1
2L
)PL
iL
,
S¯(L) = L−1 2
1L
3
= λLc(L)
3∑
j=1
(Qˆijji)
LPL
iL
= (2λ)Lc(L)
(
2 eiLγ
−
i cosLγ+i +
1
2L
)PL
iL
,
(4.2.8a)
F (L) = L−1 2
1L
3
= −2(−λ)Lc(L) tr [((ρ† i)(ρi)T)L]PL
iL
= −4(2λ)Lc(L) cosLγ+i
PL
iL
,
F˜ (L) = L−1 2
1L
3
= −2(−λ)Lc(L) tr[((ρ˜† i)(ρ˜i)T)L]PL
iL
= −4(2λ)Lc(L) cosLγ−i
PL
iL
,
(4.2.8b)
where the composite operator with vanishing momentum p = 0 is drawn as the central
black dot. The scalar coupling tensors Qˆ are given in (O.8) and they are related to the
usual F -tensors in (O.7). The colour factor c(L) = N−
L
2 (a1a2 . . . aL) has to be separated
off for the calculation of ZOL since it is just the colour structure of the tree-level composite
operator23, compare (3.4.5). All four diagrams depend on the scalar ‘cake’ integral24 PL.
Its diagrammatic integral representation, which is introduced in appendix K and its UV
divergence PL given in [185] are25
i−LPL =L−1 2
3
1L
, PL = K[i−LPL] = 1
(4pi)2L
1

1
L
(
2L− 2
L− 1
)
ζ(2L− 3) , (4.2.9)
where the dimension is assumed to be D = 4− 2. Note that this integral has no subdiver-
gences and therefore its overall UV divergence is given by a simple pole in the regulator.
23When we close the open colour lines into the conjugate composite operator OL, the complete colour
structure becomes one, as in (3.4.6).
24For a connection of this integral to knot theory see [184].
25The additional factor of iL occurs since we work in Minkowski instead of Euclidean space, c.f. (K.6).
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In the diagrams F (L) and F˜ (L) in (4.2.8b), the vertices which connect to the central
composite operator always alternate with vertices that connect to external scalar fields. In
principle, we could draw many more diagrams with a fermionic wrapping loop in which some
of the vertices that connect to external fields are adjacent. However, the planar parts of all
these diagrams vanish, which can be seen from the corresponding flavour tensor contraction.
For two adjacent external scalars, they are given by either of the two possibilities
A
i i
B
∝
4∑
C=1
ρi CAρ˜iBC = 0 ,
A
i i
B
∝
4∑
C=1
ρ˜iCAρ
i BC = 0 ,
(4.2.10)
where the coupling tensors are given in (G.14) and i is fixed.
Expanding the 1PI renormalisation constant in (4.2.7) to leading order in λ, we find the
deformation-dependent L-loop contribution to the 1PI counterterm (δ
(L)
OL )def. It is given by
the negative sum of the diagrams displayed in (4.2.8), contracted with the colour structure26
of the conjugate operator OL, rendering the result
(δ
(L)
OL )def = −K[S(L) + S¯(L) + F (L) + F˜ (L)]
= 4(2λ)L
(
cosLγ+i + cosLγ
−
i − cosLγ+i cosLγ−i −
1
2L+1
)
PL .
(4.2.11)
In the full renormalisation constant ZOL = 1 + dOL , this term occurs linearly at L loops,
compare (3.2.38). Since (4.2.11) is the only deformation-dependent contribution at L loops,
we can write it as (d
(L)
OL)def = (δ
(L)
OL )def and reconstruct the full L-loop counterterm by en-
forcing that it vanishes in the limit γ±i → 0. For the undeformed contribution this procedure
yields (d
(L)
OL)def = −(δ
(L)
OL )def
∣∣
γ±i =0
and for the L-loop renormalisation constant we have
Z(L)OL = 1 + (d
(L)
OL)def + (d
(L)
OL)def = 1− 16(2λ)L sin2
Lγ+i
2
sin2
Lγ−i
2
PL . (4.2.12)
Note that the non-trivial renormalisation vanishes not only for the undeformed theory with
γ±i = 0, but also in the β-deformation, where γ
+
i = β and γ
−
i = 0. This vanishing provides
us with an immediate consistency test, since OL is not renormalised in the β-deformation.
Expressing the renormalised ’t Hooft coupling constant in terms of the bare one as λ =
µ−2λB, we can calculate the anomalous dimension of OL≥3. Using (3.3.7), we find
γOL = −32(2g2)L sin2
Lγ+i
2
sin2
Lγ−i
2
(
2L− 2
L− 1
)
ζ(2L− 3) , (4.2.13)
where we absorbed a factor of (4pi)−2 from (4.2.9) into the effective planar coupling constant
g2. Up to a rescaling of the coupling constant and the deformation angles, this result agrees
with the one found from the integrability-based calculation in [70, equation (5.5)].
Length L = 2
For L = 2, we have the deformation-dependent wrapping (K = L = 2)-loop diagrams and, in
addition, the deformation-dependent prewrapping contributions from (K = 1) and (K = 2)-
loop diagrams. The wrapping diagrams were constructed in (4.2.8), but at two loops their
pole part is not given by the scalar integral (4.2.9) any more. At this low loop order the
integral PL is IR-divergent if the composite operator is inserted with vanishing momentum.
26This colour structure contraction simply erases the N−
L
2 suppression factor.
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In order to extract only the UV divergence, we set the external momentum of the operator
to p and extract it at one of the two external legs, which removes the IR divergence from
the P2 integral. The remaining UV divergence is then given by
P2 → i−2 K
[
p
p ]
= K
[
i−2Iˆ(1,1)(p)Iˆ(1+,1)(p)
]
=
−1
(4pi)4
(
1
22
+
5
2 − cMS + log µ
2
p2

)
,
(4.2.14)
where the occurring integrals are given in (4.1.6), the constant is cMS = γE− log 4pi and µ is
the renormalisation scale. The last equality is obtained using the techniques from appendix K.
The divergent two-loop contribution from wrapping interactions (C
(2)
O2 )wrap is therefore given
by one minus the result of (4.2.12) with P2 replaced according to (4.2.14) and it reads
(C
(2)
O2 )wrap = 64λ
2 sin2 γ+i sin
2 γ−i K
[
i−2Iˆ(1,1)(p)Iˆ(1+,1)(p)
]
. (4.2.15)
In contrast to the complete wrapping counterterm (4.2.12) at L ≥ 3, this divergent contribu-
tion cannot be absorbed into local connected counterterms since it still contains a non-local
pole ∝ 1 log µ
2
p2
which originates from subdivergence contributions that have not yet been
accounted for. When we draw the L = 2 wrapping diagrams from (4.2.8) via a one-loop
vertex insertion as
, (4.2.16)
it is clear that we also have to take the one-loop vertex renormalisation from the shaded area
into account.
All additional deformation-dependent contributions that can be constructed at two loops
are prewrapping contributions with at least one power of the double-trace coupling QiiF ii
whose one-loop anomalous dimension was calculated in section 4.1. To construct all rele-
vant contributions, we need all one-loop contributions that appear as subdiagrams in a two
loop calculation of (4.2.7) up to finite order in the regulator . These one-loop diagrams
can be constructed via the Feynman rules of appendix G and the Mathematica package
FokkenFeynPackage introduced in appendix I. The 1PI diagrams are given by
QF = iλQiiF iiIˆ(1,1)(p)
(ab)
N
,
= 2iλξp2Iˆ(2,1)(p)
(ab)
N
, = −2iλIˆ(1,1)(p)
(ab)
N
,
= −2λp2(2Iˆ(1,1)(p) + p2Iˆ(2,1)(p)(1− ξ))(ab) ,
(4.2.17)
where the occurrence of the double-trace coupling is explicitly indicated by the label QF and
we restricted to the diagrams with identical flavours on the external scalar lines. From the
one-loop diagrams, the one-loop 1PI counterterms of the composite operator and the scalar
field are easily extracted as the negative divergence of the respective diagrams with stripped
off colour, flavour, and spacetime structure. We find[
def
]
O2
=
(
δ
(1)
O2
)
def
=
λ
(4pi)2
QiiF ii

,
[
def
]
O2
=
(
δ
(1)
O2
)
def
=
−2λ
(4pi)2
1 + ξ

,
[( )
1PI
]
ip2δji (ab)
= δ
(1)
φ =
2λ
(4pi)2
1 + ξ

,
(4.2.18)
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where we have split the contributions to the counterterm for the composite operator into
deformation-dependent and deformation-independent ones. The complete one-loop countert-
erm can either be constructed from
(
δ
(1)
O2
)
def
alone, in analogy to the procedure in the L ≥ 3
case, or from all above counterterms
d
(1)
O2 = δ
(1)
O2 + δ
(1)
φ =
λ
(4pi)2
QiiF ii
1

. (4.2.19)
For the two-loop deformation-dependent prewrapping contributions, we construct the
1PI diagrams as
QF =
QF
= 2λ2QiiF ii K
[
Iˆ2(1,1)(p)
]
,
QF
QF = −λ2(QiiF ii)2 K
[
Iˆ2(1,1)(p)
]
,
QF
= −2λ2ξQiiF ii K
[
Iˆ(1,1)(p)p
2Iˆ(1,2)(p)
]
,
QF = −2λ2QiiF ii K
[(
Iˆ2(1,1)(p)− 2Iˆ(1+,1)(p)(2Iˆ(1,1)(p) + (1− ξ)p2Iˆ(1,2)(p))
)]
,
QF = −4λ2QiiF ii K
[
Iˆ(1+,1)(p)(2Iˆ(1,1)(p) + (1− ξ)p2Iˆ(2,1)(p))
]
,
(4.2.20)
where the divergent part of each integral27 is obtained by iteratively evaluating a divergent
subdiagram and inserting the result in the remaining one-loop diagram. All deformation-
dependent 1PI diagrams that involve a one-loop counterterm read
QF = 2iλQiiF ii K
[
δ
(1)
φ Iˆ(1,1)(p)
]
, QF = iλK
[
δ
(1)
QF
QiiF iiIˆ(1,1)(p)
]
,
[ ]
def
= −2iλK[(δ(1)O2)defIˆ(1,1)(p)] , [ ]def = 2iλξK[(δ(1)O2)defp2Iˆ(2,1)(p)] ,
QF = iλQiiF ii K
[((
δ
(1)
O2
)
def
+
(
δ
(1)
O2
)
def
)
Iˆ(1,1)(p)
]
,
(4.2.21)
where the counterterms are taken from (4.2.18) and in case of the vertex renormalisation
QF from (4.1.8). Combining (4.2.15) with (4.2.20) and (4.2.21), we find the divergent 1PI
two-loop contributions to the composite operator O2 that stem wrapping diagrams as well
as prewrapping contributions involving the double-trace coupling QF. They can be absorbed
into the deformation-dependent two-loop 1PI counterterm of O2 as
(δ
(2)
O2 )def = −(C
(2)
O2 )def =
g4
2
(
32 sin2 γ+i sin
2 γ−i (1− ) + (QiiF ii)2 − 2QiiF ii(1 + ξ)
)
,
(4.2.22)
where we expressed the result in terms of the effective planar coupling. Here, the diver-
gence can be absorbed into a counterterm, since the non-local divergence of (4.2.15) has
cancelled against the non-local divergence that occurs in the diagram containing the one-
loop counterterm δ
(1)
QF
. Hence, the double-trace coupling is necessary for the consistency of
the theory, even in the ’t Hooft limit. Upon expanding the full renormalisation constant ZO2
as it is defined in (3.2.38) to second order in the effective planar coupling, we find the full
27Note that we discarded contributions from the two-loop scalar master integral in the third line.
This is justified, since it is finite [126] and we are only interested in the divergent contributions.
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deformation-dependent two-loop counterterm to be
(d
(2)
O2)def =
(
δ
(2)
O2 + δ
(2)
φ + δ
(1)
O2δ
(1)
φ + (δ
(1)
φ )
2
)
def
= (δ
(2)
O2 )def + (δ
(1)
O2 )defδ
(1)
φ
= g4
(
32 sin2 γ+i sin
2 γ−i
(
1
2
− 1

)
+ (QiiF ii)
2 1
2
)
.
(4.2.23)
Since the connected counterterm of O2 vanishes in the undeformed N = 4 SYM theory, we
have d
(2)
O2 = (d
(2)
O2)def and the connected two-loop renormalisation constant becomes
ZO2 = 1 + d(1)O2 + d
(2)
O2 = 1 + g
2QiiF ii
1

+ g4
(
32 sin2 γ+i sin
2 γ−i
(
1
2
− 1

)
+ (QiiF ii)
2 1
2
)
.
(4.2.24)
Using (3.2.44), we find the two-loop anomalous dimension in the DR scheme from this
equation to be
γO2 = −
1
ZO2
(
µ
∂
∂µ
+ βQiiF ii
∂
∂QiiF ii
)
ZO2 = 2g2QiiF ii − 32(2g2)2 sin2 γ+i sin2 γ−i +O
(
g6
)
.
(4.2.25)
The anomalous dimension (4.2.25) depends on the β-function of the running coupling
QiiF ii and is sensitive to the chosen renormalisation scheme, which we chose to be the
DR scheme in the present calculation. For DR% schemes
28 which are related to the DR
scheme via a rescaling of the regularisation parameter µ → µρ = µ e−
%
2 , we can derive the
renormalisation-scheme dependence directly. The renormalised effective planar coupling in
the DR% scheme is related to the one in the DR scheme as
g% = e

2
% g , (4.2.26)
which follows from the exact Yang-Mills coupling relation gB = µ
g = µ%g%. For the coupling
QiiF ii we also use the unique relation to the bare coupling. To get Z%QiiF ii , we replace g by
g% in all counterterms that contribute to its renormalisation (4.1.11). Upon reexpressing the
result in terms of the couplings g and QiiF ii, we find
29
Q% iiF ii = (Z%QiiF ii)
−1ZQiiF iiQ
ii
F ii = Q
ii
F ii −
%
2
βQiiF ii
+O(g4) , (4.2.27)
where we dropped terms that vanish in the limit  → 0. The complete renormalisation
constant Z%O2 in the DR% scheme is then obtained by replacing all couplings in (4.2.24)
by the %-dependent ones defined in (4.2.26) and (4.2.27). In this manner, we express the
renormalisation constant in the scheme DR% in terms of the quantities defined in the original
DR scheme and hence we can calculate the anomalous dimension in the altered scheme using
(4.2.25) as
γ%O2 =
1
Z%O2
(
µ
∂
∂µ
+ βQiiF ii
∂
∂QiiF ii
)
Z%O2 = γO2 − g2%βQiiF ii +O
(
g6
)
. (4.2.28)
The respective one-loop anomalous dimension is renormalisation scheme-independent, since
the %-dependent term arises from the second derivative in (4.2.28), which enhances the power
in g through the multiplication with the β-function, see [122, chapter 7] for a general analysis.
28Such schemes include e.g. the DR scheme discussed in subsection J.3 where the parameter is % = cMS =
γE − log 4pi.
29Note that the corresponding one-loop β-function from (4.1.12) is independent of this scheme change. For
the renormalisation-scheme independence of the one-loop β-function see e.g. [122, chapter 7].
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4.3 The complete one-loop dilatation operator of the planar
β-deformation
In this section, we determine the prewrapping and wrapping induced finite-size corrections
to the asymptotic planar one-loop dilatation operator of the β-deformation given in (3.5.3).
In doing so, we construct the complete planar one-loop dilatation operator for the conformal
β-deformation with gauge group SU(N) and of its non-conformal cousin with gauge group
U(N). This section is based on [2].
In section 2.4, we introduced the β-deformation, presented its single-trace action in (2.4.8)
and for gauge group SU(N) we also gave the double-trace part of the action in (2.4.13) in
terms of elementary fields. The β-deformation with gauge group SU(N) is an exactly marginal
deformation with a single supersymmetry and it is part of the deformations classified in
[115]. In [109], it was shown for this theory that the coupling’s one-loop finiteness constraint
extends to higher loop orders and hence this theory is exactly superconformally invariant.
The derivation employs the N = 1 superspace formulation of the β-deformation which reads
S =
1
2g2YM
∫
d4x d2θ tr (WαWα) +
∫
d4x d4θ tr
(
e−gYMV Φ¯i egYMV Φi
)
+ igYM
∫
d4x d2θ tr
(
Φ1Φ2Φ3 e
−iβ
2 − Φ1Φ3Φ2 ei
β
2
)
+ h.c. ,
(4.3.1)
with the vector superfield V , superfield strength Wα and the (anti-)chiral matter superfields
Φi and Φ
i, respectively. For an introduction to the superfield formalism see [186, chapter
2] and for a mapping between the super- and component-field formalism [89]. For gauge
group U(N), the β-deformation is not conformally invariant, as was shown in [116] by the
identification of a running double-trace coupling. In the IR regime, this running coupling
assumes the non-vanishing IR fix-point value of the interaction given in (2.4.13) which belongs
to the SU(N) β-deformation. Hence, the U(N) theory flows to the SU(N) theory in the
IR regime. Since the dilatation operator measures the anomalous dimensions of composite
operators, its eigenvalues are only observables in theories with conformal symmetry. However,
the effects of renormalisation-scheme dependence occur for loop orders K ≥ 2 and therefore
we can still calculate renormalisation-scheme independent one-loop anomalous dimensions
in non-conformal theories. In the previous section in (4.2.28), we saw an explicit example of
this in the γi-deformation and in this section use this fact to calculate one-loop anomalous
dimensions for the β-deformation with gauge group U(N).
In the integrability-based description the eigenvalues of the asymptotic dilatation op-
erator can be constructed from the asymptotic Bethe ansatz for a given spin-chain state.
In [147], an appropriate asymptotic Bethe ansatz for the β-deformation was constructed
from the corresponding ansatz in the undeformed N = 4 SYM theory by introducing twists
in the boundary conditions. Subsequently, also wrapping corrections in the β-deformation
were discussed for the single-impurity states, which differ from the length-L integrability vac-
uum by having a single excitation, e.g. tr
(
φL−1i φj
)
with i 6= j. In the absence of prewrapping
contributions (i.e. for L ≥ 3 at one-loop level30) the field-theory results of [67] were repro-
duced in [176] for β = 12 and in [68,69] for generic β. Since the gauge group sensitivity of the
β-deformation is related to prewrapping contributions, these results are the same for gauge
group SU(N) and U(N). For the L = 2 single-impurity state tr
(
φiφj
)
, prewrapping contri-
butions occur and with them a sensitivity to the gauge group [188]: the anomalous dimension
of this state vanishes for gauge group SU(N), while it is non-zero in the U(N) case. The
U(N) anomalous dimension of this state is reproduced by the asymptotic dilatation operator
30See [69,177,187] for higher-order results.
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constructed from (3.5.3) and the corresponding asymptotic Bethe ansatz from [147], as was
noted in [112]. However, the anomalous dimension for the prewrapping-dependent SU(N)
theory31 cannot be reproduced. At two-loop level, the issue becomes even more prominent:
in field-theoretic calculations, the two-loop anomalous dimension of tr
(
φiφj
)
vanishes in the
SU(N) theory [179], while the corresponding integrability-based result diverges32 [69,177].
In this section, we address the issues mentioned in the previous paragraph by analysing
which states can be affected by prewrapping in the ’t Hooft limit. We generalise the Feynman
diagram relation (3.5.2) to be also applicable when states with vanishing su(4) Cartan-
charge components Q1 = Q2 = 0 in the notation of table 2.1 occur in the planar interaction
kernel. An important consequence of this generalisation is that the anomalous dimensions and
structure constants of (Q1, Q2)-neutral states are independent of the deformation parameter
β at all loop orders. For generic states, which cannot be included in (3.5.2), we show how
prewrapping contributions can be incorporated into the definition of the planar asymptotic
one-loop dilatation operator density (3.5.3). In the case of gauge group SU(N) we find the
complete version to be
(Dβ2 )
AkAl
AiAj
= e
i
2
(qAk∧qAl−qAi∧qAj )
β=0 if L=2 and
(Ai,Aj ,Ak,Al∈Amatter or
Ai,Aj ,Ak,Al∈Amatter)
(DN=42 )
AkAl
AiAj
, (4.3.2)
where the fields Ai are taken from the alphabet defined in (2.5.5) and the subalphabets of
(anti-)chiral fields are given by
Amatter = {Dk φi,Dk λiα} , Amatter = {Dk φi,Dk λiα˙} , ∀i ∈ {1, 2, 3} . (4.3.3)
Our one-loop inclusion of prewrapping into the dilatation operator density is possible, since
we can identify prewrapping affected contributions purely from the input fields of the density
(4.3.2). It is, however, not likely that this identification is still possible at higher loop orders.
For gauge group U(N) the one-loop finite-size corrections depend on the multi-trace couplings
of the chosen theory displayed in subsection 2.4.3 and hence also the one-loop anomalous
dimensions of L = 2 and L = 1 states depend on these couplings. If we choose a U(N) β-
deformation in which the tree-level values of all multi-trace couplings vanish, the asymptotic
one loop dilatation operator density (3.5.3) is correct for all states with length L > 1. For
the L = 1 states the anomalous dimensions defining g2(Dβ2,1)
f
i = δ
f
i 〈i| g2Dβ2,1 |i〉 are
γ
(1)
tr(Dk λ4)
= γ
(1)
tr(Dk F) = 0 , γ
(1)
tr(Dk φi)
= γ
(1)
tr(Dk λi)
= 8g2 sin2
β
2
, ∀i ∈ {1, 2, 3} , (4.3.4)
where the same equations hold for the conjugate elementary fields.
4.3.1 (Q1, Q2)-neutral states
The planar asymptotic one-loop dilatation operator density of the β-deformation was con-
structed using relation (3.5.2) in section 3.5. Originally, this relation is a theorem from
spacetime-noncommutative field theory which expresses deformed planar Feynman diagrams
in terms of their undeformed counterparts times a phase factor which is determined by the
order of the incoming momenta [108]. In this original setup, the planar interactions in (3.5.2)
31This is the relevant theory for the AdS/CFT correspondence, see [112] for comments on the gauge group
choice in the deformed AdS/CFT correspondence.
32In [62], a similar divergence was encountered in the expressions for the integrability-vacuum state energy.
If one is only interested in the vacuum state, the divergence can be regulated by introducing a twist in the
AdS5 directions [63]. This procedure is applicable for the vacuum state of the γi- and the β-deformation [180].
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may consist not only of elementary interactions but also of external states and the latter
ones can be incorporated as additional interaction vertices at which momentum conservation
holds. Hence, the deformation via a Moyal ∗-product is well defined also for external states,
since the states phase factor is invariant under a cyclic relabelling of the external momenta.
In contrast to the above scenario, the noncommutative ∗-product in the β-deformation is
distinctly different, since the ordering principle does not dictate the phase factor any more.
In the β-deformation, fields are cyclically ordered by their colour arrangement, while the
phase factors are determined by flavour via the two Cartan charges (Q1, Q2) and therefore
a single colour ordering may be accompanied by different phases, e.g.
tr
(
φj ∗ φk
)
= e
− i
2
βεab3Q
a
φj
Qbφk tr
(
φjφk
)
and tr
(
φk ∗ φj
)
= e
i
2
βεab3Q
a
φj
Qbφk tr
(
φjφk
)
,
(4.3.5)
see subsection 2.4.1 for details. We postpone the discussion of (Q1, Q2)-charged traces to the
following subsection and focus on traces with vanishing Q1 = 0 = Q2 charge. We showed in
(2.4.5) for such traces that their cyclicity remains intact and the colour ordering principle also
dictates the phase-dependence, like in the case of the spacetime-noncommutative field theory.
Therefore, in the β-deformation, relation (3.5.2) is valid for planar interactions composed
of the charge-neutral single-trace interactions displayed in the action (2.4.8). In addition,
it remains valid if we include external states whose single-trace factors individually have
vanishing total Q1 = Q2 = 0 charge. In this case the single-trace interactions as well as the
states that enter the interaction kernel on the l.h.s. of (3.5.2) are ∗-deformed.
The generalisation of relation (3.5.2) to also include (Q1, Q2)-charge-neutral states in the
interaction kernel has far reaching consequences. First, diagrams which only become planar
when such states are included also fulfil (3.5.2), despite the fact that their subdiagrams of
elementary interactions are non-planar. Diagrams in this class are for example the wrapping
diagrams displayed in (3.4.9) when the two external states fulfil Q1 = Q2 = 0. If we cut
out the two external states, the remaining non-planar interaction kernel can be written as
a double-trace diagram, see [51]. Since we can apply relation (3.5.2) in this special case, we
find the double-trace relation
= × Φ (A1 ∗ . . . ∗ Ai) Φ (Ai+1 ∗ . . . ∗ A2n)︸ ︷︷ ︸
Φ (A1 ∗ . . . ∗ Ai ∗ Ai+1 ∗ . . . ∗ A2n)
, (4.3.6)
where 0 = δQ = (δQ1, δQ2) denotes the vanishing charge flow between the separate traces
and the grey-shaded regions represent arbitrary planar interactions. Second, any gauge-
invariant correlation function of such states in the ’t Hooft limit is independent of the defor-
mation parameter β, which follows from evaluating (3.5.2) with zero external legs. Therefore,
the anomalous dimensions and structure constants of states with total Q1 = Q2 = 0 charge
are independent of β and in particular given by their N = 4 SYM counterparts. Immediate
examples of such states are the Konishi state N−1 tr
(
φiφ
i)
and the chiral primary state
Oj = N−
3j
2 tr
(
φj1φ
j
2φ
j
3
)
∗ + all permutations , (4.3.7)
where the ∗ indicates that the state is non-trivially deformed. For the latter state the three-
point functions 〈OjOj′Oj′′〉 were analysed at one-loop order in the planar gauge theory
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and at strong coupling in the Lunin-Maldacena background in [189]. They were found to
be independent of β and by the above arguments we can conclude that they are in fact
independent of β at arbitrary loop orders.33
4.3.2 (Q1, Q2)-charged states
Regardless of the findings in the previous subsection, relation (3.5.2) cannot be generalised to
include states with (Q1, Q2)-charged single-trace factors. For the planar one-loop dilatation
operator in the asymptotic regime (for state lengths L ≥ 3) this is not an issue, since neither
non-planar wrapping nor multi-trace prewrapping contributions can occur, as was discussed
in section 3.5. The absence of these effects was used to construct the asymptotic dilatation
operator density (3.5.3) as a deformed planar interaction kernel via (3.5.2) in section 3.5.
For the complete dilatation operator density, there are, however, additional prewrapping
contributions that cannot be captured by (3.5.2) and which can occur in length-preserving
two-point functions of length-L states at loop order K = L− 1.
From the general definition of prewrapping given in subsection 3.4.1, we can classify which
states may receive prewrapping contributions in planar two-point correlation functions. In
the SU(N) β-deformation, prewrapping can occur when the state is fused either into one of
the trace factors in the double-trace interaction of (2.4.13), or into a single field line. Hence,
the total su(4) Cartan charge of the state must either be equal to ±(qφi + qφj ), or to one of
the elementary fields with non-vanishing (Q1, Q2)-charge, c.f. table 2.1. Applying this idea to
the compact subsectors of the β-deformation, which were classified in [48] for the undeformed
theory, we find the potentially prewrapping affected subsectors given in table 4.1. We see that
Table 4.1: Prewrapping candidates in compact subsectors, where we omitted subsectors that are
related to the above via the Z3 symmetry and/or charge conjugation. The spinor indices of fermions
appear at the upper position in this table.
Subsector Fields Prewrapping candidates
SU(2) φ1, φ2 tr(φ1φ2)
SU(2) φ1, φ2 none
U(1|1) φ1, λ14 none
U(1|1) φ1, λ11 none
U(1|1) φ1, λ12 none
U(1|1) φ1, λ13 none
U(1|2) φ1, φ2, λ14 tr(φ1φ2)
U(1|2) φ2, φ3, λ11 tr(φ
2
φ
3
)
U(1|2) φ1, φ2, λ11 none
U(1|2) φ1, φ3, λ11 none
U(1|3) φ1, φ2, φ3, λ14 tr(φ1φ2) + Z3
U(1|3) φ1, φ2, φ3, λ11 tr(φ
2
φ
3
)
SU(2|3) φ1, φ2, φ3, λ14, λ24 tr(φ1φ2) + Z3
SU(2|3) φ1, φ2, φ3, λ11, λ21 tr(φ
2
φ
3
)
all prewrapping candidates can be obtained from the L = 2 single-impurity state34 tr(φ2φ3)
with the charge conjugation operator and/or an operator realising the Z3 symmetry. The
33In [112], earlier arguments from [190,191] were generalised for rational β to show that the anomalous
dimensions of the operator Oj vanishes.
34Note that the gauge group sensitivity of the state tr(φ2φ3) was already observed in [188].
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latter symmetry cyclically relabels the flavour indices of chiral scalars and fermions, as well
as their conjugates. This relabelling leaves the action invariant, which can most easily be
verified in the N = 1 superspace formulation (4.3.1).
The noncompact subsectors can be classified analogously. In general, we find that in
subsectors with restrictions on the flavour content no combination of (Q1, Q2)-charged fields
exists whose total (Q1, Q2)-charge vanishes. Therefore, the criteria for prewrapping affected
states mentioned in the beginning of this subsection can only be fulfilled by a finite number
of field combinations in these subsectors. In the full theory, where the flavour content is
unrestricted, this is of course not true and a large variety of prewrapping candidates exist,
e.g.
tr
(
φ2φ3(φ1φ
1
)i(φ2φ
2
)j(φ3φ
3
)k(λ1λ
1
)l(λ2λ
2
)m(λ3λ
3
)n(λ4λ
4
)oFpFq
)
, (4.3.8)
with i, j, k, l,m, n, o, p, q ∈ N0 and suppressed spinor indices and covariant derivatives. The
structure of all occurring spinor indices has to be chosen such that all fields can in fact be
fused into a single chiral field or the double-trace coupling (2.4.13).
4.3.3 The SU(N) dilatation operator
In the previous two subsections, we classified which states are potentially affected by prewrap-
ping in the SU(N) β-deformation, depending on the state’s overall (Q1, Q2)-charge. For the
dilatation operator at loop order K = 1, prewrapping can only occur for states with length
L = K + 1 = 2, which follows from the discussion in subsection 3.4.1. Wrapping contribu-
tions cannot occur at all, since these would require a state with length L = K = 1, which is
absent in the SU(N) theory. Therefore, for the complete one-loop planar dilatation opera-
tor of the β-deformation with gauge group SU(N), we only need to determine the one-loop
prewrapping contributions to all states.
Before analysing all possible states, we discuss prewrapping for the operatorO = tr(λα1φ2).
We analyse how the asymptotic dilatation operator density is constructed from the UV
renormalisation constant contributions in the undeformed theory and afterwards in the β-
deformation. According to (2.5.10), the operator O is mapped to a cyclic spin-chain state
as
O=ˆ 1
N
PL |λα1φ2〉 =
1
2N
(|λα1φ2〉+ |φ2λα1 〉) , (4.3.9)
where |·〉 is a non-cyclic spin-chain state. The one-loop dilatation operator, given in (3.5.1),
acts on a length L = 2 state via the densities35
2ig2[D2,O] = 4g2
∑
Fj∈A
(
(D2)
F1F2
λ1φ2
+ (D2)
F1F2
φ2λ1
) 1
2N
|F1F2〉 . (4.3.10)
In the undeformed theory in the ’t Hooft limit, we obtain its elements from the planar part
of the asymptotic expression (DN=42 )outin = 〈out|DN=42 |in〉, given in (M.2). For the relevant
non-cyclic states, it reads
(DN=42 )
λ1φ2
λ1φ2
= +3 , (DN=42 )
φ2λ1
λ1φ2
= −1 , (DN=42 )φ2λ1φ2λ1 = +3 , (DN=42 )
λ1φ2
φ2λ1
= −1 .
(4.3.11)
35Our Yang-Mills coupling gYM is related to the one in [48] via gYM = 2
− 1
2 gˆYM, hence the factor of two.
The factor of i stems from our definition of the dilatation operator (or generator) in (2.3.6).
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In terms of Feynman diagrams, the density contributions arise from the counterterms of the
following diagrams
4g2(DN=42 )
λ1φ2
λ1φ2
=
1
2
λ1 φ2
λ1
︸ ︷︷ ︸
+g2(3+ξ)
+
1
2
λ1 φ2
φ2
︸ ︷︷ ︸
+g2(1+ξ)
+
λ1 φ2
λ1 φ2
︸ ︷︷ ︸
−2ξg2
+
λ1 φ2
λ1 φ2
︸ ︷︷ ︸
+2g2
,
4g2(DN=42 )
φ2λ1
λ1φ2
=
λ1 φ2
φ2 λ1
︸ ︷︷ ︸
−2g2
,
(4.3.12)
where the grey-shaded parts are cut out of each diagram and the shaded blobs represent
one-loop self-energy insertions. We draw the operator insertion as an extended black line to
emphasize that we only keep the terms that would also be present if the density is connected
to a length L ≥ 3 operator36. The terms beneath each diagram are the respective numer-
ical prefactors of the counterterms, which can be obtained using the Feynman rules from
appendix G with colour structure fixed to give the planar contribution in a length L ≥ 3
state. The last two equations in (4.3.11) are obtained by reflecting all diagrams in (4.3.12)
at the vertical axis, which leaves their counterterm contributions invariant. We find, that in
N = 4 SYM theory the s-channel contributions vanish, since the diagram in the second line
of (4.3.12) cancels the last one in the first line. This cancellation exemplifies the situation
discussed beneath (3.4.11). In N = 4 SYM theory, the cyclically symmetrised state renders
a vanishing contribution when connected to an antisymmetric s-channel-type interaction.
Hence, the asymptotic one-loop dilatation operator density gives the correct result, even
when it is connected to an L = 2 state.
In the β-deformation, the cancellation between the s-channel contributions in (4.3.12)
does not occur, since our interactions are not antisymmetric any more. Using the result
(3.5.3) for the asymptotic dilatation operator density, the contributions in (4.3.11) acquire
the phases 1, eiβ, 1, and eiβ, respectively. From the Feynman-diagrammatic calculation in
(4.3.12) we find the same result for asymptotic states. Hence, when combining the four s-
channel contributions in the β-deformation, the automatic cancellation ceases to happen
as
1− eiβ +1− e−iβ = 4 sin2 β2 . (4.3.13)
However, we know from the colour space analysis, that there is no s-channel contribution in
the SU(N) theory and we have to set their contribution to zero by hand, giving an explicit
example of prewrapping for the length L = 2 stateO. In principle, this amounts to calculating
the deformed one-loop s-channel Feynman diagrams of all L = 2 non-cyclic states. In the
supersymmetric β-deformation this is fortunately not necessary and we will present a short-
cut for the implementation of prewrapping into the asymptotic dilatation operator density
in the remainder of this subsection. The procedure can be verified in three steps: first, we
find the tuples of input fields (A1, A2, A3, A4) of (D2)
A3A4
A2A1
for which the cancellation between
s-channel contributions happens automatically, as in the undeformed theory. Secondly, we
36In doing so, we explicitly avoid the occurrence of finite-size effects, c.f. (3.4.1).
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Table 4.2: Asymptotic range R = 2 one-loop diagrams with two deformed vertices that contribute to
the renormalisation of an L ≥ 3 state. Superfields are depicted by an oriented solid line, auxiliary
fields by an oriented dotted line and component fields as in appendix G. The states with length L ≥ 3
are drawn by bold horizontal lines. Twists mean a reflection along the vertical axis of only the upper
half of the diagram. Scalar fields are treated on the same footing as the matter-type fermions, since
the quartic vertices can be rewritten as cubic vertices with ‘propagating’ auxiliary fields. Covariant
derivatives are suppressed in the notation.
in components N = 1
s-channel
+ vertical &
horizontal
reflections
+ twists λi
λj
λi λj
φi λj
φi λj
φi φj
φi φj =
φi φj
φi φj
Φi Φj
Φi Φj
t-channel
+ vertical &
horizontal
reflections
λi λ
j
λ
j λi
φi λ
j
λ
j φi
φi φ
j
φ
j φi =
φi φ
j
φ
j
φi
Φi Φ
j
Φ
j Φi
identify the tuples for which spurious s-channel contributions occur. These are removed by
setting the deformation parameter β to zero, which brings the diagrams back to the setup
of the undeformed theory, where the cancellation is automatic. Third, we show that this
undeforming procedure does not change any other contribution, so that the procedure can
be applied to the sum of all contributions, i.e. for the full asymptotic dilatation operator
density (D2)
A3A4
A2A1
.
In the β-deformation, only fields with non-vanishing (Q1, Q2)-charge are deformed, c.f.
section 2.4. In the N = 1 superspace formulation, this means that only the matter superfields
{Φi,Φi} in (4.3.1) are deformed. Interactions involving vector superfields V are undeformed.
In the component formulation, this translates to the fact that interactions involving gauge
fields and/or the gluino λα4 and its conjugate λ
4
α˙ are undeformed, while all remaining interac-
tions may be deformed, as seen in (2.4.8) and (2.4.13). Contributions to s-channel diagrams
in which one or both interaction vertices are undeformed cancel, as in the undeformed theory.
The reason is that the combination of symmetric state with the commutator-type undeformed
vertex in at least one of the interactions leads to the cancellation. Therefore, non-vanishing
spurious s-channel contributions occur only in diagrams in which both interaction vertices
are deformed. This implies that in deformed contributions the initial- and final-state fields
all are of matter type.
All one-loop s-channel diagrams with only matter fields are depicted in the first row of
table 4.2. In these interactions, two incoming matter fields {φi, λαi } are transformed into two
outgoing matter fields, or respectively, two incoming anti-matter fields {φi, λiα˙} are trans-
formed into two outgoing anti-matter fields.37 All these spurious s-channel contributions can
be removed by setting β = 0 whenever such combinations of external fields occur.
In the previous paragraph, we discussed how spurious s-channel contributions can be
removed on the level of individual diagrams involving either four matter or four anti-matter
37In the picture of the two-point function, these diagrams are connecting two matter fields {φi, λαi } of an
operator O with two anti-matter fields {φi, λiα˙} of a second operator O¯′, or, respectively, anti-matter fields
in the former to matter fields in the latter.
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fields. We now need to show that this procedure does not alter any non-s-channel contribu-
tions. Note that diagrams with one or two undeformed vertices are independent of β and
hence setting β = 0 for such diagrams does not change their contribution. The only po-
tentially affected diagrams necessarily have two deformed vertices. Apart from the already
discussed s-channel diagrams, we have to analyse the t-channel- and self-energy-type dia-
grams. The t-channel-type diagrams are given in the second row of table 4.2 and we see
that there are no such diagrams with only matter or only anti-matter fields. Hence, they
are also not affected by the above procedure. Finally, we have self-energy-type contributions.
Their subdiagrams of elementary interactions have range R = 1, c.f. (4.3.12), and these
subdiagrams are connected to an L = 2 state. Therefore relation (3.5.2) for the asymptotic
dilatation operator is applicable38, rendering their contributions independent of β as well.
Since the interaction vertices only depend on the flavours of the involved elementary
fields, the above analysis immediately lifts to diagrams with symmetrised covariant deriva-
tives acting on some of the external fields. In particular, the analysis holds for all fields
from the alphabet (2.5.5) that we used to build external states. We define the (anti-)matter
subalphabets as
Amatter = {Dk φ1,Dk φ2,Dk φ3,Dk λ3α,Dk λ2α,Dk λ3α} ,
Amatter = {Dk φ1,Dk φ2,Dk φ3,Dk λ1α˙,Dk λ2α˙,Dk λ3α˙} .
(4.3.14)
With these, we can give the complete one-loop dilatation operator (3.5.1) of the planar
β-deformation with gauge group SU(N) in terms of the following density:
(Dβ2 )
AkAl
AiAj
= e
i
2
(qAk∧qAl−qAi∧qAj )
β=0 if L=2 and
(Ai,Aj ,Ak,Al∈Amatter or
Ai,Aj ,Ak,Al∈A¯matter)
(DN=42 )
AkAl
AiAj
. (4.3.15)
Note that the inclusion of the finite-size prewrapping effect induces an explicit length-
dependence in the density.
4.3.4 The U(N) dilatation operator
For gauge group U(N), the one-loop finite-size corrections depend on the multi-trace cou-
plings of the chosen theory displayed in subsection 2.4.3 and hence also the one-loop anoma-
lous dimensions of L = 2 and L = 1 states depend on these couplings. We will not derive
the general form of these anomalous dimensions, since they become renormalisation-scheme
dependent at two-loop order, due to the non-conformality of the β-deformation with gauge
group U(N), see [188]. However, since the renormalisation-scheme dependence only starts at
second loop order, we can still calculate the finite-size affected scheme-independent one-loop
anomalous dimensions in our favourite β-deformation with this gauge group. For this theory,
we choose that the tree-level values of all multi-trace couplings in subsection 2.4.3 vanish.
In this case, the asymptotic one loop dilatation operator density (3.5.3) is correct for all
states with length L > 1. For the L = 1 states, which correspond to the U(1) modes in the
theory, we have to calculate the anomalous dimensions that enter the range R = 1 part of
the complete one-loop dilatation operator density g2(Dβ2 )
f
i = δ
f
i 〈i| g2Dβ2 |i〉. The anomalous
dimensions of (anti-)chiral scalars can be calculated from (N.3) using (3.2.44). Form the
N = 1 SUSY, this result also extends to the (anti-)chiral fermions. The anomalous dimen-
sions of the gauge fields and gluinos vanish as in the undeformed theory since all contributing
38The ∗-product of a field with its own conjugate has a vanishing deformation phase.
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one-loop diagrams are undeformed. Combining these results we have
γ
(1)
tr(Dk λ4α)
= γ
(1)
tr(Dk Fαβ) = 0 , γ
(1)
tr(Dk φi)
= γ
(1)
tr(Dk λiα)
= 8g2 sin2
β
2
, ∀i ∈ {1, 2, 3} ,
(4.3.16)
where the same equations hold for the conjugate elementary fields.
4.3.5 Immediate implications for the AdS/CFT correspondence
Knowing the complete one-loop dilatation operator in the β-deformation with gauge group
U(N) and SU(N) allows to compute the one-loop anomalous dimensions of all single-trace
states. Explicit results and the involved calculatory steps are presented in [2], where the
one-loop anomalous dimension of all superconformal primary states with classical scaling
dimension ∆0 ≤ 4.5 are determined. There, it was found that the only multiplets affected
by prewrapping at one loop are the ones characterised by the L = 2 single-impurity highest-
weight states, tr(φiφj) with i 6= j. In principle, multiplets whose conformal primaries are
built from tr(φiφj) with n covariant derivatives D12˙ acting on the individual scalars, can
also be affected by prewrapping. However, it turns out that these multiplets have vanishing
anomalous dimension, since the UV divergences in the occurring Feynman diagrams cancel,
c.f. [2, appendix D]. For a better understanding of prewrapping in CFTs, it would be desirable
to understand why one-loop prewrapping candidates with ∆0 > 2 turn out to be not affected
by prewrapping.
For the prewrapping affected single-impurity states tr(φiφj), it can be shown from an
analysis in superspace that their anomalous dimension γtr(φiφj) = 0 is protected at all loop
orders [2]. In light of the AdS/CFT correspondence, this state must therefore correspond to
a supergravity mode (whose energy is not quantum-corrected) in the strong coupling regime.
The calculation in [112] indeed suggests that the mass of the corresponding mode receives
no corrections. In this context, it would be interesting to understand how the β-deformation
raises the mass of modes dual to non-prewrapping affected states, while keeping the L = 2
single-impurity states at fixed masses.
Finally, the prewrapping effect in the β-deformation has important consequences for
the integrability-based descriptions of this gauge theory. As these consequences are closely
related to the ones in the non-supersymmetric γi-deformation, we postpone their discussion
to chapter 5.
4.4 The thermal one-loop partition functions of the deformed
theories
In this section, we calculate the thermal one-loop partition functions of N = 4 SYM theory
and its deformations on the compactified spacetime S3×R by the means of generalised Po´lya
theory. This section is based on [4].
For a general gauge theory, the confinement-deconfinement phase transition connecting
the weak and strong coupling regimes of the theory is still not well understood, see e.g. [192]
for a discussion in the context of QCD. We will approach this questions for the β- and
γi-deformation via the thermal partition function
Z(T ) = trS3×R[e−H/T ] , (4.4.1)
where the Hamiltonian H is given by the Wick-rotated action of the theory39, the tempera-
ture T is measured in units of the Boltzmann constant and the trace sums over all admissible
39For the connection between the path integral approach and statistical mechanics see e.g. [193, chapter 2].
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states (composite operators) on S3×R. While the partition functions of CFTs have a trivial
temperature dependence in flat space, this is no longer the case on S3 × R, where the com-
pactness of the space limits the number of possible (low energy) states [71,194]. For a gauge
theory on S3×R, the radius R of the S3 sphere combines with the flat space phase-transition
scale Λ to an effective dimensionless phase-transition scale RΛ. Therefore, we can tune R
so that the phase-transition becomes perturbatively accessible when RΛ  1. Note that a
sharp phase transition on the compact space S3 is only observed in the ’t Hooft limit, where
the number of colours N serves as an order parameter in the partition function. Below the
critical temperature40 TH, the partition function (4.4.1) scales as N
0 and above TH it scales
as N2, see [30]. In light of the AdS/CFT correspondence, the low energy d.o.f. of the system
are colour-neutral composite operators and above the critical temperature, the system is
described by the corresponding string theory dual [30]. In a direct path integral approach,
the perturbative evaluation of (4.4.1) amounts to calculating all vacuum diagrams of the
theory up to a given order in the effective coupling, see [194,196–198].
In a CFT, we do not have to follow the direct path integral approach mentioned above.
Instead, we can conformally map41 S3 × R to R(3,1) and express the partition function as
Z(T ) = trR(3,1)
[
xD
]
, (4.4.2)
where x = e−1/RT and D is the dilatation operator [30]. Compared to the path integral
approach, we save one loop order when using this formulation42 in perturbative calculations.
The task to sum over all states on R(3,1) now reduces to the enumeration of all graded cyclic
spin-chains which can be thought of as necklaces. For the free N = 4 SYM theory, this
was done employing Po´lya theory in [75]. In this approach, the single-site partition function
z(x), which enumerates all possible fields at one site, is employed to enumerate all composite
states that can be built from it. It is given as a sum over all fields in the alphabet A of the
theory weighted by the eigenvalues of the classical dilatation-operator density D0 as
z(x) =
∑
A
〈A|xD0 |A〉 =
∑
A
xD0(A) . (4.4.3)
In [76], the first order correction in the ’t Hooft coupling to (4.4.2) was calculated via
an extension of the Po´lya-theoretic approach. In addition to z(x), it also employs the two
generalised expectation values43
〈DL≥32 (x)〉 =
∑
A1,A2∈A
x
(D0)
A1
A1
+(D0)
A2
A2 (DL≥32 )
A1A2
A1A2
, (4.4.4)
〈PDL≥32 (w, y)〉 =
∑
A1,A2∈A
(−1)F (A1)F (A2)w(D0)
A1
A1y
(D0)
A2
A2 (DL≥32 )
A2A1
A1A2
, (4.4.5)
which also depend on the planar one-loop dilatation-operator density D2 and employ the
non-cyclic states given below (2.5.7).
40The critical temperature is also called Hagedorn temperature referring to [195].
41In this mapping the S3×Rmetric ds2 = dt2+R2 dΩ3 is transformed via the coordinate change t→ r = ei tR
to the metric (ds′)2 = R
2
r2
(−dr2 + r2 dΩ3). The latter one is the metric of four-dimensional Minkowski space
times a fixed ratio of the radii R and r of the S3 and the decompactified S1 sphere, respectively. See [30,199]
for further information.
42The reason for this is that the anomalous dimensions as eigenvalues of the dilatation operator are obtained
from the complete composite operator renormalisation constant, which can be extracted from a single operator
insertion in a correlation function, as presented in subsection 3.2.4.
43The function F (·) is the fermion number, which is zero or respectively one for bosonic or fermionic
argument.
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The result from [75] for the free N = 4 SYM theory is also correct for the β- and γi-
deformation, since states in all these theories are constructed from the same alphabet given
in (2.5.5). The one-loop result, however, is not directly applicable for two reasons: first, it
is not clear how the calculation in [76] can be adapted to treat also the deformations and
second, the occurrence of prewrapping and wrapping finite-size corrections in the deformed
one-loop calculations spoils any naive adaptation. As discussed in section 4.1 and 4.3, only
the β-deformation with gauge group SU(N) is conformal. The β-deformation with gauge
group U(N) and the γi-deformation with either of those gauge groups are not conformally
invariant, due to the running of multi-trace couplings introduced in subsection 2.4.3. This
non-conformality prevents us in principle to follow the partition function approach via (4.4.2),
which is only valid for CFTs. However, since effects of non-conformality only appear at loop
orders K > 1 in this calculation, we can safely generalise the results of [76] to the β-
and γi-deformation with either gauge group. For the non-conformal theories, that pose no
restrictions on the occurring multi-trace structure, we only have to decide which of the multi-
trace coupling from subsection 2.4.3 we want to include. For practical purposes, we choose
these multi-trace couplings to vanish at tree-level. This choice corresponds to the proposed
γi-deformation in [66] and to the conventional U(N) β-deformation, as it is obtained by
deforming the N = 4 SYM theory in the N = 1 superspace formulation.
In this section, we rederive the calculation of [76] in a way that is also applicable in the
deformed theories. That is, we compute the necessary ingredients for the one-loop partition
function: z(x), 〈PDL≥32 (w, y)〉, and 〈DL≥32 (x)〉 for the γi-deformation and obtain the results
for the β-deformation and undeformed theory by taking the appropriate limits of the defor-
mation angles γ±i . We calculate the occurring finite-size contributions Z
(1)
f.s.c.(x), which are
the prewrapping contributions in the SU(N) β-deformation and the L = 1 wrapping con-
tributions for all deformed U(N) theories. In addition to the asymptotic dilatation operator
density DL≥32 form (3.5.3), for the finite-size corrections we need the density D
L=2
2 given in
(4.3.2) for L = 2 states in the SU(N) β-deformation and, in case of gauge group U(N), the
density DL=12 defined by anomalous dimensions that form the one-loop dilatation operator
on L = 1 states. The latter ones are given by44
γ
(1)
tr(Dk φi)
= γ
(1)
tr(Dk φ
i
)
= 8g2
(
sin2
γ+i
2
+ sin2
γ−i
2
)
,
γ
(1)
tr(Dk λiα)
= γ
(1)
tr(Dk λ
i
α˙)
= 4g2
(
sin2
γ−i
2
+ sin2
γ+i+1
2
+ sin2
γ+i+2
2
)
,
γ
(1)
tr(Dk λ4α)
= γ
(1)
tr(Dk λ
4
α˙)
= 4g2
(
sin2
γ−1
2
+ sin2
γ−2
2
+ sin2
γ−3
2
)
,
γ
(1)
tr(Dk Fαβ) = γ
(1)
tr(Dk F¯α˙β˙)
= 0 ,
(4.4.6)
where cyclic identification i+ 3 ∼ i is understood.
From the thermal one-loop partition function of the deformed theories in the ’t Hooft
limit we derive the one-loop correction to the phase-transition temperature to be
TH(g) = TH
(
1 + 2g2 + . . .
)
, with TH =
1
ln(7 + 4
√
3)
1
R
. (4.4.7)
44The anomalous dimensions are obtained from the countertems that enter the definition (3.2.44). The
one-loop counterterm of the scalar states N−1/2 tr(φi) is obtained from (N.3), like in subsection 4.3.4. For the
fermionic states tr(λAα), it can be obtained by deforming the fermionic self-energy (3.3.17) and extracting the
planar parts when the initial and final state are connected to it. The self-energy diagrams can be deformed by
replacing the flavour and colour parts of the undeformed vertices in (3.3.14) by the deformed versions given
in (G.33). The field strength states are not renormalised in the ’t Hooft limit, as in the undeformed theory.
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In the calculation we find that the divergences of the thermal partition function at temper-
ature TH is entirely driven by those states with large lengths that are independent of the
deformation parameters γ±i . Therefore, the critical temperature in (4.4.7) stays the same as
in the undeformed theory for the β- and γi-deformation at order g
2.
4.4.1 Partition functions via Po´lya theory
Before going into the actual calculation, let us give a brief summary of the Po´lya-theoretic
approach of [76] to thermal one-loop partition functions. We follow their presentation and
refer the reader there for details45. In addition, we discuss the necessary adjustments for the
deformations. We first discuss the approach in the context of single-trace states. Multi-trace
states can be included afterwards by noting that the action of the dilatation operator D on
such states in the ’t Hooft limit is entirely determined by its action on single-trace states.
The single-trace partition function
The single-trace partition function is defined in analogy to (4.4.2) as trace over all single-trace
operators:
Z(x) = trR(3,1)
[
xD
]
s.t.
, (4.4.8)
where s.t. restricts the trace to single-trace states only. Expanding the dilatation operator
in the effective planar coupling g as in (3.3.10) yields the following expansion
Z(x, g) = tr
[
xD0
]
s.t.
+ g2 lnx tr
[
xD0D2
]
s.t.
+O(g3)
= Z(0)(x) + g2 lnxZ(1)(x) +O(g3) .
(4.4.9)
Since the dilatation operator only starts to change the state’s lengths at loop ordersK > 1, we
can express the occurring traces in (4.4.9) as sums over traces with fixed lengths. Moreover,
the trace over single-trace operators can be cast into a trace over spin-chains with fixed
lengths using (2.5.10).
We first evaluate the contribution from the free theory
Z(0)(x) = tr
[
xD0
]
s.t.
=
∞∑
L=1+s
trL[PxD0 ] , (4.4.10)
where we indicated the trace over a non-cyclic length-L spin-chain state by trL and included
the projector on graded cyclic states P from (2.5.9) explicitly. The sum over all state’s lengths
start at L = 1 for gauge group U(N) with s = 0 and at L = 2 for gauge group SU(N) with
s = 1. To evaluate the trace in the last equality of (4.4.10) over cyclic states for a given
length L, we note that such states correspond to necklaces with L beads. Therefore, we can
employ Po´lya’s enumeration theorem [201] which counts how many different necklaces of
length L can be built when each bead is taken from an alphabet A and contributes with a
weight x = e−1/RT . In this scenario, the single-site partition function takes the form
z(x) =
∑
A∈A
x(D0)
A
A , (4.4.11)
where the classical dilatation operator density in the spin-chain representation is given in
(M.1). According to [201], it enters the sum of all possible length-L necklaces as
trL[PxD0 ] = 1
L
∑
k|L
ϕE(k)
[
z(ωk+1xk)
]L/k
, (4.4.12)
45Additional information regarding derivations may be found in [200].
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where the sum runs over all divisors k of L and ϕE(k) is the Euler totient function. The formal
quantity ω fulfils
√
ω = −1 and was included to also account for the grading in fermionic
necklaces46, compare (2.5.8). Inserting (4.4.12) into (4.4.10), we find the single-trace partition
function in the free theory
Z(0)(x) =
∞∑
L=1+s
trL[PxD0 ] = −sz(x)−
∞∑
k=1
ϕE(k)
k
ln[1− z(ωk+1xk)] , (4.4.13)
where we used that the following double sum over an arbitrary function f can be written as
∞∑
L=1
∑
k|L
f(L, k) =
∞∑
n,m=1
f(nm,m) . (4.4.14)
Let us now turn to the one-loop contribution in (4.4.9) of the interacting theory, which
is given by
Z(1)(x) = tr
[
xD0D2
]
s.t.
=
∞∑
L=1+s
trL[PxD0D2] . (4.4.15)
In contrast to the undeformed theory, where the one-loop dilatation operator density is inde-
pendent of the spin-chain’s length, we have to include length-dependent contributions in the
deformed theories explicitly. At one loop, they originate from the wrapping and prewrapping
contributions for L = 1 and L = 2 spin-chains in theories with gauge groups U(N) and
SU(N), respectively. For spin-chains with L ≥ 3, the planar one-loop dilatation operator
density of the deformed theories is length-independent and we use the the result of [76] for
the trace over a length-L cyclic spin-chain state47
trL[PxD2DL≥32 ] =
∑
m|L
ϕE(m)
[
z(ωm+1xm)
]L/m−2 〈DL≥32 (ωm+1xm)〉
+
L−1∑
k=0
(k,L)=1
[
〈PDL≥32 (ωL−k+1xL−k, ωk+1xk)〉 −
〈DL≥32 (ωL+1xL)〉
z(ωL+1xL)
]
.
(4.4.16)
The two generalised expectation values are given in terms of non-cyclic L = 2 spin-chain
states. They depend on the asymptotic dilatation operator density of the deformed theories
from (3.5.3), which can be given in terms of the oscillator representation using (M.2). The
generalised expectation values take the explicit form48
〈DL≥32 (x)〉 =
∑
A1,A2∈A
x
(D0)
A1
A1
+(D0)
A2
A2 (DL≥32 )
A1A2
A1A2
, (4.4.17)
〈PDL≥32 (w, y)〉 =
∑
A1,A2∈A
(−1)F (A1)F (A2)w(D0)
A1
A1y
(D0)
A2
A2 (DL≥32 )
A2A1
A1A2
, (4.4.18)
where the fermion number generator F (·) gives one for fermionic and zero for bosonic ar-
gument. It appears, since the order of the two fields in the outgoing state is reversed. For
46In this representation, we use that bosonic and fermionic fields have full and half-integer classical scaling
dimensions, respectively.
47In the second line, (k, L) = 1 denotes that k is relatively prime to L. The corresponding sum is related
to the Euler totient function as ϕE(L) =
(∑L−1
k=0 1
)
(k,L)=1
.
48The term accounting for fermionic signs can also be written in terms of the formal quantity ω as
(−1)F (A1)F (A2) = ω2(D0)
A1
A1
(D0)
A2
A2 .
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a detailed derivation of (4.4.16), we refer to [76]. For spin-chain states of length L = 2 and
L = 1 we have the respective contributions
tr2[PxD2DL=22 ] = 〈DL=22 (x)〉+ 〈PDL=22 (x, x)〉 ,
tr1[PxD2DL=12 ] =
∑
A∈A
x(D0)
A
A(DL=12 )
A
A ,
(4.4.19)
with DL=22 and D
L=1
2 given in (4.3.2) and (4.4.6), respectively. The complete one-loop cor-
rection to the single-trace partition function is obtained by inserting (4.4.16) and (4.4.19)
into (4.4.15) and summing over all admissible lengths. It takes the form
Z(1)(x) = Z
(1)
f.s.c(x) +
∞∑
L=2
trL[PxD0DL≥32 ]
= Z
(1)
f.s.c(x) +
∞∑
n=1
n−1∑
k=0
(k,n)=1
[
〈DL≥32 (ωn+1xn)〉
1− z(ωn+1xn) + δn6=1〈PD
L≥3
2 (ω
n−k+1xn−k, ωk+1xk)〉
]
,
(4.4.20)
where the finite-size corrections are incorporated in
Z
(1)
f.s.c(x) = (1− s) tr1[PxD2DL=12 ] + tr2[PxD2DL=22 ]− tr2[PxD2DL≥32 ] (4.4.21)
and we left the gauge group dependence of DL=22 implicit.
The multi-trace partition function
We build multi-trace operators as products of single-trace operators that obey the correct
statistics, i.e. Bose-Einstein statistic if the single-trace operator is bosonic and Fermi-Dirac
statistic if it is fermionic. In the ’t Hooft limit, where the dilatation operator acts on multi-
trace states Om.t. by acting linearly on each of its respective bosonic or fermionic single-trace
constituents, we can rewrite the sum over all multi-trace operators in terms of the single-
trace partition function (4.4.9). When we label each bosonic or fermionic single-trace operator
defined via a suitable set of quantum numbers by OBs.t. or OFs.t., respectively, the multi-trace
partition function can be written as49
Z(x, g) =
∑
Om.t.
xD(Om.t.) =
∏
OBs.t.
1
1− xD(OBs.t.)
∏
OFs.t.
(
1 + xD(O
F
s.t.)
)
= exp
∞∑
n=1
1
n
Z(ωn+1xn) ,
(4.4.22)
where ω again accounts for signs occurring in the expansion of the fermionic operator part.
The perturbative expansion of the single-trace partition function (4.4.9) induces the following
expansion in the multi-trace case
Z(x, g) = Z(0)(x) + g2 lnxZ(1)(x) +O(g3) , (4.4.23)
with
Z(0)(x) = exp
∞∑
n=1
1
n
Z(0)(ωn+1xn) , Z(1)(x) = Z(0)(x)
∞∑
n=1
Z(1)(ωn+1xn) . (4.4.24)
49The last equation is obtained by rewriting the bosonic and fermionic parts as individual exponentials
a = elog a, absorbing the respective products into the exponents and expanding the logarithms in a power
series. Upon changing the order of summation the single-trace partition functions are obtained.
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In a final step, we can insert the single-trace expressions (4.4.13) and (4.4.20) into these
equations. For the free multi-trace partition function we obtain
Z(0)(x) = exp
[
−s
∞∑
n=1
1
n
z(ωn+1xn)
] ∞∏
m=1
1
1− z(ωm+1xm) , (4.4.25)
where we used (4.4.14) from right to left and the identity
∑
k|L ϕE(k) = L. The one-loop
contribution can be simplified to50
Z(1)(x) = Z(0)(x)
∞∑
n=1
[
Zf.s.c(ω
n+1xn) +
n
1− z(ωn+1xn)〈D
L≥3
2 (ω
n+1xn)〉
+
∞∑
m=1
〈PDL≥32 (ωn+1xn, ωm+1xm)〉
]
.
(4.4.26)
4.4.2 Ingredients of the Po´lya-theoretic approach
In this subsection, we compute the ingredients needed for the extended Po´lya-theoretic
method introduced in the previous subsection. These are the single-site partition function
z(x), the two generalised expectation values 〈PDL≥32 (w, y)〉 and 〈DL≥32 (x)〉 and the finite-
size corrections Z
(1)
f.s.c.(x). We focus on conveying the main ideas and results here and refer
to the appendices P, Q, and R for calculational details.
All ingredients can be computed in the oscillator representation of appendix 2.3.6, us-
ing in particular the zero- and one-loop dilatation operator densities (M.1) and (M.2). In
this representation, the sum over all fields occurring in the alphabet theory (2.5.5) can be
expressed in terms of sums over all oscillator occupation numbers (2.5.7) as
∑
Ai∈A
=
∞∑
a1
(i)
,a2
(i)
=0
∞∑
b1
(i)
,b2
(i)
=0
1∑
c1
(i)
,c2
(i)
,c3
(i)
,c4
(i)
=0
δC(i) , (4.4.27)
where the Kronecker-δ ensures that only combinations of oscillators occur whose central
charge vanish, ensuring that the field is part of the alphabet. The central charge operator is
defined in (2.3.31) and can be written in terms of oscillator occupation numbers in analogy
to the free dilatation operator density (M.1).
The single-site partition function
The single-site partition function depends on the field content of the theory alone and hence
it is the same for N = 4 SYM theory and its deformations, as discussed in subsection 2.5.2.
Using (4.4.27) and (M.1) yields51
z(x) =
∑
A∈A
x(D0)
A
A =
2 (3−√x)x
(1−√x)3
. (4.4.28)
This result agrees with the ones of [75,76,194].
50The second summand is obtained using the same steps as for (4.4.25) including the defining identity
ϕE(n) =
(∑n−1
k=0 1
)
(k,n)=1
. For the third summand we used the identity∑∞
n,L=1
∑
(k,L)=1 δL 6=1f(n(L− k), nk) =
∑∞
a,b=1 f(a, b), which was proven in [76].
51To obtain the result, we perform the four finite sums and the sum over a1 via the Kronecker-δ. This
restricts the sum over a2 since a1 ≥ 0 must remain valid. The sums over bα are done using (P.2).
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The expectation value 〈PDL≥32 (w, y)〉
Next, we turn to the permuted expectation value of the asymptotic one-loop dilatation oper-
ator density. We obtain the explicit form of 〈PDL≥32 (w, y)〉 in the oscillator representation52
by inserting (4.4.27), (3.5.3) with (M.2) into (4.4.18). This yields53
〈PDL≥32 (w, y)〉 =
[
2∏
i=1
( ∞∑
a1
(i)
,a2
(i)
=0
∞∑
b1˙
(i)
,b2˙
(i)
=0
1∑
c1
(i)
,c2
(i)
,c3
(i)
,c4
(i)
=0
δC(i)
)
× w
1
2
(
2+
∑2
α=1 a
α
(1)
+
∑2˙
α˙=1˙
bα˙
(1)
)
y
1
2
(
2+
∑2
α=1 a
α
(2)
+
∑2˙
α˙=1˙
bα˙
(2)
)
× e−i
∑4
l,m=1 c
l
(1)
cm
(2)
qλl∧qλm
×
2∏
α=1
( ∞∑
aα=0
(
aα(1)
aα
)(
aα(2)
aα
)) 2∏
α˙=1
( ∞∑
bα˙=0
(
bα˙(1)
bα˙
)(
bα˙(2)
bα˙
))
×
4∏
e=1
( 1∑
ce=0
(
ce(1)
ce
)(
ce(2)
ce
)
(−1)ce
)
× ch
[∑2
i=1(
∑2
α=1 a
α
(i) +
∑2˙
α˙=1˙ b
α˙
(i) +
∑4
e=1 c
e
(i)),∑2
α=1(a
α
(1) − aα) +
∑2˙
α˙=1˙(b
α˙
(1) − bα˙) +
∑4
e=1(c
e
(1) − ce),∑2
α=1(a
α
(2) − aα) +
∑2˙
α˙=1˙(b
α˙
(2) − bα˙) +
∑4
e=1(c
e
(2) − ce)
]]
,
(4.4.29)
where we have also used the antisymmetry of qA ∧ qB defined in (2.4.2).
The evaluation of the twelve infinite sums in (4.4.29) is a decisively complicated task
in light of their entanglement via the central charge constraint and the coefficient ch in
the harmonic action. We perform the sums in three steps, presented in detail in appendix P.
First, we exploit that ch(n, n12, n21) only depends on the total number of oscillators n and the
total number of oscillators that change sites nij in a one-loop process. We can hence cut the
number of infinite sums in half via summation identities54 for binomial coefficients. Second,
we rewrite the coefficient ch(n, n12, n21) in terms of the following integral representation
55
ch(n, n12, n21) =
∫ 1
0
dt
(
cint(n, n12, n21)− t−1-pole
)
,
cint(n, n12, n21) = 2(−1)1+n12n21t 12 (n12+n21)−1(1− t) 12 (n−n12−n21) ,
(4.4.30)
where the t−1-pole prescription denotes the subtraction of the t−1-pole that occurs when all
oscillators stay at their initial sites, i.e. n12 = n21 = 0. In using this representation, we can
reduce the entanglement of the remaining six infinite sums by defining
〈PDL≥32 (w, y)〉 =
∫ 1
0
dt
(
〈PDL≥32 (w, y)〉int −
1
t
-pole
)
, (4.4.31)
52Upon setting A3 = A2 and A4 = A1 in (M.2), the product of fermionic signs in the last five lines simplifies
to (−1)
∑4
e=1
∑4
l=1 c
e
(1)c
l
(2)+c
e
.
53Note that in the oscillator picture the fermion number operator takes the form F (A) =
∑4
e=1 c
e. Hence,
the factor (−1)F (A1)F (A2) in (4.4.18) cancels the respective factor from the matrix element (DN=42 )A2A1A1A2 .
54These are in particular the identities (P.2) and (P.3).
55For a trigonometric version of this integral representation see [202].
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with
〈PDL≥32 (w, y)〉int = 〈PDL≥32 (w, y)〉
∣∣∣
ch(n,n12,n21)→cint(n,n12,n21)
. (4.4.32)
Third, we perform the remaining six infinite sums in 〈PDL≥32 (w, y)〉int. Two of these can be
eliminated via the central charge constraint at sites one and two. To further disentangle the
remaining four sums, we write the global summand as a product of differential and integral
operators that act on simpler expressions and are independent of two of the summation
variables. This allows us to perform two infinite sums and apply the operators afterwards.
The remaining two summations then become feasible via the generating functions of Legendre
polynomials. A minimal example of this procedure is
∞∑
n=0
(n+ 1)xn =
∞∑
n=0
d
dx
xn+1 =
d
dx
∞∑
n=0
xn+1 =
d
dx
x
1− x =
1
(1− x)2 , (4.4.33)
where the feasible summation is the geometric series.
After the above three steps, we arrive at the final result in the asymptotic regime
〈PDL≥32 (w, y)〉 = 4
(
wy(1 + w1/2)2(1 + y1/2)2
(1− w1/2)2(1− y1/2)2(w1/2 + y1/2)2(1 + w1/2y1/2)3 f1(w, y)
+
wy
(1− w)2(1− y)2(1 + w1/2y1/2)(1− wy)
3∑
i=1
f2(w, y, γ
±
i )
+ f3(w, y) ln
[
1− w
1− wy
])
+ w ↔ y ,
(4.4.34)
where
f1(w, y) = 2− 16w1/2 + 7w + 11w1/2y1/2 − 16wy1/2 + w3/2y1/2 + 3wy , (4.4.35)
f2(w, y, γ
±
i ) =
(
sin2
γ+i
2
+ sin2
γ−i
2
)(
12w1/2 − 4w3/2 + 4wy1/2 − 4w3/2y1/2 − 4w3/2y
− 4w2y − 8w2y3/2 + 6w1/2y1/2 + 6wy − 2w3/2y3/2 − 2w2y2
)
+ 4 sin2
γ+i + γ
−
i
2
(
1 + w1/2y1/2 − wy − w3/2y3/2
)
, (4.4.36)
f3(w, y) = −w(w
1/2 + 3y1/2)
(w1/2 + y1/2)3
+
2− 6y1/2
(1− y1/2)3 −
1 + 3w1/2y1/2
(1 + w1/2y1/2)3
. (4.4.37)
We obtain the respective result for the β-deformation in the asymptotic regime from (4.4.34)
by setting γ+i = β and γ
−
i = 0. In the limit of vanishing deformation parameters γ
±
i = 0,
the second line of (4.4.34) drops out and the original result [76] for N = 4 SYM theory is
reproduced56.
The expectation value 〈DL≥32 (x)〉
For the generalised expectation value of the one-loop dilatation operator density 〈DL≥32 (x)〉
we can follow almost the same steps as for 〈PDL≥32 (x)〉. In order to apply the techniques of
56Our conventions for D2 differ by a factor of 4 with respect to [76], which induces the same factor in
〈PDL≥32 (w, y)〉.
108
Applications
the previous paragraph, we only need to define
〈DL≥32 (w, y)〉 ≡
∑
A1,A2∈A
w
(D0)
A1
A1y
(D0)
A2
A2 (DL≥32 )
A1A2
A1A2
, (4.4.38)
which we force to reduce to the original definition (4.4.17) for w = y = x. It follows from
(3.5.3) that the matrix element (DL≥32 )
A1A2
A1A2
entering this expression is independent of the
deformation parameters γ±i . This guarantees that also the finite-size corrected matrix element
at length L = 2 is independent of the deformation (DL≥32 )
A1A2
A1A2
= (DL=22 )
A1A2
A1A2
= (DN=42 )
A1A2
A1A2
,
see subsection 4.3.1 for details. Therefore, the generalised expectation value of all these
matrix elements can be calculated with the same techniques, yielding
〈DL≥32 (x)〉 = 〈DL=22 (x)〉 = 〈DN=42 (x)〉 . (4.4.39)
For the full result we find57
〈DL≥32 (x)〉 = 4
(
(1 +
√
x)2
(1−√x)6
[−(1− 4√x+ x)2 ln(1− x)− x(1− 8√x+ 2x)]) , (4.4.41)
which agrees with the result58 in [76]. The latter was obtained by means of the representation
theory of PSL(4|4).
The finite-size contributions Z
(1)
f.s.c.(x)
Finally, we construct the one-loop finite-size corrections that occur for spin-chains of length
L = 2 and L = 1 and calculate Z
(1)
f.s.c.(x) defined in (4.4.21).
For the deformed theories with gauge group U(N) and vanishing tree-level multi-trace
couplings, the one-loop finite-size contributions stem from the wrapping-corrected one-loop
anomalous dimensions of L = 1 operators given in (4.4.6). According to (4.4.19), we find
their contributions to the partition function to be
Z
(1)
f.s.c. U(N)(x, γ
±
i ) =
∑
A∈A
x(D0)
A
A(DL=12 )
A
A = 8
3∑
i=1
(
sin2
γ+i
2
+ sin2
γ−i
2
)
x− x3 + x 32 − x 52
(1− x)4 ,
(4.4.42)
which is obtained in a similar fashion as z(x) in the beginning of this subsection. For the
β-deformation with gauge group SU(N) the L = 1 wrapping corrections are absent but we
have to account for the L = 2 prewrapping contributions, i.e. instead of the asymptotic
dilatation operator density (3.5.3), the finite-size corrected density (4.3.2) has to be taken
for spin-chains with L = 2. Inserting (4.4.19) into (4.4.21) and using (4.4.39), we find
Z
(1)
f.s.c. SU(N)(x, β) = 〈PDL=22 (x, x)〉 − 〈PDL≥32 (x, x)〉 = −6
(x+ x
3
2 )2
(1− x)4
(
8 sin2
β
2
)
,
(4.4.43)
57The matrix element (DN=42 )
A1A2
A1A2
can be obtained from (M.2) by setting A3 = A1 and A4 = A2. In
addition, we have to shift the summation variables according to
a˜α = aα(1) − aα , b˜α˙ = bα˙(1) − bα˙ , c˜e = ce(1) − ce , (4.4.40)
which amounts to summing over oscillators that hop from one site to the other instead of oscillators that stay
at their original positions.
58Recall the proportionality factor of four between our convention for D2 and the one of [76].
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where the computation of 〈PDL=22 (x, x)〉 is presented in appendix Q. The complete finite-size
contributions (4.4.21) are given by
Z
(1)
f.s.c.(x, γ
±
i ) = (1− s)Z(1)f.s.c. U(N)(x, γ±i ) + sZ
(1)
f.s.c. SU(N)(x, β) , (4.4.44)
where s is the gauge group identifier defined in (3.4.1). To obtain the finite-size contribution
for each deformation, the deformation parameters in the arguments of (4.4.44) are adjusted
as: γ−i = 0 and γ
+
i = β for the β-deformation; and β = 0 for the γi-deformation.
In case of the β-deformation, the finite-size corrections of (4.4.42) and (4.4.43) can be
understood directly from the anomalous dimensions and characters of the theorie’s super-
multiplets that were identified to be affected by the finite-size corrections in [2]. For example
(4.4.43) subtracts the contributions from the six multiplets whose primary states are the
prewrapping-affected L = 2 single-impurity states discussed in subsection 4.3.5. From the
asymptotic dilatation operator these states receive a falsely assigned anomalous dimension
of 8g2 sin2 β2 , which is subtracted here. Analogous considerations apply to the L = 1 states
in the case of wrapping corrections.
4.4.3 Partition function and Hagedorn temperature
From the ingredients calculated in the previous subsection, we can construct the partition
functions of the undeformed N = 4 SYM theory as well as the β- and γi-deformation
with gauge group U(N) or SU(N). The final result for the multi-trace partition function
is obtained upon inserting (4.4.25), (4.4.34), (4.4.41), and (4.4.44) into (4.4.26). However,
since the result does not render significant simplifications59, we do not show it explicitly. For
gauge group U(N), the multi-trace partition function for the β- and γi-deformation up to
O(x6) = O(e−6/RT ) can also be obtained by slightly generalising the result of [198], which was
obtained in a direct two-loop Feynman-diagrammatic calculation on S3 × R. The necessary
generalising steps were presented in [4] and the multi-trace partition function calculated in
this fashion agrees with our result up to the presented thermal weight order O (x6).
In the beginning of this section, we discussed that the critical temperature TH in our
theories separates the two phases where the multi-trace partition function scales as N0 and
N2, respectively. Therefore, in the ’t Hooft limit where N → ∞, we can compute TH by
analysing where our low-temperature partition function diverges. For the free N = 4 SYM
theory with gYM = 0 = g we see from (4.4.25), that this partition function only diverges when
the single-site partition function (4.4.28) turns to z(xH) = 1. For the critical temperature in
xH = e
−1/RTH we find
xH =
1
7 + 4
√
3
, TH =
1
ln(7 + 4
√
3)
1
R
, (4.4.45)
which was first calculated in [75]. This critical temperature is also valid in the free deformed
theories, since they reduce to the free N = 4 SYM theory in the limit of vanishing interac-
tions.
For the interacting N = 4 SYM theory, the order g2 correction to the critical tempera-
ture was calculated in [76]. Close to the temperature TH, the free partition function has a
simple pole Z(x) ∼ CxH−x for some constant C and upon expanding around this pole in the
interacting theory, we have
C
xH + δxH − x =
C
xH − x
[
1− δxH
xH − x + . . .
]
. (4.4.46)
59When the partition function is expanded perturbatively, the occurring terms can be understood in terms
of the single-trace operator multiplets and their anomalous dimensions. Up to classical scaling dimension
∆0 ≤ 4.5, the one-loop anomalous dimensions in case of the SU(N) β-deformation were determined in [2].
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Hence, we find the order g2 correction to the critical temperature from the double-pole con-
tributions in (4.4.26). Unfortunately, we cannot perform the infinite sums in this equation
and therefore we cannot conclusively determine δxH. What we can do, however, is follow the
reasoning of [76] and compare the expansion (4.4.46) to the multi-trace partition function
(4.4.26). We see that the second term in (4.4.26) yields a double-pole contribution for n = 1.
For the remaining terms and generic summation indices it is not entirely clear whether there
are further double-pole contributions. Numerical studies60 suggest, however, that no such
poles appear. Since 〈DL≥32 (x)〉 as well as z(x) are not affected by the deformations, the only
double-pole contribution that we found is also not affected. From the Po´lya-theoretic per-
spective this appears to be reasonable. Contributions to the second term in (4.4.26) involve
the element 〈D2〉, which acts as a weighted identity operator on the incoming fields and
hence all states with non-vanishing anomalous dimensions contribute. In contrast, contri-
butions to the third term in (4.4.26) involve the element 〈PD2〉, which acts as a weighted
permutation operator on the incoming fields and hence only states that are invariant under
such a permutation with non-vanishing anomalous dimensions contribute. Analogously, only
the few terms that are prewrapping affected at one-loop order contribute to the first term
in (4.4.26). In conclusion, the double-pole of (4.4.26) is obtained from the residue of the
aforementioned n = 1 term and we obtain
δxH = − lim
x→xH
[
g2(xH − x) lnx〈D
L≥3
2 (x)〉
1− z(x)
]
= −2
3
g2xH lnxH〈DL≥32 (xH)〉 = −2g2xH lnxH .
(4.4.47)
From this, we find that the one-loop correction to the critical temperature in the β- and
γi-deformation with gauge group U(N) or SU(N) is given by its value in the undeformed
N = 4 SYM theory found in [76]. Using (4.4.45), it takes the explicit form
TH(g) = TH
(
1 + 2g2 + . . .
)
, g2 =
λ
(4pi)2
=
Ng2YM
(4pi)2
, (4.4.48)
which is obtained from (4.4.47) using δTHTH = − 1lnxH
δxH
xH
= 2g2. In light of the discussion
above, we can also conjecture, that the critical temperature in the SU(N) β-deformation
is independent of the deformation parameter at all orders in the effective planar coupling
constant, since the number of deformation-dependent states is always small, compared to
the total number of states that contribute to the partition function.
4.4.4 Immediate implications for the AdS/CFT correspondence
We found that the temperature of the deconfinement phase transition at order g2 does
not depend on the deformation parameters β or γ±i , despite the fact that the corresponding
partition function depends on them. In light of the AdS/CFT correspondence, similar results
were obtained for certain string theories in a one-parameter deformed background [203].
There, the critical temperature was also found to be undeformed while the partition function
exhibited a non-trivial deformation-dependence. The extension of this analysis to the string-
theory dual of the β-deformation was only successful in sectors which do not lead to non-
trivial tests [204]. From the present evidence, it is, however, tempting to assume that the
critical temperature in the β-deformation is the same as in the undeformed N = 4 SYM
theory for all values of the effective planar coupling g. Clearly, further investigations in this
matter are necessary.
60In the su(2), so(6), and su(2|3) subsectors, where the summation of (4.4.26) is possible, no additional
double-poles appear, compare [4,200].
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5.1 Summary and conclusion
In this thesis, we investigated the properties of the β- and the γi-deformation at first order
in the ’t Hooft limit and determined important observables in both theories. Of these defor-
mations only the β-deformation with gauge group SU(N) is conformal. The β-deformation
with gauge group U(N) as well as the γi-deformation with either of those gauge groups are
not conformally invariant, due to the running of multi-trace couplings.
For the γi-deformation, we showed the non-conformality explicitly by identifying run-
ning double-trace couplings that cannot be neglected in the ’t Hooft limit. The breakdown
of conformality in the ’t Hooft limit encouraged us to reinvestigate the integrability-based
calculation of the ground-state energies – or anomalous dimensions – in the γi-deformation.
Exploiting the close relation to the parent N = 4 SYM theory, we constructed the full L-loop
wrapping corrections to the length-L ground-states entirely from Feynman-diagrammatic
considerations. For L ≥ 3, where the running double-trace couplings cannot contribute,
we reproduced the integrability-based result. For L = 2, where the integrability-based cal-
culation leads to a divergent result, we calculated the finite and renormalisation-scheme
dependent anomalous dimension. At this length, the running double-trace coupling that we
calculated earlier contributes to the anomalous dimension of the state via prewrapping and
induces a renormalisation-scheme dependence. In addition, this calculation exemplifies that
the double-trace coupling must not be neglected in the ’t Hooft limit. If we ignore contri-
butions from this coupling, the anomalous dimension of the L = 2 state is divergent and
persistent non-local poles appear in the Feynman-diagrammatic calculation.
For the β-deformation, we also investigated the occurrence of prewrapping. For composite
operators whose total u(1)×3 Cartan charge is only non-zero in the R-symmetry component,
we found that the structure constants and anomalous dimensions are given by the respective
quantities in the undeformedN = 4 SYM theory. For the remaining operators, we analysed in
which subsectors prewrapping may occur in the ’t Hooft limit and we derived a procedure that
adds the correct one-loop prewrapping contributions to the asymptotic dilatation-operator
density of the β-deformation. By also including the one-loop wrapping contributions for gauge
group U(N), we constructed all one-loop finite-size corrections and presented the complete
one-loop dilatation operator of the β-deformation in the ’t Hooft limit.
With the explicit one-loop dilatation operator of the β and γi-deformation at hand, we
constructed the planar one-loop thermal partition function of these theories on the space
S3 × R. For this, we generalised the Po´lya-theoretic approach of [76] and developed tools
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to perform the strongly entangled infinite sums in fairly general situations. From the one-
loop thermal partition function, we calculated the order g2 correction to the phase-transition
temperature TH where the low-energy description of the system in terms of colour-neutral
composite operator d.o.f. breaks down. We found that this correction is the same as in the
undeformed theory, since the deformation parameters only affect parts that render little
contributions to the partition function on combinatorial grounds.
The finite-size corrections to anomalous dimension of composite operators raise the im-
portant question what prewrapping and the loss of conformality imply for the integrability-
based description of gauge theories. The current integrability-based formalism [57–59] is
problematic for length L = 2 states. In the undeformed N = 4 SYM theory and the su-
persymmetric β-deformation the energies of the ground-states tr
(
φiφi
)
diverge. To regulate
these divergences and to find the correct vanishing of the ground-state energies, an additional
twist in the AdS5 directions must be introduced. While being effective for these states, this
ad hoc regularisation fails to work in the β-deformation already for the L = 2 single-impurity
states tr
(
φiφj
)
which also have divergent energies in the integrability-based approach. In case
of the γi-deformation, even the energies of the L = 2 ground-states tr
(
φiφi
)
render diver-
gent results that cannot be regulated, in contrast to our finite and renormalisation-scheme
dependent result (4.2.3). Based on our findings in the β- and γi-deformation, we can now
formulate a test to find the limits of the integrability-based approach to N = 4 SYM theory
and its deformations in the ’t Hooft limit. First, a description that includes prewrapping
in the framework of integrability must be found for the L = 2 single-impurity states in the
β-deformation with gauge group SU(N). This description must exist, if the theory is inte-
grable as claimed. Second, this modified description of L = 2 states should be applied to
the L = 2 ground-states in γi-deformation. If the modified integrability-based description
still fails to give a finite result for these states, the divergence can be attributed to the
breakdown of conformality in the γi-deformation. This would imply that integrability-based
methods are limited to conformally invariant theories. If the modified integrability-based
description, however, yields a finite result, it is quite possible that this modified descrip-
tion is implicitly tied to a particular choice of renormalisation scheme. In this case, the
integrability-based description still gives the correct results in the particular renormalisation
scheme for a γi-deformation with a certain structure of multi-trace interactions. The form
of the renormalisation scheme and the multi-trace interactions could then be determined by
comparing the newly found finite result for the two-loop energy of the state tr
(
φiφi
)
with our
result (4.2.3). By adjusting the tree-level coupling QF and the parameter characterising the
renormalisation-scheme dependence % in our result, it would be possible to deduce properties
of the renormalisation scheme that enters the definition modified methods of integrability.
All findings based on Feynman diagrammatic calculations were obtained using the unified
framework presented in this thesis for N = 4 SYM theory and its deformations as well as the
renormalisation program suitable for the renormalisation of composite operators. Hence, this
thesis constitutes an independent test of the calculations in [1–4]. In addition, our framework
is designed to be compatible with the conventions of [90,122] to enhance the applicability in
other contexts. We also provide the Mathematica package FokkenFeynPackage which uses
the conventions introduced in this thesis. In this package, we distilled the Feynman rules for
non-abelian gauge theories with scalars and Weyl fermions in the adjoint representation to
an efficient tool for the evaluation of low-loop Feynman diagrams in N = 4 SYM theory and
its deformations.
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5.2 Outlook
The findings presented in this thesis leave room for many interesting research directions in
the future.
Very prominently, we have the proposed test of integrability-based methods. Its successful
implementation would clarify the prerequisites for quantum integrability in N = 4 SYM
theory and its deformations as mentioned earlier in this chapter. If the best case scenario
is realised in which integrability-based methods can be used to find renormalisation-scheme
dependent anomalous dimensions in the γi-deformation, the question arises whether the
powerful methods of integrability can also be extended to other non-conformal theories –
like QCD.
Concerning prewrapping contributions, we clearly need further data, especially from
higher-loop prewrapping candidate states in the β-deformation, to understand the general
effects of prewrapping on anomalous dimensions and structure constants in CFTs. For the
conformal β-deformation, we discussed that only multiplets containing the single-impurity
operators tr(φiφj) are affected by prewrapping at first loop order in the ’t Hooft limit. For
other candidate states, one-loop prewrapping is absent due to a cancellation among Feyn-
man diagram contributions and it is not yet clear whether this cancellation is a one-loop
accident or related to a deeper principle that occurs also in higher-loop calculations. In ad-
dition, it is still an open problem how prewrapping appears on the string-theory side of
the AdS/CFT correspondence. On the gauge-theory side, the prewrapping-affected single-
impurity state is protected to all orders in perturbation theory. Hence, it should correspond
to a supergravity mode and the calculation in [112] suggests that corrections to the mass
of the corresponding mode indeed vanishes. It would be interesting to explicitly check how
the energy of non-protected modes, e.g. the mode dual to the state tr(φ1φ2φ3), is increased
by the β-deformation. This analysis hopefully helps to clarify the subtleties related to the
choice of U(N) or SU(N) as gauge group on the string-theory side.
In a greater perspective, naturally the construction of the complete two-loop dilatation
operator of N = 4 SYM theory in the ’t Hooft limit would be very desirable. This task is
highly complicated due to operator mixing and the correct identification of UV divergences
in all contributing diagrams and for attempts in finding the two-loop dilatation operator
see e.g. [205–207] and references therein. However, if this object becomes available, also the
asymptotic dilatation operator of the β-deformation would follow and the question would
arise anew, how wrapping and prewrapping must be implemented in the complete two-loop
dilatation operator in the deformed theories.
For the two-loop thermal partition function of N = 4 SYM theory in the ’t Hooft limit,
the two-loop dilatation operator also is the bottleneck input. If this object is at hand, the
Po´lya-theoretic methods of [76] still need to be generalised to second loop order. For the su(2)
sector of N = 4 SYM theory, this generalisation was done in [208] and it seems possible that
these considerations can be generalised further to be also applicable in the full theory. If so,
the computation of the partition function becomes a purely combinatorial exercise. Hopefully,
the tools that we developed to evaluate the occurring entangled sums could be applied and/or
modified to still render a closed expression for the two-loop thermal partition function. From
the partition function, the second order correction to the critical temperature TH could
be calculated, which would allow to determine the order of the confinement/deconfinement
phase-transition in N = 4 SYM theory on S3 × R, in analogy to the case of pure Yang-Mill
theory studied in [196]. By employing the planar asymptotic two-loop dilatation operator of
the β-deformation, the analogous calculation could be done in the deformed theory, at least
asymptotically. This would then allow to test our conjecture, that TH is always independent
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of the deformation parameter β.
The detailed description of N = 4 SYM theory and the renormalisation program that
we gave in this thesis also opens the path to investigate the connection between quantum
integrability and the perturbative structure of this theory. As discussed in the introduction,
the anomalous dimensions of composite operators in N = 4 SYM theory can efficiently be
determined using the methods of integrability. It is, however, not yet clear how integra-
bility emerges in the Feynman-diagrammatic description. This question can be approached
in the Schwinger-Dyson formalism where the conformal invariance of the theory can be effi-
ciently employed, see [209–212] for a modern formulation. In this description, all perturbative
contributions are sorted in terms of primitive (subdivergence-free) Feynman diagrams and
connected insertions of vertices and composite operators into such primitive diagrams. The
exact conformality of the theory ensures that all connected vertex insertions in Feynman dia-
grams do not yield any additional divergent contributions since the corresponding connected
renormalisation constant is Zv = 1. Therefore, in a correlation function with a composite
operator insertion, the overall UV divergence is determined from the finite parts of the con-
nected vertex functions and the numerical values of the primitive Feynman diagrams that
contribute to the process. This also extends to the anomalous dimension of the composite
operator since it is determined from the overall UV divergence of all Feynman diagrams with
one composite operator insertion. As mentioned above, the anomalous dimensions can also
be determined by the methods of integrability and therefore it should be possible to see the
emergence of integrability by analysing the contributions to anomalous dimensions in the
Dyson-Schwinger approach. Since the connected vertex functions must fulfil the supersym-
metric Slavnov-Taylor identities of N = 4 SYM theory, this emergence depends on these
identities and the exact numerical values of the primitive Feynman diagrams. A starting
point of such an investigation could be the construction of the two-loop Konishi anoma-
lous dimension via the correlation function 〈0|Tφakφ
lb
tr
(
φiφ
i)|0〉 in the Dyson-Schwinger
approach.
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Appendix
A Conventions and list of used symbols and abbreviations
In this section, we present general conventions, identities, and in table A.1 the list of abbre-
viations and symbol explanations used in this thesis.
Einstein’s summation convention is implied in this thesis, unless explicitly stated oth-
erwise. In a spacetime with metric g, it takes the form aµbµ =
∑
µν gµνa
µbν .
Time orderd products of operators TO1(t1) . . .On(tn) are evaluated not as they are writ-
ten, but such that operators at earlier times appear to the right of operators at later
times [118], e.g.
TO1(t1)O2(t2) =
{
O1(t1)O2(t2) t1 ≥ t2 ,
ω2D0(O1)D0(O2)O2(t2)O1(t1) t1 < t2 ,
(A.1)
where the prefactor in the second line involving ω is (−1) if O1 and O2 are fermionic
and (+1) otherwise. Its explicit definition can be found below (2.3.19). When the
time-ordering operator T appears in products of momentum-space objects, the pole
structure of these objects must be chosen such that the Fourier-transformed position-
space expression is time ordered. This definition is compatible with the one given
in [122].
Fourier transforms of fields are always taken in the convention
ϕ˜(k) =
∫
ddx e−ikx ϕ(x) , ϕ(x) =
∫
ddk
(2pi)d
eikx ϕ˜(k) . (A.2)
This definition of the Fourier transform agrees with the definitions in [90,213] and
yields the following realisation of the δ-distribution δ(D)(k) =
∫
dDx
(2pi)D
eikx.
Wick rotation of a momentum-space vector q is given by a counter-clockwise 90◦ rotation
in the complexified q0-plane. This results in the transformations q0 ⇒ iq¯0 and qj ⇒ q¯j
for j 6= 0 and Euclidean coordinates q¯. The respective Wick rotation in coordinate space
is chosen in the opposite direction in the complex plane, in accord with [124, chapter
9]. Explicitly, we have for a position-space vector x a clockwise −90◦ rotation in the
complexified x0-plane and the transformations x0 ⇒ −ix¯0 and xj ⇒ x¯j for j 6= 0. This
choice guarantees that the Fourier transformation with the function eiqx is always a
phase.
For this choice of analytic continuation in momentum- and position-space, we use the
following complex structure of the two-point function in four-dimensional Minkowski
119
A Conventions and list of used symbols and abbreviations
space
〈0|TO(x)O(y)|0〉 = 1
(|x− y|2 + i)∆O , 〈0|TO(p)O(−p)|0〉iT =
1
(p2 − i)D2 −∆O
,
(A.3)
where  > 0 is an infinitesimal parameter. See appendix L for the relation between
both correlators.
Colour space generators of the groups U(N) or SU(N) fulfil the following relations
tr (Ta) =
√
Nδa0 , tr
(
Ta Tb
)
= δab , [Ta,Tb] = ifabc Tc . (A.4)
Traces over colour space generators are often abbreviated as
(a1a2 . . . an) ≡ tr
[
Ta1 Ta2 . . .Tan
]
. (A.5)
Signs in a Lagrangian description appear in accord with the conventions of [90] with
mostly plus metric ηµν = diag(−1, 1, 1, 1), e.g.
L = −1
2
∂µϕ∂µϕ− 1
2
m2ϕϕ
2 + iΨγµ∂µΨ−mΨΨΨ− 1
4
FµνFµν − 1
2
m2AA
µAµ . (A.6)
Covariant derivatives assume the form Dµ = ∂µ − igYMAµ .
The field strength tensor is given by
Fµν =
i
gYM
[Dµ,Dν ] = DµAν −Dν Aµ . (A.7)
(Anti-)selfdual projectors in R(3,1) take the explicit form
Πµνργ+ =
1
4
(ηµρηνγ−ηµγηνρ+iεµνργ) , Πµνργ− =
1
4
(ηµρηνγ−ηµγηνρ−iεµνργ) , (A.8)
and they have the usual properties of projectors, i.e. Π2± = Π±, Π+Π− = 0 and
(Π+ + Π−) = id on functions that are antisymmetric in two spacetime indices.
The σµν and σ¯µν symbols are defined in terms of the σ- and σ¯ matrices given in (B.13)
as
(σµν) βα =
i
4
(
σµσ¯ν − σν σ¯µ) β
α
=
i
4
(
δ ρα δ
β
ω + εαωε
βρ
)
(σµ)ρα˙(σ¯
ν)α˙ω ,
(σ¯µν)α˙
β˙
=
i
4
(
σ¯µσν − σ¯νσµ)α˙
β˙
=
i
4
(
δα˙ρ˙δ
ω˙
β˙
+ εβ˙ρ˙ε
α˙ω˙
)
(σ¯µ)ρ˙α(σν)αω˙ .
(A.9)
Under hermitian conjugation , we have the following relations(
(σµν) βα
)†
= (σ¯µν)α˙
β˙
,
(
(σµ)αβ˙
)†
= (σµ)βα˙
(
(σ¯µ)
α˙β
)†
= (σ¯µ)
β˙α . (A.10)
Identities for σµ and σ¯µ matrices , which are defined in (B.13) and are commonly used
throughout this thesis are
(σµ)αα˙(σµ)ββ˙ = −2εαβεα˙β˙ ,
(σµ)αα˙(σ¯µ)
β˙β = −2δ βα δβ˙α˙ ,
(σµ)αα˙(σ¯ν)
α˙α = −2ηµν ,
(σµ)αα˙(σ¯ν)
α˙β = −δ βα ηµν − 2i(σµν) βα ,
(σ¯µ)
α˙α(σν)αβ˙ = −δα˙β˙ηµν − 2i(σ¯µν)α˙β˙ ,
(σ¯µ)
α˙α(σν)ββ˙ − (σ¯ν)α˙α(σµ)ββ˙ = −2i
(
δαβ (σ¯µν)
α˙
β˙
− δα˙
β˙
(σµν)
α
β
)
.
(A.11)
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Identities involving σµν and σ¯µν
2(σµν) βα (σ
ργ) αβ = η
µρηνγ − ηµγηνρ + iεµνργ ,
2(σ¯µν)α˙
β˙
(σ¯ργ)β˙α˙ = η
µρηνγ − ηµγηνρ − iεµνργ ,
(σµν)
β
α (σ
µν) ωγ = δ
ω
αδ
β
γ + εαγε
βω = 2δωαδ
β
γ − δβαδωγ ,
(σ¯µν)
β˙
α˙(σ¯
µν)ω˙γ˙ = δ
ω˙
α˙δ
β˙
γ˙ + εα˙γ˙ε
β˙ω˙ = 2δω˙α˙δ
β˙
γ˙ − δβ˙α˙δω˙γ˙ ,
(σ(µ)αα˙(σ
νρ)) γβ = ε
µνρω(σω)δα˙
(
δγαδ
δ
β −
1
2
δδαδ
γ
β
)
,
(σ(µ)αα˙(σ¯
νρ))γ˙
β˙
= εµνρω(σω)αδ˙
(
δγ˙α˙δ
δ˙
β˙
− 1
2
δγ˙
β˙
δδ˙α˙
)
,
(A.12)
where the Minkowski space Levi-Civita symbol ε0123 = −ε0123 = 1 was used. In the last
two lines on the l.h.s., the round parentheses in superscripts denote that the enclosed
spacetime indices are cyclically symmetrised.
(Anti-)selfdual field strength tensors in spinorial indices can be acquired from the
definitions (A.7) and (A.9) and they read
F βα =
1
2
Fµν(σµν)
β
α =
i
4
(
δ ρα δ
β
ω + εαωε
βρ
)
Dρα˙A
α˙ω ,
F¯ α˙
β˙
=
1
2
Fµν(σ¯µν)
α˙
β˙
=
i
4
(
δα˙ρ˙δ
ω˙
β˙
+ εβ˙ρ˙ε
α˙ω˙
)
Dρ˙αAαω˙ ,
(A.13)
where the spinorial fields are defined as in (2.2.6), e.g. Xαα˙ = −i(σµ)αα˙Xµ.
The variation of the selfdual field strength can be written as
δFαβ = 1
2
εβγ(σ
µν) γα
[
∂µδAνx − ∂νδAµx + gYMfyzx(δAµyAνz +AµyδAνz)
]
Tx
=
i
4
(
δραεβω + δ
ρ
βεαω
)(
∂ρα˙δA
α˙ω
x + gYMf
xyzAyρα˙δA
α˙ω
z
)
T x
=
i
4
(
δραεβω + δ
ρ
βεαω
)
Dρα˙ δA
α˙ω = − i
4
(
δραδ
ω
β + δ
ρ
βδ
ω
α
)
εα˙β˙ Dρα˙ δAωβ˙ ,
(A.14)
where the covariant derivative in the last line acts as a commutator in colour space.
The pure gauge field term in a Lagrangian description in spacetime component fields
takes the explicit form
−1
4
FµνFµν = −1
4
(
∂[µAν] − igYMA[µAν]
)(
∂[µAν] − igYMA[µAν]
)
= −1
4
(
∂[µAν]∂[µAν] − 2igYM∂[µAν]A[µAν] − g2YMA[µAν]A[µAν]
)
= −1
2
(∂µAaν∂µA
a
ν − ∂µAaν∂νAaµ)− gYM∂µAcνAaµAbνf cab
− g
2
YM
4
AaµAbνAcµA
d
νf
abef cde .
(A.15)
In spinor indices we use (A.12) to write it as
−1
4
FµνFµν = −1
8
FµνF ρσ(ηµρηνσ − ηµσηνρ)
= −1
8
FµνF ρσ
(
(σµν)
β
α (σρσ)
α
β + (σ¯µν)
α˙
β˙
(σ¯ρσ)
β˙
α˙
)
= −1
2
(
FαβFαβ + F¯α˙β˙F¯ α˙β˙
)
.
(A.16)
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Table A.1: List of abbreviations and synonymous expressions.
abbreviation/symbol synonymous expressions
classical level; tree-level
’t Hooft limit; planar limit – see section 3.4
' isomorphic
⊗ tensor product
× direct product in representation-theoretic context; otherwise
ordinary product
b·c floor function
k|L k is a divisor of L
(m,L) greatest common divisor of m and L
ϕE Euler totient function
R(p,q) real vector space of dimension p+ q and a metric with p and
q entries of −1 and +1, respectively
1PI one-particle irreducible (diagram); a connected diagram
which does not separate into two disconnected ones if a single
line is cut
1PI non-1PI (diagram); a connected diagram which separates
into two disconnected ones if a single line is cut
XB the subscript B indicates that X is the bare quantity which
is not yet renormalised
XM the superscript M indicates that X is a spinor that fulfils the
Majorana constraint – see appendix C
X± the superscript ± indicates that X is an eigen-spinor to the
helicity projector P± – see appendix C
β-deformation deformation of N = 4 SYM theory with a single real param-
eter – see section 2.4
AdS anti de-Sitter
AdS/CFT correspondence correspondence between a superstring theory and a CFT,
proposed in [29–31]
c.f. confer
CFT conformal field theory
d.o.f. degrees of freedom
DR dimensional reduction (scheme) – see appendix J
DR modified dimensional reduction (scheme) – see appendix J
δX 1PI counterterm of the quantity X – it is given by the neg-
ative sum of divergent 1PI contributions that involve X
dX connected counterterm of the quantity X – it is given by
the negative sum of divergent connected contributions that
involve X
e.g. ‘exemplum gratia’; for example
ei unit vector in the i
th direction
e.o.m. equation of motion
ΓM , γµ, ρa gamma matrices of R(9,1), R(3,1) and R(6), respectively – c.f.
appendix B
g =
√
λ(4pi)−1 effective planar coupling constant
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abbreviation/symbol synonymous expressions
gYM coupling constant of the Yang-Mills gauge theory
γi-deformation deformation of N = 4 SYM theory with three real parameters –
see section 2.4
G(
~A )(~x) n-point function; correlation function with n fields Ai combined in
the vector ~A; Green’s function with n fields
IBP integration by parts methods for the evaluation of integrals – see
[130]
i.e. ‘id est’; that means
IR infrared
K[ · ] operator that extracts the divergent part (characterised in terms
of some regulator) of its argument
λ = g2YMN ’t Hooft coupling constant
l.h.s. left-hand side
MS minimal subtraction (scheme) – see appendix J
MS modified minimal subtraction (scheme) – see section J
N = 4 SYM theory maximally supersymmetric gauge theory in four dimensions with
fields in the adjoint representation of the gauge group SU(N) or
U(N), typically taken to live in Minkowski space
O(x) composite operator; local gauge invariant composite operator com-
posed of the elementary fields of the theory – see section 2.5
QCD quantum chromo dynamics
QdS quasi-d-dimensional space – see [214]
QFT quantum field theory
QSC quantum spectral curve
RGE renormalisation group equation
r.h.s. right-hand side
σµ, σ¯µ, Σa, Σ¯a Weyl representation matrices and their conjugates in R(3,1) and
R(6), respectively – see appendix B
SYM super Yang-Mills
SUSY supersymmetry
T time ordering symbol – see (A.1)
TsT transformation transformation of a string theory background via the consecutive
application of a T-duality, a shift, and another T-duality transfor-
mation – c.f. [65]
UV ultraviolet
ZX 1PI renormalisation constant of the quantity X – see (G.10) and
section 3
ZX connected renormalisation constant of the quantity X – see (G.10)
and section 3
B Clifford algebras in various dimensions
In this section, we discuss some details of Clifford algebras that are needed in the main
part of this work. We start with some general properties in appendix B.1 followed by a
recursive construction of a d-dimensional Minkowski- or Euclidean-space Clifford algebra in
appendix B.2. In the remaining subsections, we present explicit matrix realisations in four,
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six, and ten dimensions. Up to notational adaptations we follow the presentation of [215]
and refer the reader there for details. For a brief but comprehensive introduction to Clifford
algebras in a physics context, we refer the reader to [86,216,217] and for a deeper discussion
[218,219].
B.1 General properties
A Clifford algebra C`(d − t, t) in an even1 dimension d is generated by the set of elements
γm that fulfil the relation
{γm, γn} ≡ γmγn + γnγm = −2ηmn , 0 ≤ m,n ≤ d− 1 , (B.1)
where the flat metric ηmn = diag(−1, . . . ,−1,+1, . . . ,+1) has d − t positive entries and t
negative ones. As we will be interested in Minkowski space R(d−1,1) or Euclidean space R(d),
we will choose ηmn = diag(−1,−ξ2, . . . ,−ξ2) with ξ2 = ±1. The Clifford algebra only has one
irreducible representation with dimension greater than one. Its elements γm can be realised
explicitly as unitary (2d/2 × 2d/2) matrices such that
γm(γm)† = 12d/2 , (B.2)
where the hermitian conjugate (γm)† = (γm)∗T is given by complex conjugation and transpo-
sition. We can combine (B.1) with (B.2) to see how the γ-matrices transform under hermitian
conjugation:
(γ0)† = γ0
(γm)† = ξ2γm m 6= 0
}
⇔
{
(γm)† = γm for ξ2 = +1
(γm)† = γ0γmγ0 for ξ2 = −1 , (B.3)
where ξ2 = +1 corresponds to Euclidean space and ξ2 = −1 corresponds to Minkowski space.
Apart from the representation described above, there are two seemingly different repre-
sentations that also fulfil (B.1) and (B.2). The first is the complex conjugate representation
with elements (γm)∗ and the second is the transposed representation with elements (γm)T.
Since there is only one irreducible representation of the Clifford algebra, these three repre-
sentations must be related via two constant matrices2 as
(γm)∗ = ±B−1γmB , (γm)T = −C−1γmC . (B.4)
Note that the sign in the second equation is chosen to be (−1). Analogously, we could fix
the sign in the first equation and these two conditions would determine the behaviour of γm
under hermitian conjugation. However, in explicit realisations we rather fix the hermitian
conjugation properties of γm.
B.2 Construction of a d-dimensional Clifford algebra
In this subsection, we will construct the generators of a Clifford algebra in d + 1 and d + 2
dimensions inductively from the d-dimensional generators. In a recursive construction of
the d-dimensional Clifford algebra from a one-dimensional one3, this method automatically
generates a Weyl representation in Euclidean (ξ = 1) or Minkowski space (ξ = i).
1For the construction of Clifford algebras in odd dimensions see appendix B.2.
2The matrix C is often called charge-conjugation matrix, since it relates massless Dirac spinors to their
counterparts with opposite (electric) charge.
3For d = 1 we will take γ(1) = 1 in a recursive construction of higher dimensional Clifford algebras.
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We take the Clifford algebra generators in even dimension d to be given by the elements
γ˜m that fulfil
{γ˜m, γ˜n} ≡ γ˜mγ˜n + γ˜nγ˜m = −2ηmn 1(2(d/2)) , 1 ≤ m,n ≤ d . (B.5)
The metric takes the form ηmn = diag(−1,−ξ2, . . . ,−ξ2). For the construction of the (d +
1)- and (d + 2)-dimensional Clifford algebra, we present the new elements for the higher
dimensional algebras and then show that they fulfil (B.5), i.e. γmγn = −γnγm for m 6= n
and γmγm = −ηmm 1(2(d/2)).
We first present the generators of the (d+1)-dimensional Clifford algebra by constructing
the additional element γ˜d+1 that also fulfils (B.5):
γ˜d+1 = i
d
2
d∏
j=1
γ˜j = i
d
2 γ˜1γ˜2 . . . γ˜d . (B.6)
This object anticommutes with all the γ˜m since each γ˜m anticommutes with every but one
factor in the product in (B.6). Thus, commuting γ˜m past γ˜d+1 generates a factor of (−1)d−1
which is just −1 since we assumed d to be even. The square of γ˜d+1 evaluates to
γ˜d+1γ˜d+1 = idγ˜1
d∏
j=2
γ˜j γ˜1
d∏
k=2
γ˜k = id(γ˜1)2(−1)d−1γ˜2
d∏
j=3
γ˜j γ˜2
d∏
k=3
γ˜k
= id(γ˜1)2(−1)d−1(γ˜2)2(−1)d−2γ˜3
d∏
j=4
γ˜j γ˜3
d∏
k=4
γ˜k = . . .
= id(−1) 12d(d−1)
d∏
j=1
(γ˜j)2 = (ξ2)d−1 1(d/2) = ξ2 1(2(d/2)) ,
(B.7)
where we used that ξ2 = ±1 and again that d is even. The dots mean that the γ˜m in the
products are commuted until each doubly occuring pair stands next to each other. This
concludes the (d+1)-dimensional case. The (d+1)-dimensional Clifford algebra is generated
by the d-dimensional one supplemented with γ˜d+1 defined in (B.6).
In a second step, we construct the (d + 2)-dimensional Clifford algebra generators in
terms of the (d+ 1)-dimensional one. We take the (d+ 2)-dimensional elements γm to be
γm =
(
0 σm
σ¯m 0
)
, 1 ≤ m ≤ d+ 2 , (B.8)
with
σm =
{
iγ˜m 1 ≤ m ≤ d+ 1
−ξ 1(d/2) m = d+ 2
, σ¯m =
{
−iγ˜m 1 ≤ m ≤ d+ 1
−ξ 1(d/2) m = d+ 2
. (B.9)
For the first (d+ 1) elements, we immediately find
{γm, γn} =
({γ˜m, γ˜n} 0
0 {γ˜m, γ˜n}
)
= −2ηmn 1(2(d+2)/2) , 1 ≤ m,n ≤ d+ 1 . (B.10)
Finally, the last element squares to γd+2γd+2 = ξ2 1(2(d+2)/2) and its anticommutation relation
with the remaining elements is
{γm, γd+2} =
(
−iξ[γ˜m,1(2(d/2))] 0
0 +iξ[γ˜m,1(2(d/2))]
)
= 0 , 1 ≤ m ≤ d+ 1 . (B.11)
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This concludes the construction of the (d+ 2)-dimensional Clifford algebra generators from
the (d+ 1)-dimensional ones.
From the structure in (B.8) it is clear that the (d+ 2)-dimensional generators are in the
Weyl representation and the γm are hermitian if the γ˜m are. In addition, the Clifford algebra
for γm induces a similar relation for the σ and σ¯ matrices
σmσ¯n + σnσ¯m = −2ηmn 1(2d/2) , σ¯mσn + σ¯nσm = −2ηmn 1(2d/2) . (B.12)
B.3 Four-dimensional Minkowski Clifford algebra
In this subsection, we will present the four-dimensional Minkowski-space generators of the
Clifford algebra C`(3, 1) which we use in the main part. For compatibility reasons, we will
not employ the construction presented in appendix B.2, but instead follow the conventions
of [90].4
In four-dimensional Minkowski space with mostly plus metric ηµν = diag(−1, 1, 1, 1) we
work in the Weyl representation. We construct the γ-matrices from the σ-matrices that take
values in so(1, 3)⊗ sl(2)⊗ sl(2) and have the explicit form
(σµ)αβ˙ = (1, σ1, σ2, σ3)αβ˙ , (σ¯
µ)α˙β = (1,−σ1,−σ2,−σ3)α˙β , (B.13)
where the Pauli matrices σi are
1 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (B.14)
The σ-matrices have the following properties under transposition and complex conjugation(
(σµ)αβ˙
)T
= (σµ)β˙α = (1, σ1,−σ2, σ3)β˙α ,(
(σµ)αβ˙
)∗
= (σµ)α˙β = (1, σ1,−σ2, σ3)α˙β ,
(B.15)
and analogous relations hold for the σ¯-matrices. Combining transposition and complex con-
jugation to hermitian conjugation, we have (σµ)† = σµ and (σ¯µ)† = σ¯µ, which we denote in
index-notation as (
(σµ)αβ˙
)†
= (σµ)βα˙ ,
(
(σ¯µ)α˙β
)†
= (σ¯µ)β˙α . (B.16)
We can transform σµ into σ¯µ by raising the spinor indices with the ε-tensors defined in
section C.2
εαβεγ˙β˙(σ¯
µ)β˙β = −εγ˙β˙(σ¯µ)β˙βεβα = (σ2 · σ¯µ · σ2)γ˙α = (1, σ1, σ2, σ3)αγ˙ , (B.17)
where the dot denotes an ordinary matrix multiplication. The additional sign in the third
component of σ¯µ is absorbed into an index switch of the spinor indices in the last equality.
In general, we find
(σµ)αα˙ = εαβεα˙β˙(σ¯
µ)β˙β , (σ¯µ)α˙α = εαβεα˙β˙(σµ)ββ˙ . (B.18)
The γ-matrices in the Weyl representation can be expressed in terms of the σ-matrices,
as
γµ =
(
0 (σµ)αβ˙
(σ¯µ)α˙β 0
)
, γ5 =
(
−δ βα 0
0 +δα˙
β˙
)
(B.19)
4Both representations are linked via a unitary transformation, as is necessary from the general discussion
in appendix B.1. Later in appendix B.4, for the six-dimensional Clifford algebra we will use the construction
of appendix B.2.
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where we have indicated the spinor-index structure only on the r.h.s. for notational reasons.
In general we know that hermitian conjugation, transposition and complex conjugation of
the γ-matrices can be realised via the transformation (B.3) and the two transformations in
(B.4), respectively. With the position-choice for spinor indices in (B.19), the transformations
are realised via the three matrices
β =
(
0 δα˙
β˙
δ βα 0
)
, C =
(
εαβ 0
0 εα˙β˙
)
, B = CβT =
(
0 εαβ
εα˙β˙ 0
)
. (B.20)
Note that numerically β = γ0 and we only need to introduce it to match the spinor-index
structure of the γ-matrices. It is now straightforward to verify in this representation that5
(γµ)† = βγµβ−1 , (γµ)T = −C−1γµC , (γµ)∗ = −B−1γµB , (B.21)
where we used (B.15) and (B.16).
B.4 Six-dimensional Euclidean Clifford algebra
In this subsection, we present the six-dimensional Euclidean-space Clifford algebra genera-
tors.
We follow the recursive construction presented in appendix B.2, starting from the one-
dimensional matrix γ(1) = 1, to get the six-dimensional Euclidean-space γ-matrices γ
a
(6). Note
that this construction gives the Clifford algebra C`(0, 6) with metric δab = −diag(1, . . . , 1).
Fortunately this is exactly the six-dimensional algebra we need for the construction of the
ten-dimensional Minkowski-space algebra in appendix B.5. For later convenience and direct
compatibility with [13], we take the γ-matrices to be ρa = u−1γa(6)u, where u is a unitary
transformation given in terms of the 2 × 2 matrices (B.14) as u = diag(1(2), iσ3,−σ2, σ1).
We find the explicit realisation
ρa =
(
0 (Σa)AB
(Σ¯a)AB 0
)
, ρ7 =
(−δ BA 0
0 δAB
)
, 1 ≤ A,B ≤ 4 , (B.22)
where the indices A,B ∈ {1, 2, 3, 4} are fundamental indices of su(4) and its conjugate6 and
we suppressed these on the l.h.s. for notational reasons. The constituent matrices δ are unit
matrices and the Σa are given in terms of the Pauli matrices as
Σ1 = Σ¯1 = −σ2 ⊗ σ3 , Σ2 = −Σ¯2 = iσ2 ⊗ 1(2) , Σ3 = −Σ¯3 = iσ1 ⊗ σ2 ,
Σ4 = Σ¯4 = −σ2 ⊗ σ1 , Σ5 = −Σ¯5 = iσ3 ⊗ σ2 , Σ6 = Σ¯6 = −1(2)⊗σ2 .
(B.23)
Note that our matrix index positions (upper indices at Σ and lower indices at Σ¯) are simply
a choice. In this choice, an ordinary matrix product is realised when an upper index is
contracted with a lower one and the indices can be raised or lowered with Kronecker-δ.
To find the explicit realisation of (ρa)†, we calculate the hermitian conjugate of (B.23).
Numerically, this yields (Σa)† = Σ¯a and for fixed indices A and B we find(
(Σa)AB
)∗
= δBC(Σ¯
a)CDδDA ,
(
(Σ¯a)AB
)∗
= δBC(Σa)CDδ
DA . (B.24)
5We chose to employ the same definition of β as in [90] in order to have the same definition of a Dirac-
conjugate spinor Ψ = Ψ†β. In (B.21), this choice fixes the transformation rules for β, C and B.
6The isomorphism spin(6) ' su(4) ensures that the Euclidean space indices a can be related to the su(4)
indices.
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Combining (B.24) with (B.22), we see that the ρa are hermitian and in explicit index notation
the hermitian conjugation can be realised as
(ρa)† = β6ρaβ−16 , β6 =
(
δAB 0
0 δAB
)
, (B.25)
where we introduced β6 as the equivalent of γ0 in six Euclidean dimensions. For the trans-
position, we have
(ρa)T = −(C6)−1ρaC6 =
(
0 −(Σ¯a)AB
−(Σa)AB 0
)
with C6 =
(
0 δ BA
δAB 0
)
.
(B.26)
Note that this equation is just an explicit realisation of the second part of (B.4). The complex
conjugation can also be expressed in terms of a unitary transformation by combining (B.25)
with (B.26):
(ρa)∗ = (β6ρaβ−16 )
T = −B−16 ρaB6 , B6 = C6βT6 =
(
0 δAB
δAB 0
)
. (B.27)
With this definition, we explicitly find
(ρa)∗ = −(B6)−1ρaB6 =
(
0 −(δ · Σ¯a · δ)AB
−(δ · Σa · δ)AB 0
)
, (B.28)
where we used the Kronecker-δ in B6 to raise or lower the su(4) spinor indices, see also
appendix C.3.
B.5 Ten-dimensional Minkowski Clifford algebra
In this subsection, we profit from the previous two subsections and stitch the ten-dimensional
Minkowski space Clifford algebra C`(9, 1) together from the four-dimensional one given in
appendix B.3 and the six-dimensional one given in appendix B.4.
We write the ten-dimensional Γ-matrices as a Kronecker product of the six-dimensional
matrices defined in (B.22) and the four-dimensional ones defined in (B.19):
Γm =
{
1(8)⊗γm 0 ≤ m ≤ 3
ρm−3 ⊗ iγ5 4 ≤ m ≤ 9 , Γ
11 = i10/2
9∏
i=0
Γi = ρ7 ⊗ iγ5 , (B.29)
where the unit matrix is to be understood as 1(8) = diag(δ
B
A , δ
A
B) in the index conventions
of appendix B.4. A direct calculation using the definitions of γµ and ρa immediately confirms
that this choice of Γm fulfils the Clifford algebra relation (B.1). Analogously, the matrices
that realise transposition, complex conjugation and hermitian conjugation are obtained from
respective Kronecker products
C10 = C6 ⊗ C , β10 = β6 ⊗ β , B10 = C10βT10 = B6 ⊗B , (B.30)
where the lower dimensional matrices are defined in appendix B.3 and B.4. In these conven-
tions the following relations hold
(Γm)† = β10Γmβ−110 , (Γ
m)∗ = −B−110 ΓmB10 , (Γm)T = −C−110 ΓmC10 . (B.31)
128
Appendix
C Spinors in various dimensions
In this appendix, we use the Clifford algebra introduced in appendix B to determine the
properties of the spinor representation. In particular, we will discuss six-dimensional spinors
in Euclidean space and four- and ten-dimenional spinors in Minkowski space. This section fol-
lows the presentation of [86] and further details are taken from [80,86,216–220]. Furthermore,
we adopt the conventions of [90] in four-dimensional Minkowski space.
C.1 General properties
Spinors in d-dimensional Euclidean or Minkowski space transform under the spinor repre-
sentation spin(d) or spin(d − 1, 1), respectively. This representation can be obtained as the
irreducible representation of a subgroup of the Clifford algebra C`(d− t, t). For certain d the
Clifford algebra decomposes into invariant subspaces and hence the spinors and the spinor
representation can be restricted to these subspaces. The invariant subspaces occur in two
different ways. First, in even dimensions there exists a Weyl representation which splits the
original representation of γ-matrices into a plus- and a minus-chirality part. Second, depend-
ing on d the γ-matrices can be restricted to be in a Majorana representation, i.e. they are
purely real or purely imaginary. Accordingly, in the Majorana representation also the spinors
can be restricted to be purely real or purely imaginary. The explicit realisations of the Weyl-
and/or Majorana-condition will be discussed below.
The Clifford algebra is 2d dimensional and consists of the elements
C`(d− t, t) = {1, γm, γm1m2 , . . . , γm1...md} , (C.1)
where the multi-index elements can be chosen as totally antisymmetric products of the
generators e.g. γm1m2 ∼ (γm1γm2 − γm2γm1). Note that the Clifford algebra splits into an
even and odd part under the identification γm → −γm as
C`(d− t, t) = C`(d− t, t)(even) ⊕ C`(d− t, t)(odd) , (C.2)
where the even (odd) part contains products of even (odd) numbers of generators. The irre-
ducible representation of C`(d−t, t)(even) is called the spinor representation and its generators
can be chosen as
Mmn =
i
4
[γm, γn] =
i
4
(γmγn − γnγm) . (C.3)
These are also the generators of the special orthogonal group with the identity component7
SO0(d− t, t), since the spin group Spin(d− t, t) is a double cover of SO0(d− t, t) for d ≥ 2. In
particular, for t = 0 these are the generators of SO(d) and for t = 1 they are the generators
of the proper orthochronous Lorentz group SO+0 (d − 1, 1). When we take Λ = 1 + δω to
realise an SO(d) or SO+0 (d− 1, 1) transformation, we can introduce a unitary operator that
realises the corresponding spin transformation
U(Λ) = e−
i
2
δωmnMmn , (C.4)
where δωmn is an antisymmetric matrix that contains the real parameters of the transfor-
mation Λ and Mmn are abstract hermitian representations of the generators Mmn.
A spinor λ in even dimensions d (Euclidean or Minkowski space) is a 2d/2-dimensional
tuple that transforms under the spin group as
U−1(Λ)λ U(Λ) = λ+ δλ+O (δω2) , δλ = i
2
δωmn[Mmn, λ] =
i
2
δωmnM
mnλ , (C.5)
7The subscript 0 means that the group SO0(d− t, t) contains the identity element.
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where we have suppressed any spacial dependence of the spinor8 by choosing λ = λ(0). We
can also define the conjugate λ¯ by requiring that the contraction λ¯aλa is invariant under
spin transformations. From (C.5), we see that λ¯ then must transform as
δλ¯ = λ¯
(
− i
2
δωmnMmn
)
. (C.6)
Alternatively, we could also take the hermitian conjugate of (C.5). In Minkowski space this
gives
δ(λ†γ0) = (λ†γ0)
(
− i
2
δωmnMmn
)
, (C.7)
where we have used (B.1), (B.3), and (C.3) to obtain (Mmn)
† = γ0Mmnγ0. Combining (C.6)
and (C.7) we define the Dirac conjugate
λ¯D ≡ λ†γ0 . (C.8)
In Euclidean space, we have a different hermitian conjugation relation given in (B.3). How-
ever, in the cases we will be interested in we can choose the Euclidean γm matrices to be
anti-hermitian. This choice yields (Mmn)
† = Mmn and thus the hermitian conjugate of (C.5)
in Euclidean space is
δ(λ†) = λ†
(
− i
2
δωmnMmn
)
. (C.9)
Combining (C.6) with (C.9), we define the Euclidean conjugate
λ¯E ≡ λ†γE0 , γE0 = 1(2d/2) . (C.10)
In even dimensions there exists a Weyl representation and thus we know that (C.3) is
reducible. We can employ the general construction of the Weyl representation in appendix B.2
and find that Mmn splits into two 2
d/2−1-dimensional invariant subspaces. Accordingly, the
spinor splits into λ = (λ−, λ+)T and transforms as(
δλ−a
δλ+a
)
= δωmn
(
i
4(σmσ¯n − σnσ¯m) ba 0
0 i4(σ¯mσn − σ¯nσm)ab
)(
λ−b
λ+b
)
, (C.11)
where σ and σ¯ can be constructed from the d − 1 dimensional Clifford algebra, compare
(B.9). The spinors λ− and λ+ are called minus- and plus-chirality Weyl spinors, respectively
and we can use γd+1 to define suitable Weyl projectors
P± =
1
2
(
1(2d/2)±γd+1
)
. (C.12)
In the beginning of this subsection, we mentioned that the γ-matrices in the Majorana
representation can be chosen to be purely real, which renders the generators of the spinor
representation MmnM purely imaginary and the Majorana spinors λM purely real. Under
complex conjugation, we therefore have
(δλM)
∗ =
(
− i
2
δωmn(M
mn
M )
∗
)
λ∗M =
( i
2
δωmnM
mn
M
)
λM = δλM . (C.13)
However, we do not want to work in the Majorana representation. In a general representa-
tion, we can show from (B.4) that the generators conjugation can be written as (Mmn)∗ =
8The transformation of a space-time dependent spinor would assume the form
U−1(Λ)λ(x) U(Λ) = D(Λ)λ(Λ−1x), where D(Λ) realises the spin transformation, compare appendix E for
details.
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B−1MmnB. So, in order to preserve the transformation property (C.13), we define the Ma-
jorana conjugate (often called charge conjugate) spinor λC as
λC ≡ Bλ∗ = C(λ¯)T , (C.14)
where λ¯ = λ¯D or λ¯ = λ¯E given in (C.8) or (C.10), respectively. Note that we must choose
BB∗ = 1 in order to have (λC)C = λ. If we now compute the complex conjugate of (C.5),
we find
δλC =
( i
2
δωmnM
mn
)
λC (C.15)
and we see that for λC = λ the Majorana condition (C.13) is fulfilled.
With the Weyl- and Majorana-condition, we have projections to two different subspaces.
We can now ask whether we can define a combined projector onto a Majorana-Weyl subspace.
In general, this is possible if the reality condition for Majorana spinors respects the Weyl
projectors, i.e. if B commutes with P± . In the cases of interest in this work, a Majorana-
Weyl subspace only exists for ten-dimensional Minkowski space. A classification which types
of spinors appear up to space-time dimension twelve with arbitrary signs in the space-time
metric can be found in [80,86].
C.2 Spinors in four-dimensional Minkowski space
In four-dimensional Minkowski space, we adopt the conventions of [90] for the manipulation
of spinor indices. We will give a brief review on the definitions employed in this thesis and
refer the reader to [87, chapter 7A] and in general to [90,213] for further details.
Spinors in four-dimensional Minkowski space come in the two inequivalent fundamental
complex two-dimensional representations of SL(2,C) ' Spin(3, 1). These are the minus- and
plus-chirality Weyl spinors. They carry undotted and dotted greek indices, respectively and
in addition the plus-chirality spinors carry a dagger that distinguishes them from minus-
chirality ones in an index-free notation. Under hermitian conjugation, the Weyl spinors
change their chirality and we explicitly have
χ†α˙ ≡ (χα)† , χ†α˙ ≡ (χα)† and (χ†α˙)† = χα , (χ†α˙)† = χα . (C.16)
Note that for fixed spinor indices hermitian and complex conjugation yield the same conju-
gate spinor. Spinor indices can be raised and lowered with the Lorentz-invariant antisym-
metric tensors ε = ±iσ2 with the explicit definition
ε12 = ε1˙2˙ = ε21 = ε2˙1˙ = 1 , ε
21 = ε2˙1˙ = ε12 = ε1˙2˙ = −1 . (C.17)
Note that the ε-tensor with upper indices is the inverse of the one with lower indices and so
they satisfy
εγδε
αβ = δ αδ δ
β
γ − δ αγ δ βδ , εα˙β˙εγ˙δ˙ = δα˙δ˙δ
β˙
γ˙ − δα˙γ˙δβ˙δ˙ . (C.18)
For rank one spinor fields this renders the explicit relations9
χα = εαβχ
β , χα = εαβχβ , χ
†
α˙ = εα˙β˙χ
†β˙ , χ†α˙ = εα˙β˙χ†
β˙
. (C.19)
We define the canonic product of two minus- and respectively plus-chirality spinors to be
χξ ≡ χαξα = εαβχαξβ , χ†ξ† ≡ χ†α˙ξ†α˙ = εα˙β˙χ†β˙χ†α˙ . (C.20)
9Note that higher rank spinor fields transform analogously, e.g. Aαβ = εαγεβδAγδ. The only exception to
this is the transformation of the ε-tensor itself, whose indices are transformed according to εαβ = εαγεγδε
δβ =
(iσ2 · σ2 · σ2)αβ = (iσ2)αβ .
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With the σ-matrices from appendix B.3 we can also construct four-vectors from spinors of
the form χασµ
αβ˙
ξ†β˙ and χ†α˙σ¯
µα˙βξβ. Under hermitian conjugation, these products transform
as
(χξ)† = (εαβ)†(ξβ)†(χα)† = εα˙β˙ξ
†β˙χ†α˙ = ξ†χ† ,
(χσµξ†)† = (ξ†β˙)†(σµ
αβ˙
)†(χα)† = ξβσµβα˙χ
†α˙ = ξσµχ† ,
(χ†σ¯µξ)† = (ξβ)†(σ¯µα˙β)†(χ
†
α˙)
† = ξ†
β˙
σ¯µβ˙αχα = ξ
†σ¯µχ .
(C.21)
A general Dirac spinor is composed of a minus- and a plus-chirality Weyl spinor. In four
dimensions the Dirac spinor and its conjugate take the form
Ψ4 =
(
χα
ξ†α˙
)
, Ψ4 = Ψ
†β = (ξα, χ†α˙) (C.22)
and its minus- and plus-chirality contributions are obtained via the projectors10
P−4 =
1
2
(
1(4)−γ5
)
=
(
δ βα 0
0 0
)
, P+4 =
1
2
(
1(4) +γ
5
)
=
(
0 0
0 δα˙
β˙
)
. (C.23)
Finally, a Majorana spinor must be invariant under the transformation (C.14). The ex-
plicit realisation of B in appendix B.3 restricts the form of a Majorana spinor in four dimen-
sions to
ΨM4 =
(
χα
χ†α˙
)
, ΨM4 = (Ψ
M
4 )
†β = (χα, χ†α˙) . (C.24)
C.3 Spinors in six-dimensional Euclidean space
We construct spinors in six-dimensional Euclidean space from the general considerations
in appendix C.1 and the explicit Clifford algebra representation in appendix B.4. Further
details regarding general results in this subsection can be found in [86,220].
As before, the spinor representation splits into a minus- and plus-chirality Weyl rep-
resentation. In six dimensions, however, there is an isomorphism Spin(6) ' SU(4) under
which the minus- and plus-chirality representations are mapped to the fundamental and anti-
fundamental representation of SU(4), respectively. Therefore, the minus- and plus-chirality
Weyl representations become dual to each other, as can be seen from (B.24) and we only need
one set of (capital latin) indices to characterise spinors in six-dimensional Euclidean space.
We choose plus-chirality spinors to carry a star that distinguishes them from minus-chirality
ones in an index-free notation. Under hermitian conjugation, they turn into each other as
ψ∗A ≡ (ψA)† , ψ∗A ≡ (ψA)† and (ψ∗A)† = ψA , (ψ∗A)† = ψA . (C.25)
Note that for fixed spinor indices hermitian and complex conjugation yield the same conju-
gate spinor. Two Weyl spinors in the fundamental and anti-fundamental representations can
be contracted as
ψ∗χ = ψ∗AχA = ψ∗Aχ
A , ψχ∗ = ψAχ∗A = ψAχ
∗A , (C.26)
where the position of the su(4) summation-indices does not matter since they are raised and
lowered with Kronecker-δ’s. Using the Σ-matrices defined in appendix B.4, we can construct
10We suppressed the spinor indices on the l.h.s. in analogy to the situation in (B.19).
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six-dimensional vectors from the Weyl spinors of the form ψAΣaABχ
B and ψAΣ¯
aABχB. Under
hermitian conjugation, these products transform as
(ψ∗χ)† = (χA)†(ψ∗A)
† = χ∗ψ ,
(ψAΣaABχ
B)† = (χB)†(ΣaAB)
†(ψA)† = χ∗BΣ¯
aBAψ∗A ,
(ψAΣ¯
aABχB)
† = (χB)†(Σ¯aAB)†(ψA)† = χ∗BΣaBAψ
∗A ,
(C.27)
where we used that (ΣaAB)
† = (ΣaAB)
∗ for fixed A and B.
From these Weyl spinors the eight-dimensional Dirac spinor is constructed as
Ψ6 =
(
ψA
χ∗A
)
, Ψ6 = Ψ
†
6 β6 = (ψ
∗A, χA) . (C.28)
and the projectors to left- and right-handed subspaces take the explicit form
P−6 =
1
2
(
1(8)−ρ7
)
=
(
δ BA 0
0 0
)
, P+6 =
1
2
(
1(8) +ρ
7
)
=
(
0 0
0 δAB
)
. (C.29)
By construction, Ψ6 transforms under the minus- and plus-chirality Weyl representation.
As the latter two are dual to each other in six-dimensional Euclidean space, Ψ6 transforms
under a reducible representation.
The Majorana representation, in constrast to the Dirac representation is irreducible in six-
dimensional Euclidean space. A Majorana spinor must be invariant under the transformation
(C.14). The explicit realisation of B6 in appendix B.4 restricts the form of a Majoranor spinor
in six Euclidean dimensions to
ΨM6 =
(
ψA
ψ∗A
)
, ΨM6 = (Ψ
M
6 )
†β6 = (ψ∗A, ψA) . (C.30)
C.4 Spinors in ten-dimensional Minkowski space
For spinors in ten-dimensional Minkowski space, we can now combine the four-dimensional
Minkwoski space spinors with the six-dimensional Euclidean space spinors. The ten-dimen-
sional spinors fall into inequivalent representations, which are the minus- and plus-chirality
Majorana-Weyl spinors. Further details regarding general results in this subsection can be
found in [86,219,220].
In analogy to the construction in appendix B.5, we take the ten-dimensional spinors to
be
Ψ10 = Ψ6 ⊗Ψ4 , Ψ10 = Ψ6 ⊗Ψ4 . (C.31)
The projectors to the minus- and plus-chirality subspaces can be expressed in terms of the
projectors in six and four dimensions as
P−10 = P
−
6 ⊗ P−4 + P+6 ⊗ P+4 , P+10 = P−6 ⊗ P+4 + P+6 ⊗ P−4 . (C.32)
Like before, a Majorana spinor must be invariant under the transformation in (C.14). Since
the Majorana condition matrix takes the form B10 = B6 ⊗ B, we can construct it as a
Kronecker product of the lower dimensional Majorana spinors as
ΨM10 = Ψ
M
6 ⊗ΨM4 =
(
ψA
ψ∗A
)
⊗
(
χα
χ†α˙
)
, ΨM10 = Ψ
M
6 ⊗ΨM4 = (ψ∗A, ψA)⊗ (χα, χ†α˙) .
(C.33)
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In ten-dimensional Minkowski space, the Majorana- and Weyl-condition are compatible.
Therefore, we combine (C.33) with (C.32) to define Majorana-Weyl spinors as
ΨM−10 =
(
ψA
0
)
⊗
(
χα
0
)
+
(
0
ψ∗A
)
⊗
(
0
χ†α˙
)
,
ΨM−10 = (ψ
∗A, 0)⊗ (0, χ†α˙) + (0, ψA)⊗ (χα, 0) ,
ΨM+10 =
(
0
ψ∗A
)
⊗
(
χα
0
)
+
(
ψA
0
)
⊗
(
0
χ†α˙
)
,
ΨM+10 = (0, ψA)⊗ (0, χ†α˙) + (ψ∗A, 0)⊗ (χα, 0) .
(C.34)
To eliminate the redundancies of the Dirac-representation, let us define the eight-component
Majorana-Weyl spinors
λAα = ψA ⊗ χα , λAα˙ = ψ∗A ⊗ χ†α˙ , λAα = ψ∗A ⊗ χα , λα˙A = ψA ⊗ χ†α˙ , (C.35)
where the first two spinors have negative chirality and the last two ones have positive chirality
in ten dimensions. Under hermitian conjugation, they transform into each other as
(λAα)
† = λAα˙ , (λ
Aα˙
)† = λαA , (λ
A
α )
† = λAα˙ , (λ
α˙
A)
† = λAα . (C.36)
D Kaluza-Klein compactification
In this appendix, we present the Kaluza-Klein compactification of the non-abelian gauge
fields and fermions in the action (2.1.3) from 4 + q spacetime dimensions to 4 spacetime
dimensions and q compact dimensions of radius R. The idea behind the Kaluza-Klein com-
pactification is to have a physical system that stretches over more than the naive macroscopic
dimensions. The extra dimensions are compactified on some manifold that is not accessible
at low energies – that is the scale R of the manifold is small compared to distances which
can be probed at low energies. The concept was first introduced in [221] and later applied to
describe Einstein gravity together with Electro-Magnetism [222,223]. While this original idea
cannot be applied to describe natural phenomena up to the present moment, the concept
of extra dimensions proofed very useful in the developed superstring theories [224,225]. The
extra dimensions required by superstring theory can be compactified so that it appears as
a lower-dimensional theory augmented with internal dimensions that are only accessible at
the Planck scale. Despite the many interesting features of Kaluza-Klein compactifications in
string theory, we will focus on the original and simple mechanism described in [226,227] and
in the overview articles [83–85]. We will first discuss the gauge-field part and thereafter the
fermion part of (2.1.3).
Let us start with a non-abelian gauge field AM in five dimensions composed of a four-
dimensional gauge field Aµ and an additional component A5 = φ. We would like to compact-
ify the space as R(4,1) → R(3,1)×S1 where the S1 has radius R. The gauge field then becomes
periodic in the fifth coordinate as AM (xµ, y) = AM (xµ, y + 2piR) and we can decompose it
into Fourier modes along y:
Aµ(xν , y) =
∑
n∈Z
Aµ(n)(x
ν)
e
iny
R√
2piR
, φ(xν , y) =
∑
n∈Z
φ(n)(x
ν)
e
iny
R√
2piR
. (D.1)
Note that
(
AM(n)
)†
= AM(−n), since we take A
M to be real-valued. The five-dimensional coupling
constant g5 has mass dimension [g5] = −12 and we define the four-dimensional coupling
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constant as
g4 =
g5√
2piR
, (D.2)
so that it has mass dimension [g4] = 0. The five-dimensional covariant derivative acts on a
field in the Fourier representation given above as
DAX =
∑
n∈Z
DAX(n)
e
iny
R√
2piR
with
{
DµX(n) =
(
∂µX(n) − ig4
∑
m∈Z[A
µ
(m), X(n−m)]
)
D5X(n) =
(
in
RX(n) − ig4
∑
m∈Z[φ(m), X(n−m)]
) .
(D.3)
With these definitions, the field strength components are
FMN =
i
g5
[DM ,DN ] =
∑
n∈Z
FMN(n)
e
iny
R√
2piR
, (D.4)
with
Fµν(n) =
(
∂µAν(n) − ∂νAµ(n) − ig4
∑
m∈Z
[Aµ(m), A
ν
(n−m)]
)
, Fµ5(n) =
(
− in
R
Aµ(n) + D
µ φ(n)
)
.
(D.5)
Note that we can lift the dependence on the kinetic part of φ(n) by the following gauge
transformation
Aµ(n) → Aµ(n) +
R
in
Dµφ(n) for n 6= 0 . (D.6)
Now we can calculate the five-dimensional action of a free non-abelian gauge field with one
compactified dimension
S = −1
4
∫
d4x dy tr
[
FMNFMN
]
= −1
4
∫
d4x dy tr
[
FµνFµν + 2F
µ5Fµ5
]
= −1
4
∑
m,n∈Z
∫
d4x dy
e
i(n+m)y
R
2piR
tr
[
Fµν(m)F(n)µν + 2F
µ5
(m)F(n)µ5
]
= −1
4
∑
n∈Z
∫
d4x tr
[
Fµν(−n)F(n)µν + 2F
µ5
(−n)F(n)µ5
]
= −1
4
∫
d4x tr
[∑
n∈Z
(
Fµν(−n)F(n)µν + 2
n2
R2
Aµ(−n)A(n)µ
)
+ 2
(
Dµ φ(0)
)(
Dµ φ(0)
)]
,
(D.7)
where we used the gauge transformation (D.6) in the last equality. In the action with one
compactified dimension, we find a tower of four-dimensional non-abelian gauge fields Aµ(n)
with masses mA(n) =
n2
R2
and a massless scalar field φ(0). All scalar fields φ(n6=0) have vanished
from the action and transformed into the longitudinal d.o.f. of the massive gauge fields Aµ(n6=0).
The two massless fields Aµ(0) and φ(0) are coupled to all the remaining massive fields through
the covariant derivative (D.3).
Let us take the limit when the size of the compactified dimension goes to zero, i.e. R→ 0.
We find that all massive fields in (D.7) become infinitely heavy and hence do not contribute
to any observable process as long as we only probe distances d R. In this limit, we obtain
the action of a non-abelian gauge field that minimally interacts with a real scalar field
S =
∫
d4x tr
[
−1
4
FµνFµν − 1
2
(
Dµ φ
)(
Dµ φ
)]
, (D.8)
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where the covariant derivative is DµX = ∂µX − ig4[Aµ, X], the field strength tensor is
Fµν = i
g4
[Dµ,Dν ] and we have dropped the Fourier-mode index (0). Note that we could have
gotten this result by heuristically setting ∂5 → 0 and dropping the integration over y in the
five-dimensional action.
After compactifying one dimension on a circle with radius R, let us generalise this result
to compactify q dimensions on a q-torus Tq = (S1)×q, that is on q circles each with radius
R. In the six-dimensional case with two compactified dimensions this was done in [228]. In
principle, we can start from (4 + q) dimensions and iterate the above procedure until we
reach four dimensions. We then have q different Fourier-mode numbers n = (n1, . . . , nq) and
scalar fields φi(n) with i = {1, 2, . . . , q}. Each of the q scalar fields obtains a mass term of the
form mφi
(n)
∼ n2
R2
. So, if we focus again on the limit R→ 0 all massive modes vanish and we
are left with the zero-mode action with n = (0, . . . , 0). Like in the five-dimensional case, this
action can simply be obtained by setting the partial derivatives with respect to the extra
dimensions to zero in the (4 + q)-dimensional action. For the field strength part of (2.1.3),
we obtain
S =
∫
d4x tr
[
−1
4
FµνFµν − 1
2
(
Dµ φi
)(
Dµ φi
)
+
g4
4
[φi, φj ][φi, φj ]
]
, (D.9)
where i and j run over the extra q dimensions and we have suppressed the Fourier-mode
indices again.
Having dealt with gauge fields, we will now investigate how fermions behave under the
compactification procedure. The action of a massless Dirac fermion coupled to a non-abelian
gauge field in 4+q dimensions, like in the action (2.1.3), directly splits into a four-dimensional
contribution with summation index µ and a q-dimensional remainder with summation index
A as
S =
∫
d4+qx tr
[
iΨΓN DN Ψ
]
=
∫
d4+qx tr
[
Ψ
(
iΓµ Dµ +iΓ
A DA
)
Ψ
]
. (D.10)
After the compactification, the q-dimensional space is a torus Tq = (S1)×q where each
circle has radius R. The spectrum of the Dirac operator in a compact space is discrete
and its eigenvalues λ(n) are either zero or of
n
R order
11. So, if we write (D.10) in terms of
eigenfunctions of iΓj∂j , we can integrate out the extra dimensions and obtain
S =
∫
d4x
∑
n∈Z
tr
[
ψ(n)
(
iΓµ Dµ +λ(n)
)
ψ(n) + g4
∑
m∈Z
ψ(n)
[
Γjφ(m)j , ψ(n−m)
]]
, (D.11)
where ψ(m) and φ(m)j are the Fourier-modes of the fermion field and of the j
th gauge-field
component, respectively. From dimensional analysis, we have the relations
[ψ(m)] =
3
2
, [φ(m)j ] = 1 , [g4+q] = −
q
2
, g4 =
g4+q
(2piR)
q
2
. (D.12)
This is the action of n massive Dirac fermions12 in four dimensions with masses |λ(n)| coupled
to j scalar fields through the coupling tensors Γj . Like in the gauge-field case we now take
11In principle, the fermion field can be Fourier-expanded in extra dimensions in analogy to (D.1). For a
free fermion it is then clear that λ(n) is proportional to
n
R
.
12Note that in a chiral representation the chiralities of the 4- and the q-dimensional fermions are correlated,
c.f. [84]. We choose to ignore this subtlety, as we explicitly work out all needed Γ-matrices in appendix B.
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the limit R→ 0, which sends all masses to infinity and thus effectively decouples all massive
fields from the theory. We obtain
S =
∫
d4x tr
[
ψiΓµ Dµ ψ + g4ψ
[
Γjφj , ψ
]]
, (D.13)
where the covariant derivative acts as DµX = ∂µX − ig4[Aµ, X] and we have dropped the
Fourier-mode index (0).
E The conformal algebra
In this appendix, we review some aspects of the conformal algebra which generates the
conformal group. We follow the detailed presentation of [229, chapter 4] and [24,230] and
refer the reader there for further discussions.
E.1 Conformal transformations of coordinates
The conformal group can be seen as an extension of the Poincare´ group by dilatations or
scale transformations and the so-called special conformal transformations. Its generators are
the ones of proper orthochronous Lorentz transformations Mµν , translations Pµ, dilatations
D, and special conformal transformations Kµ. When these generators act on coordinates,
they can be represented by the following differential operators
Pµ = 1
i
∂µ , Mµν = i(xµ∂ν − xν∂µ) , D = ixµ∂µ , Kµ = i
2
(
xµxν∂
ν − x
2
2
∂µ
)
.
(E.1)
In D dimensions, we have D translations and special conformal translations, 12D(D − 1)
Lorentz transformations and one dilatation, yielding a total of 12(D + 2)(D + 1) generators
of the conformal group. This is the exact number of generators that the algebra so(D, 2)
has, and indeed the conformal group in D-dimensional Minkowski space is isomorphic to
the group SO(D, 2). The commutation relations of the conformal algebra consist of the
commutation relations of the Poincare´ algebra
[Pµ,Mνρ] = i(ηµνPρ − ηµρPν) ,
[Mµν ,Mρσ] = i(ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ) ,
(E.2)
supplemented with the additional commutation relations
[Kµ,Mνρ] = i(ηµνKρ − ηµρKν) , [Kµ,Pν ] = i
2
(ηµνD +Mµν) ,
[D,Pµ] = −iPµ , [D,Kµ] = iKµ .
(E.3)
We can use the exponential map to realise macroscopic conformal transformations (Cg)
µ
ν
of a point xµ via unitary operators as
x̂µ = U−1(α·g)x
µU(α·g) ≡ (Cg)µνxν , with U(α·g) = e−iα·g , (E.4)
where g ∈ {Pµ,Kµ,Mµν ,D} is one of the conformal generators, α · g denotes a suitable
index contraction of the generator with the transformation parameter α and Cg = Cg(α)
is a matrix representation of the transformation in coordinate space. For an infinitesimal
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transformation Cg = 1 + δc we can linearise the transformation and obtain
13
M : (xµ)′ − xµ = i
2
δωνρ[Mνρ, xµ] = (δωµν)xν ,
P : (xµ)′ − xµ = i δaν [Pν , xµ] =
(
δaµxν
x2
)
xν ,
K : (xµ)′ − xµ = i δaν [Kν , xµ] =
(
−δaρx
ρ
2
ηµν +
1
4
δaµxν
)
xν ,
D : (xµ)′ − xµ = i δs[D, xµ] = (−δs ηµν)xν .
(E.5)
While the special conformal transformation as above does not yield an intuitive interpreta-
tion, it becomes a simple translation, when it acts on the inverse of a vector iδaν [Kν , xµx−2] =
1
4δa
µ. Note that the first term on the rightmost side in each line of (E.5) is the linear con-
tribution δc of the matrix C. Combining (E.5) with the exponentiation formula (E.4), the
macroscopic transformations can be obtained and they read
P : x̂µ = xµ + aµ , M : x̂µ = Λµνx
ν ,
K : x̂µ =
xµ − aµx2
1− 2a · x+ a2x2 , D : x̂
µ = λxµ ,
(E.6)
with the shift aµ, the Lorentz transformation Λµν and the scale λ.
E.2 Conformal transformations of fields
Having the transformations of coordinates under the action of the conformal group, we still
need to work out the transformations of fields in given Lorentz representations. For this,
we loosely follow [231] adapted to our notation. Let us define the conformal generators g =
{Pµ,Kµ,Mµν ,D} that realise the conformal transformations only on fields. They fulfil the
same commutation relations (E.2) and (E.3) as the generators g. A conformal transformation
of a field fA(x) in a given Lorentz representation characterised by the (multi-) index A takes
the form
fˆA(x) = U
−1
(α·g)fA(x)U(α·g) = (Rg)
B
A fB
(
C−1g x
)
, (E.7)
in analogy to (E.4). This time, the matrix Rg = Rg(α) realises the transformation of the
Lorentz representation and C−1g = C−1g (α) accounts for the coordinate transformation. Note
that the induced transformation on coordinates is inverted compared to (E.4). This guaran-
tees that a conformal transformation of the coordinate system is cancelled by a simultaneous
transformation of the field values as
fˆA(x
′) = fˆA(Cgx) = (Rg) BA fB(C
−1
g Cgx) = (Rg)
B
A fB(x) . (E.8)
To find the matrix representation Rg, we exploit the translational invariance to express all
generators at position x in terms of their counterparts at the origin14. In particular, we choose
a basis such that the generator of translations Pµ does not act on Lorentz representation
indices, i.e. [Pµ, fA(x)] = [Pµ, fA(x)] = −i∂µfA(x). A field at position x+ a is then related
to the field at position x as15
fA(x+ a) = U
−1
(a·P)fA(x)U(a·P) . (E.9)
13The additional factor of 1
2
in front of the parameter ωνρ is conventional and accounts for the antisymmetry
of Mµν and ωµν .
14That is to say we characterise fields in terms of little group transformations that leave the origin invariant,
as was done in [231].
15Note that for a fixed position xˆ the commutator is [Pµ, fA(xˆ)] = −i∂µfA(x)
∣∣
x=xˆ
.
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Using this translational invariance, we can express the commutators of the remaining gen-
erators with the field fA(x) in terms of fields located at the origin fA(0) as(
fˆA(x)− fA(x)
)
δc2=0
= iδcm
[
gm, fA(x)
]
= iδcmU
−1
(x·P)
[
g˜m, fA(0)
]
U(x·P) , (E.10)
where m is a generic (multi-) index comprised of the free indices of g, and the hatted gen-
erators are g˜m = U(x·P)gmU−1(x·P). They can be expressed in terms of generators g
m
0 acting
on fields at the origin and the differential operators (E.1) by using the Baker-Campbell-
Hausdorff formula and the fundamental commutation relations (E.2) – (E.3):
g˜m = U(x·P)gmU−1(x·P) =
∞∑
n=0
(−i)n
n!
xν1 . . . xνn [P
ν1 , [Pν2 , . . . , [Pνn , gm] . . . ] (E.11)
The representation of conformal generators on fields gm0 commute with position space el-
ements, for example [gm0 , x
µ] = [gm0 , P
µ] = 0 and they have the following commutation
relations with conformal primary fields at the origin16[
Kµ0 , fA(0)
]
= 0 ,
[
Mµν0 , fA(0)
]
= (Sµν) BA fB(0) ,
[
(D0), fA(0)
]
= −i∆fA(0) , (E.12)
where ∆ is the scaling dimension of the field [229]. We build Sµν in the trivial-, spinor-, and
vector-representation by combining invariant tensors such that all labels and the commuta-
tion relations are preserved. Acting on scalars, fermions or gauge fields, we find
Sµνφ = 0 , Sµνψ =
i
4
[γµ, γν ]ψ , SµνAρ = −i(ηµρAν − ηνρAµ) . (E.13)
Further details on the construction of the spinor-representation can be found in C. The
action of the conformal generators in (E.10) can now be determined in two steps. First, using
(E.11) and (E.12), evaluate the action of g˜m on fA(0). In a second step, commute the unitary
operators in U(x·P) back to the fields fA(0). For the variation of fields δfA(x) = fˆA(x)−fA(x),
we find
M : δfA(x) =
iδωµν
2
[Mµν , fA(x)] =
iδωµν
2
(
(Sµν) BA −MµνδBA
)
fB(x) ,
P : δfA(x) = iδaµ[P
µ, fA(x)] = i δaµPµfA(x) ,
K : δfA(x) = i δaµ[K
µ, fA(x)] = iδaµ
(
(
i
2
xµ∆ +Kµ)δBA −
xν
2
(Sµν) BA
)
fB(x) ,
D : δfA(x) = i δs[D, fB(x)] = iδs
(−i∆−D)fA(x) ,
(E.14)
where the generators {M,P,K,D} were defined in (E.1). The linear contribution to Rg in
(E.7) can immediately be obtained from the rightmost side of each line in (E.14) by setting
the occurring field to fA(x) = 1.
In principle, we can now combine (E.14) with the exponentiation formula (E.7) to ob-
tain macroscopic conformal transformations of the fields fA. Let us split the D-dimensional
coordinate transformation Cµν into a scale contribution e−α = (detC)1/D and an angle
transformation C˜µν = eαC
µ
ν . Then, a conformal transformation turns into [229, chapter 4]
x̂µ = e−α C˜µνx
ν ,
fˆA(xˆ) = e
α∆fA L BA fB(x) ,
(E.15)
where L = L(C˜µν) realises all conformal transformations of the Lorentz representation index
A except those of dilatations.
16In principle, the commutator of the special conformal generator could be chosen to be [Kµ0 , f(0)] = κ
µf(0),
with Kµ0 nilpotent and κ
µ massless [231].
139
F Comparison of the field and the oscillator representation
F Comparison of the field and the oscillator representation
In subsection 2.3.6, the mapping of the symmetry generators of N = 4 SYM theory from the
field to the oscillator representation was given. In this appendix, we show that the symme-
try transformations of fields given in (2.3.6), (2.3.10), (2.3.12), and (2.3.16) are compatible
with the symmetry transformations as they follow from (anti-)commuting oscillators in the
oscillator picture presented in subsection 2.3.6. To free ourselves from induced coordinate
transformations of symmetry generators in the field representation, we focus on the trans-
formation of fields at the origin. Finally, we discuss the mutual commutation relations of the
symmetry generators.
For the dilatation operator D0 in (2.3.31) it is easy to see that it reproduces the classical
scaling dimensions of all fields in (2.3.30). Hence, it is compatible with the definition (2.3.6)
if the mapping (2.3.27) is included.
The R-symmetry generators with their action on fields given in (2.3.10) are already in
the oscillator representation of (2.3.31).
Next, we turn to the Lorentz generators which were defined in terms of spinorial indices
in (2.3.27). Their action on a field with spinor index α is17
[M βα , fγ ] =
1
2
(σµν) βα [Mµν , fγ ] =
1
2
(σµν) βα (σµν)
σ
γ fσ = δ
β
γ fα −
1
2
δβαfγ , (F.1)
where we used (A.12) to arrive at the last equality. Taking the hermitian conjugate of this
relation gives the analogous relation for M and we see that the oscillator representation of
L and L are also compatible with the spinorial representation.
The central charge was not present in our discussion of the symmetries in subsection 2.3,
since we restricted to theories where it vanishes when acting on physical fields. Hence, C
must vanish on all fields, which is indeed the case as can be seen from (2.3.31) and (2.3.30).
Next, we turn to translations and special conformal transformations. On fields at the
origin fA(0), we confirm that the oscillator representation reproduces the symmetry trans-
formation (2.3.6) when we include the mapping (2.3.27) and note that translations act as
[Pαα˙, X] = −i(σµ)αα˙ DµX = Dαα˙X. Slightly more interesting, we can also calculate the ac-
tion of Pββ˙ followed by the action of K
α˙α on a field, say λγ(0). In the oscillator representation,
this yields
Kα˙αPββ˙λγ = δ
α˙
β˙
(δαβλω + δ
α
ωλβ) . (F.2)
In the field representation, this transformation is given by
[Kα˙α, [Pββ˙, λγ(0)]] = −(σ¯µ)α˙α(σν)ββ˙
(
[Pν , [Kµ, λγ(0)]] + [[K
µ,Pν ], λγ(0)]]
)
= iδα˙
β˙
δαβ (−i∆λ)λγ(0)−
i
2
(σ¯µ)
α˙α(σν)ββ˙(σ
µν) δγ λδ(0)
= δα˙
β˙
δαβ
(
∆λ − 1
2
)
λγ(0) + δ
α˙
β˙
δαγ λβ(0) ,
(F.3)
where we used the Jacobi identity in the first equality, the algebra relations (2.3.6) and (E.3)
in the second and third equality and the σ matrix identities of appendix A to get to the
last equality. At the classical level with ∆λ = 3/2, we find agreement with the oscillator
representation result (F.2). At the quantum level, however, coupling-dependent corrections
to ∆λ spoil the relation and corrections to the symmetry generators need to be taken into
account.
17We could also evaluate the action of the spinorial Lorentz generators on vector fields. After expressing
the vector fields in terms of sl(2)× sl(2) indices we can again employ the identities of appendix A to find the
same relation.
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Next, we have the action of the supersymmetry generators QAα and QAα˙ on fields. Using
the fundamental commutation relations (2.3.28), it is fairly simple to deduce in the oscillator
representation
QOω˙Fαβ = 1
2
(Dαω˙ λOβ + Dβω˙ λOα) , Q
O
ωFαβ = 0 ,
QOω˙λAα = Dαω˙ ϕOA , Q
O
ωλAα = δ
O
AFαω ,
QOω˙ϕAB = −εOABCλCω˙ , QOωϕAB = δOAλBω − δOBλAω ,
QOω˙λ
A
α˙ = δ
A
OF¯α˙ω˙ , QOωλAα˙ = −Dωα˙ ϕOA ,
QOω˙F¯α˙β˙ = 0 , QOω F¯α˙β˙ =
1
2
(Dωα˙ λ
O
β˙ + Dωβ˙ λOα˙) .
(F.4)
and for the SUSY variation including the parameters iδ, = i
(
ωOQ
O
ω + QOω˙
Oω˙
)
this yields
δ,Fαβ = i
2
(Dαω˙ λOβ + Dβω˙ λOα)
Oω˙ , δ,F¯α˙β˙ =
i
2
ωO(Dωα˙ λ
O
β˙ + Dωβ˙ λOα˙) ,
δ,λAα = −iDαω˙ ϕOAOω˙ + iωAFαω , δ,λAα˙ = −iωO Dωα˙ ϕOA − iF¯α˙ω˙Aω˙ ,
δ,ϕAB = i
(
ωAλBω − ωBλAω − εOABCλCω˙ Oω˙
)
,
(F.5)
where we used that the parameters  and  are fermionic. Note that the terms in the right
column are the hermitian conjugates18 of the terms in the left column. Comparing the indi-
vidual results in (F.5) to the respective results (2.3.13), (2.3.16), and (2.3.17), we find that
the SUSY transformations in terms of spinor indices are indeed represented by the oscillator
representation (2.3.28) – (2.3.32). In the transformation involving Q and λ, we ignored the
gYM-dependent terms with two scalars that appear in (2.3.16). In the oscillator picture, such
transitions are possible by inserting the identity in the form of 1 = c†1c
†
2c
†
3c
†
4 before acting
with Q. The fermionic oscillators that remain after the action of Q are then symmetrically
distributed on two spin-chain sites, which gives the desired term involving two scalars. In
fact, since this transition depends on gYM, it is not part of the tree-level oscillator algebra
and we take the field representation to determine the numerical prefactor that this transition
must have in the oscillator representation. An analogous observation can be made for the
transformation involving Q and λ.
Finally, for special conformal SUSY generators, let us focus on the example
SαAλBβ = δ
α
βϕAB , (F.6)
which immediately follows from the oscillator picture definitions. In the field representation,
we can use (2.3.21) and find
{SαA, λBβ(0)} = −
1
2
(σ¯µ)
α˙α
(
−{QAα˙, [Kµ, λBβ(0)]}+ [Kµ, {QAα˙, λBβ(0)}]
)
= −1
2
(σ¯µ)
α˙α[Kµ,Dβα˙ ϕAB] =
1
2
[Kα˙α, [Pβα˙, ϕAB]]
= δαβϕAB ,
(F.7)
where we used that [Kµ, f(0)] = 0 and the last equality is obtained as a slight alteration of
(F.3). We see that the oscillator transformation indeed coincides with the field transforma-
tion.
18For this, keep in mind the hermitian conjugation properties: (λAα)
† = λ
A
α˙ , (ϕAB)
† = ϕAB , (Dαβ˙)
† =
−Dβα˙, (Dα˙β)† = −Dβ˙α and (Fαβ)† = F¯β˙α˙.
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Having dealt with the action of the symmetry generators on fields, we need to confirm
that the algebra generated by the generators in the oscillator representation agrees with the
algebra defined in subsection 2.3. Upon rewriting19 (2.3.22) – (2.3.26) in terms of the spinorial
generators defined in (2.3.27) we find agreement with the algebra generated by the oscillator
representation generators. This algebra was presented in detail in [106, Appendix D] and
naturally it is no coincidence but due to construction that we arrive at this representation.
G Derivation of Feynman rules
In this appendix, we present the momentum-space Feynman rules for renormalised non-
abelian gauge theories with massless Weyl fermions and complex scalars in Minkowski space.
The presentation in this appendix employs the path integral formalism for correlation func-
tions introduced in section 3.1 and the derived rules are applicable in the cases of N = 4
SYM theory and its deformations. We follow the discussion of Feynman rules with Weyl
fermions [213] and in particular the momentum space discussion in [232] and refer the reader
there for details. For a general introduction to Feynman rules, QFTs, and the path integral
approach compatible with our conventions see also [90]. The rules derived in this appendix
were successfully tested against the Euclidean-space Feynman rules derived in [89] on which
all Feynman diagrammatic calculations in [1–3] are based. For the test, we employed the
Mathematica package FokkenFeynPackage which we constructed for this thesis and that
will be introduced in appendix I.
G.1 The action and general setting
We focus on a non-abelian gauge theory with a gauge field Aµ, with A massless Weyl fermions
λAα and j massless complex scalars φj . All fields transform in the adjoint representation of
the gauge group U(N) or SU(N). The colour group generators fulfil
tr
(
Ta
)
=
√
Nδa0 , tr
(
Ta Tb
)
= δab ,
[Ta,Tb] = ifabc Tc ,
N2−1∑
a=s
(Ta)ij(T
a)kl = δ
i
lδ
k
j −
s
N
δijδ
k
l ,
(G.1)
where s = 0 and s = 1 for gauge group U(N) and SU(N), respectively. We assume that the
renormalised action in (D = 4− 2)-dimensional Minkowski space has the form
S =
∫
dDx
(
tr
[L0 + Lg + Lm + Lct]+ Ldt) , (G.2)
19For this, some identities of appendix A are necessary.
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where the trace is taken over the colour group generators. The free Lagrange density, the
gauge field, matter and double-trace interactions have the explicit form20
L0 = 1
2
Aµ
(
ηµν∂
2 − (1− ξ−1)∂µ∂ν
)
Aν + c∂2c+ φ
j
∂2φj + λ
A
α˙ i(σ¯
µ)α˙β∂µλAβ , (G.4)
Lct = − 1
2
δAA
µ
(
ηµν∂
2 − (1− ξ−1)∂µ∂ν
)
Aν − δcc∂2c− δφφj∂2φj − δλλAα˙ i(σ¯µ)α˙β∂µλAβ ,
(G.5)
Lg = igYMµZA3 [Aµ, Aν ]∂µAν +
g2YMµ
2
4
ZA4 [A
µ, Aν ][Aµ, Aν ] + igYMµ
ZcAc∂
µc[Aµ, c]
+ igYMµ
ZφAφ
(
[∂µφ
j
, Aµ]φj − [φj , Aµ]∂µφj
)
+ ZφA2φg
2
YMµ
2[Aµ, φ
j
][Aµ, φj ]
+ gYMµ
ZλAλ(σ¯
µ)α˙β λ
A
α˙ [Aµ, λAβ] , (G.6)
Lm = gYMµZλφλ
(
(ρj)ABλαBφjλAα + (ρ
†
j)ABλ
B
α˙φ
j
λ
Aα˙
)
+ gYMµ
Zλφλ
(
(ρ˜†j)
ABλαBφ
j
λAα + (ρ˜
j)ABλ
B
α˙φjλ
Aα˙
)
+ g2YMµ
2ZFF
ij
lkφiφjφ
k
φ
l − g
2
YMµ
2
2
ZD
[
φj , φ
j][
φk, φ
k]
, (G.7)
Ldt = − g
2
YMµ
2
2N
(
ZFdtQ
ij
Flk tr
[
φiφj
]
tr
[
φ
k
φ
l
] + ZDdtQ
ik
Djl tr
[
φiφ
j]
tr
[
φkφ
l
]
)
. (G.8)
We use capital Latin indices A,B ∈ {1, 2, 3, 4} to label the fermionic flavours, small Latin
indices i, j, k, l ∈ {1, 2, 3} to label the flavours of the complex scalars, greek letters µ, ν ∈
{0, 1, 2, 3} for spacetime indices and α, β, α˙, β˙ ∈ {1, 2} for sl(2) and sl(2) spinors, respectively.
In addition, small Latin indices a, b, ... ∈ {s, 1, . . . , N2−1} are colour indices. If colour indices
appear twice, they are summed over although we always write them as upper indices, e.g.
λAα = λ
a
Aα T
a =
∑N2−1
a=s λ
a
Aα T
a. The dimensions of fields in D-dimensional position space
are
[φ] = [A] = [c] =
1
2
(D − 2) , [λ] = 1
2
(D − 1) , (G.9)
which ensures that the partial derivatives have exactly dimension [∂µ] = 1 in generic dimen-
sions. The mostly plus spacetime metric is ηµν and in four-dimensional Minkowski space we
use the σ and σ¯ matrices defined in appendix B.3. Finally, for a field f and a coupling g, the
1PI renormalisation constants are21
Zf = 1− δf , Zg = 1 + δg , δf or g = −
(
divergence of involved 1PI graphs
)
, (G.10)
where the exact and real counterterm δ starts at order g2YM and ensures that all calculated
quantities remain finite. The bare fields and parameters, which are labelled by a subscript
B and live in (d = 4)-dimensional Minkowski space are related to the renormalised ones via
20This action is transformed to the one in the conventions of [1] by replacing the couplings and tensors
displayed here according to
gYM → gYM√
2
, (ρj)AB →
√
2(ρj)AB , (ρ˜j)
AB →
√
2(ρ˜†j)AB , F
ij
lk → 2F ijlk , QijFlk → 4QijFlk , (G.3)
where the tensors on the r.h.s. are the ones defined in [1].
21The relative sign in the field renormalisation constants was chosen such that both counterterms of fields
and couplings are given by the negative sum of divergences. In [90, chapter 14], the sign in front of δf is
absorbed into the counterterm.
143
G Derivation of Feynman rules
the renormalisation constants as
fB = Z
1
2
f f , gB = Zgg =
µ∆
0
g(d)−∆0g(D)Zg
(Zf1Zf2 . . . Zfn)
1
2
g , Zf = 1−δf , Zg = 1+dg , Zg = 1+δg ,
(G.11)
where the coupling constant g appears in an interaction term with the n fields f as in
section 3.3. The action is real if the coupling tensors have the following properties under
complex conjugation
(ρ†j)BA =
[
(ρj)AB
]∗
, QlkFij =
[
QijFlk
]∗
, F lkij =
[
F ijlk
]∗
,
(ρ˜j)BA =
[
(ρ˜†j)
AB
]∗
, QjlDik =
[
QikDjl
]∗
.
(G.12)
In N = 4 SYM theory, we have three and four flavours for the complex scalars and Weyl
fermions, respectively and the coupling tensors take the form
(ρj)AB = −i
√
2εjAB4 , QlkFij = 0 , F
ij
lk = 2
(
δikδ
j
l − δjkδil
)
,
(ρ˜†j)
AB = i
√
2(δAj δ
B
4 − δBj δA4 ) , QjlDik = 0 .
(G.13)
In the γi-deformed theory with gauge group SU(N), the field content is the same as in the
undeformed theory, but the matter coupling tensors change to
(ρj)AB = −i
√
2εjAB4 e
i
2
qλA∧qλB , QijFlk = free , F
ij
lk = 2
(
δikδ
j
l e
iqφi∧qφj −δjkδil
)
,
(ρ˜†j)
AB = i
√
2(δAj δ
B
4 − δBj δA4 ) e
i
2
qλA∧qλB , QjlDik = free ,
(G.14)
where q are the u(1)×3 Cartan-charge vectors defined in table 2.1, the antisymmetric product
∧ is defined in (2.4.2) and free for QF and QD means that these couplings are free constants
up to su(4) charge conservation. In the conformally invariant β-deformation with gauge group
SU(N), the two free double-trace couplings are fixed to
Qβ ijFlk = 2F
ij
lk , Q
β jl
Dik = 0 . (G.15)
If the gauge group is U(N), additional couplings to U(1) modes are possible for all fields,
but we refrain from giving these couplings explicitly.
G.2 Propagators and the free theory
To derive the free propagators from the action (G.2), we rewrite the free action as an integral
over momentum space rather than position space. We adopt the notation and conventions
from [90]. In a Fourier transformation, defined in (A.2), the partial derivatives turn into
∂µ → ipµ, where the momentum also has dimension [pµ] = 1 regardless of the dimension D
of spacetime. For the free action we use∫
dDxf(x)M−1(x)g(x) =
∫
dDx dDy
dDk
(2pi)D
e−ik(x−y) f(x)M−1(y)g(y)
=
∫
dDx dDy
dDp
(2pi)D
dDk
(2pi)D
dDl
(2pi)D
eilx e−ik(x−y) eipy f̂(l)M̂−1g(p)
=
∫
dDk dDp
δ(D)(k + p)
(2pi)D
fˆ(k)M̂−1g(p) ,
(G.16)
144
Appendix
where we used hats to denote Fourier transformed objects and refrained from integrating
k for later convenience. Note, however, that we will drop this distinction of the Fourier
transformed fields immediately as we will only work in momentum space. The operator M−1
corresponds to the inverse of the free Feynman propagators which take the explicit form22
∆ji =
δji
p2 − i , (S(p))
B
Aαβ˙
=
−(σµ)αβ˙pµ
p2 − i δ
B
A , ∆ =
1
p2 − i , ∆
µν =
ηµν − (1− ξ)pµpν
p2
p2 − i ,
(G.17)
for scalars, fermions, ghosts, and gauge fields, respectively. They have exact integer dimen-
sions regardless of the dimension D of spacetime, since we have [pµ] = 1. The fermionic
propagator with upper indices is obtained by raising the spinor indices with the invariant
tensors (S(p))Bα˙αA = ε
αβεα˙β˙(S(p))B
Aββ˙
. We assume that the free path integral is normalised
to ∫
D{φφλλccA} ei
∫
dDk dDp
δ(D)(k+p)
(2pi)D
tr[−φ∆−1φ−λS−1λ−c∆−1c− 12A∆−1A] = 1 , (G.18)
where we suppressed all contracted indices, the leftmost fields in each term depend on k and
the inverse propagators and rightmost fields depend on p. The generating functional of the
free theory is obtained from this path integral via a shift of the field variables that leaves
the overall result unchanged:
φj → φj − (2pi)D∆ijJi , λAα → λAα − (2pi)DSBAαβ˙η
β˙
B , cj → cj − (2pi)D∆η ,
φ
j → φj − (2pi)DJ i∆ji , λ
A
α˙ → λAα˙ + (2pi)DηBβSABβα˙ , c→ c− (2pi)Dη∆ ,
Aµ → Aµ − (2pi)D∆µνJν ,
(G.19)
where the momentum dependence is always f(p)→ f(p)± (2pi)DMf (p)Jf (p). Note that the
sources transform like the fields under the colour group of the theory, e.g. ηAα = ηAαa Ta.
Under these shifts, the path integral acquires a source Lagrange density for renormalised
fields of the form
Lsource =
(
ηAα(k)λAα(p) + J
j
(k)φj(p) + η(k)c(p) + h.c.
)
+ Jµ(k)Aµ(p) . (G.20)
Using L0 implicitly given in (G.18), the generating functional Z0 = Z0
[{J, η}] in terms of
all sources {J, η} becomes
Z0 =
∫
D{φφλλccA} ei
∫
dDk dDp δ(D)(k+p) tr[ 1
(2pi)D
L0+Lsource]
= exp
(
i
∫
dDk dDp(2pi)Dδ(D)(k + p)
[
J
ia
∆jabi J
b
j + η
AαaSBab
Aαβ˙
ηβ˙bB + η
a∆abηb +
1
2
Jµa∆abµνJ
νb
])
.
(G.21)
In the last equality the leftmost sources in each term depend on k and the propagators and
rightmost sources depend on p. We can now generate a field with momentum p by taking a
functional derivative of Z0 with respect its corresponding source with momentum −p. We
demand that the functional derivatives obey δδf(p)f(k) = δ
(D)(p−k) for scalar and fermionic
22The spacetime part of the inverse propagators follows from (G.4) and is for scalars and ghosts ∆−1(−p) =
p2, for fermions (S−1(p))α˙β = (σ¯µ)α˙βpµ, and for gauge fields (∆−1(−p))µν = ηµνp2 − (1− ξ−1)pµpν .
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functions f . We can hence generate a field by acting with a functional derivative with respect
to its source on iSsource = i
∫
dDk dDl δ(D)(k + l) trLsource. The exact field replacements are
φaj (p)→
1
i
δ
δJ
ja
(−p)
, λaAα(p)→
1
i
δ
δηAαa(−p) , c
a(p)→ 1
i
δ
δηa(−p) ,
φ
ja
(p)→ 1
i
δ
δJaj (−p)
, λ
Aa
α˙ (p)→ i
δ
δηα˙aA (−p)
, ca(p)→ i δ
δηa(−p) ,
Aµa(p)→ 1
i
δ
δJaµ(−p)
,
(G.22)
where the additional sign for anti-fermionic fields arises from commuting the fermionic source
derivative past the fermionic field in the Lagrange density.
A time-ordered correlation function (so far of the free theory) is obtained from the gener-
ating functional Z0 by taking functional derivatives with respect to the corresponding sources
and setting all sources to zero afterwards:23
〈0|T fn(pn) . . . f1(p1)|0〉 =
[ ±iδ
δJfn(−pn)
. . .
±iδ
δJf1(−p1)
Z0
]
{J,η}=0
, (G.23)
where we have +i for λ and c and −i for the remaining fields and J, η = 0 indicates that
all sources are set to zero. In particular, using (G.21), we see that the two-point correlation
function of a field f is directly related to its propagator Mf as
〈0|T f(pout)f(pin)|0〉 = (2pi)Dδ(D)(pin + pout) 1
i
Mf (pout) , (G.24)
where we used the momentum conserving δ-distribution to swap −pin for pout in the propa-
gator. The momentum conserving factor of (2pi)Dδ(D)(pin + pout) is no coincidence, but does
occur in any connected n-point correlation function, as we have restricted ourselves to a the-
ory with local interactions (G.2). We can therefore separate this factor off and focus on the
calculation of the reduced correlation function iT which in (G.24) is given by −iMf (pout).
As indicated in (G.24), the calculation of iT in the free theory simply yields the free prop-
agator of the involved field times a factor of −i. In Feynman diagrams, we hence associate
the following Feynman propagators to the different line types:
p
µa νb = 〈0|TAµa(p)Aνb(−p)|0〉iT =1
i
1
p2 − i
(
ηµν − (1− ξ)p
µpν
p2
)
δab ,
p
ia jb = 〈0|Tφai (p)φjb(−p)|0〉iT =
1
i
1
p2 − iδ
j
i δ
ab ,
p
a b = 〈0|T ca(p)c¯b(−p)|0〉iT =1
i
1
p2 − iδ
ab ,
(G.25)
where the subscript iT at the correlators means that a factor of (2pi)Dδ(D)(pin + pout) has
been dropped and we have adopted the general index conventions described below (G.8).
The arrows on line types always flow from anti field to field and the momentum arrow below
flows from −p to p. Note that time flows from right to left in our conventions, to match the
expressions within the correlation functions. For the propagators of Weyl fermions there is
23The time ordering symbol means that the Fourier transformation of the momentum space expression is
a time-ordered position space expression, compare the definition in appendix A.
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a slight inconvenience, as there are two types of propagators, i.e. Sαα˙ and S
α˙α. To get the
correct expressions in correlation functions we rewrite the fermionic part in the generating
functional
iS0λλ = i
∫
dDk dDp(2pi)Dδ(D)(k + p)ηAαa(k)SBab
Aαβ˙
(p)ηβ˙bB (p)
= i
∫
dDk dDp(2pi)Dδ(D)(k + p)ηBb
β˙
(p)SAβ˙αbaB (k)η
a
Aα(k) ,
(G.26)
where we used the δ-distribution in the last line to rewrite the propagator −S(p) = S(−p) =
S(k). Depending on the index position of fermions in the two-point function, we can hence
use the first or the second line of (G.26) in the generating functional. Using (G.22) and
(G.23), the fermionic propagators are then given by
p
Aαa Bβ˙b = 〈0|TλaAα(p)λBbβ˙ (−p)|0〉iT =
1
i
SBab
Aαβ˙
(p) =
1
i
−(σµ)αβ˙pµ
p2 − i δ
B
Aδ
ab ,
p
Bβ˙b Aαa = 〈0|Tλβ˙bB (−p)λAαa(p)|0〉iT =
1
i
SAβ˙αbaB (−p) =
1
i
(σ¯µ)β˙αpµ
p2 − i δ
A
Bδ
ba ,
(G.27)
where it is crucial that the index position in the correlation function matches the index
position in the resulting σ- or σ¯-matrices to get the correct sign for the propagator.
G.3 Interactions and the full theory
To also account for interactions, we follow the general path integral procedure, compare
e.g. [90, chapter 9,45,71,72] for details. We write the generating functional of the interacting
theory as an interaction part in which all fields are replaced by functional derivatives with
respect to the sources {J, η} that acts on the free generating functional:
Z
[{J, η}] = Zint[{ δδJ , δδJ }]Z0[{J, η}] , (G.28)
where the interaction part contains the Fourier transformed action of all interactions includ-
ing the two-point counterterm interactions
Zint[{J, η}] = eiFT
(∫
dDx tr(Lct[{J,η}]+Lg [{J,η}]+Lm[{J,η}])+Ldt[{J,η}]
)
. (G.29)
The Lagrange densities are given in (G.5) – (G.8) and all fields have been replaced by
functional derivatives with respect to the corresponding sources as in (G.22). To get a feeling
for contributions to Zint, let us focus on a tree-level interaction involving two fermions and
one scalar given by the first term in (G.7). When we set the renormalisation constants to
one for the moment and depict sources with filled dots, this interaction is represented by
= iFT
(
gYM(ρ
j)ABδαβ (bca)
∫
dDx
δ
iδηBbβ (x)
δ
iδJ
jc
(x)
δ
iδηAαa(x)
)
Z0
∣∣∣∣∣
{J,η}=0
= −gYM(ρj)ABδαβ (bca)
∫
dDp′ dDq′ dDr′
[
(2pi)Dδ(D)(p′ + q′ + r′)
Sαα˙(p
′)∆(r′)Sβ˙β(q′)
(−iηα˙aA (p′))(iJcj (r′))(−iηbBβ˙(q′))] ,
(G.30)
where we used the colour trace abbreviation (a1 . . . an) = tr(T
a1 . . .Tan) and the propagators
in the last line are given by the spacetime part of (G.17) alone. Note that the source terms in
147
G Derivation of Feynman rules
the last line appear in the reversed order compared to the order of the functional derivatives
in the first line. This reversed order guarantees that no additional signs appear when we
calculate the corresponding three-point scattering matrix element using (G.23):
〈0|TλBbβ˙ (q)φjc(r)λAα˙a(p)|0〉iT = ∆jcc
′
j′ (−r)SBβ˙β
′bb′
B′ (−q)SAaa
′
A′α′α˙(−p)(
−gYMδα′β′
[
(ρj
′
)A
′B′(c′a′b′) + (ρj
′
)B
′A′(c′b′a′)
])
,
(G.31)
where we reinstated the complete propagators and used the cyclicity of the colour trace. We
can use this result to find the vertex factor associated with this interaction in a Feynman
diagram. If we had built this scattering matrix element directly from Feynman diagrams,
each propagator in the first line would have come with an additional factor of −i. Hence, the
vertex that connects the three propagators is the second line of (G.31) times a factor of −i.
In principle, we can redo the above calculation for every interaction in order to get
all vertex factors of our theory. The faster way, however, is to take i times the Fourier
transform of the desired interaction given in (G.2) with (G.5) – (G.8), drop the factor of
(2pi)Dδ(D)(
∑
i pi) and erase the fields by taking the corresponding functional derivatives
with momentum arguments (−pi). For fermionic interactions, the order of the functional
derivatives has to be reversed24 compared to the order in which the fields appear in (G.5) –
(G.7), as we have seen in the above example. For all vertices we assume that the momenta
leave the vertex and we label all n-valent vertices by the type of propagator that can be
connected to each of the n legs. First, we discuss the counterterms or two-point vertices.
Since they have the same field structure as the kinetic term, it follows from the free path
integral (G.18) that they are given by the negative inverse of the propagator which can be
connected to it times the corresponding counterterm. Using (G.25) and (G.27), we find the
counterterm vertices
−pµa pνb
= iδA
(
ηµνp
2 − (1− ξ−1)pµpν
)
δab ,
−pia pjb
= iδφp
2δji δ
ab ,
−pa pb
= iδcp
2δab ,
−pAα˙a pBβb
= iδλ(σ¯µ)
α˙βpµδ
B
Aδ
ab ,
pAαa −pBβ˙b
= −iδλ(σµ)βα˙pµδABδab ,
(G.32)
where the entries at each leg label the indices that can be connected at this point and we did
not show the 1PI projector on the graphs explicitly. Of course, we can also build counterterm
propagators by simply connecting two propagators via the corresponding counterterm vertex.
This procedure yields the ordinary propagators of (G.25) and (G.27) times a factor of the
corresponding counterterm.25 In calculations, we often distinguish two-point vertices from
propagators by explicitly stating that the former ones have amputated legs. Second, we turn
to the three-point vertices. We label them starting in the lower left corner and going around
24Up to nomenclature, this procedure to derive interaction vertices in a non-abelian gauge theory reproduces
the vertex factors that are given in [90, chapter 72].
25Alternatively, we could have derived the free propagators including a formal factor of Z. This would have
resulted in the free propagators times a factor of Z−1 = (1 − δ)−1. After expanding this factor in powers of
the coupling constant, it yields at lowest order exactly the propagator times δ as we have found here.
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the vertex in clockwise order. This procedure gives the following three-valent vertices26
VAAA =
qνb
pµa rγc
= −igYMµZA3
[
(q − r)µηνγ + (r − p)νηγµ + (p− q)γηµν
]
(c[a, b]) ,
VcAc =
qb
pa rµc
= igYMµ
ZcAcqµ(c[a, b]) ,
VφAφ =
qjb
pia rµc
=
qib
pja rµc
= −igYMµZφAφδij(pµ − qµ)(c[a, b]) ,
VλAλ =
qBβ˙b
pAαa rµc
=
{
igYMµ
ZλAλ(σ¯µ)
β˙αδAB(c[a, b])
igYMµ
ZλAλ(σµ)αβ˙δ
A
B(c[a, b])
,
(G.33a)
Vλφλ =
qBβb
pAαa rjc
= igYMµ
Zλφλδ
α
β
[
(ρj)AB(cab) + (ρj)BA(cba)
]
,
Vλφλ =
qBβ˙b
pAα˙a rjc
= igYMµ
Zλφλδ
β˙
α˙
[
(ρ†j)AB(cab) + (ρ
†
j)BA(cba)
]
,
Vλφλ =
qBβb
pAαa rjc
= igYMµ
Zλφλδ
α
β
[
(ρ˜†j)
AB(cab) + (ρ˜†j)
BA(cba)
]
,
Vλφλ =
qBβ˙b
pAα˙a rjc
= igYMµ
Zλφλδ
β˙
α˙
[
(ρ˜j)AB(cab) + (ρ˜
j)BA(cba)
]
.
(G.33b)
Here, we combined the ordinary vertices with the counterterm vertices, since we included the
1PI renormalisation constants Zv = 1+δv for each vertex v. This is a slight abuse of notation,
since we did not draw the -decorated counterterm vertices in the diagrams. The uncorrected
and counterterm vertices are, however, easily obtained from the above expressions by setting
Zv = 1 and Zv = δv, respectively. Note that both couplings in the third line have the same
sign since the sign from exchanging the colour indices between φ and φ is compensated by the
one from exchanging the corresponding momenta. Analogously, both versions in the fourth
line have the same sign, since the sign from the colour index exchange is compensated by
26Our Minkowski space Feynman rules can be mapped to the Euclidean space Feynman rules given in [1]
by replacing our coupling constant gYM with
gYM√
2
and performing a Wick rotation to Euclidean space. This
rotation effectively generates a factor −i and i in each of our vertices and propagators, respectively. Note,
however, that we use a different convention to raise and lower spinor indices in this thesis.
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changing the σ-matrices as σ¯ ↔ (−σ). Finally, the four-valent vertices follow analogously:
VAAAA =
qνb
rρc
sσd
pµa
= ig2YMµ
2ZA4
[
+ (ηµρηνσ − ηµσηνρ)([a, b][c, d])
+ (ηµσηρν − ηµνηρσ)([a, c][d, b])
+ (ηµνησρ − ηµρησν)([a, d][b, c])
]
,
VAφAφ =
qib
rρc
sjd
pµa
= ig2YMµ
2ZφA2φδ
j
i ηµρ
[
([a, b][c, d]) + ([c, b][a, d])
]
,
V F
φφφφ
=
qjb
rkc
sld
pia
= ig2YMµ
2
[
ZF
(
F ijlk (abcd) + F
ji
lk (bacd) + F
ij
kl (abdc) + F
ji
lk (badc)
)
− ZFdt
N
(
QijFlk +Q
ij
Fkl
)
(ab)(cd)
]
,
V D
φφφφ
=
qjb
rkc
sld
pia
= − ig2YMµ2
[
ZD
(
δijδ
k
l ([a, b][c, d]) + δ
i
lδ
k
j ([a, d][c, b])
)
+
ZDdt
N
(
QikDjl(ab)(cd) +Q
ki
Djl(ad)(bc)
)]
.
(G.34)
G.4 Feynman rules
We will not include the explicit wave function structure of external fields in our Feynman
rules, as their inclusion is more conveniently discussed from the perspective of canonical
quantisation. However, our Feynman rules are compatible with the ones in [213] and hence
external state wave functions can be included into our rules by simply adopting their rules
for external states. In particular, using the representation of massless Weyl fermion ξα and
ξ†α˙ in [213, chapter 3.1], allows to adopt the rules
27 for initial and final states in [213, chapter
4.1, 4.4]. We first give the Feynman rules for a single diagram with external propagators
and time flow from right to left. The amputated version of a diagram is obtained by simply
dropping the external propagators in the final expression. The drawing rules are:
1. Treat each incoming and outgoing field as an external vertex which is labelled by
the field momentum pi and its non-trivial quantum numbers, i.e. its flavour, colour,
spacetime, and sl(2)- and sl(2)-spinor indices.
2. Incoming sl(2) and sl(2) indices must be placed at the lower and upper position, re-
spectively.
3. Ensure the overall momentum conservation by requiring that the sum of all external
momenta vanishes
∑
i pi = 0.
4. Connect all external fields with suitable propagators (G.25) and (G.27) and vertices
(G.33), and (G.34) to the desired diagram. This fixes the spinor-index position of
outgoing fermions.
5. Associate to each closed loop in the diagram a momentum `i.
6. By ensuring momentum conservation at each internal vertex, find the momentum of
every internal propagator. Associate this momentum to the momentum arrow of the
propagator (seen in the direction of the arrow).
27Note that their time direction is reversed compared to ours.
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7. Label each internal vertex with the required indices. (This may be simplified by directly
incorporating the Kronecker-δ’s from the propagators.)
The rules to translate Feynman diagrams into Feynman integrals are:
8. For each incoming fermion field (to the right), follow its path through the diagram to
an outgoing field on the left. Write down the factors of propagators and vertices in the
order in which they appear on the path. The σ and σ¯ matrices must alternate along
the path28 and contracted indices must appear next to each other. For the vertex VλAλ,
this requirement determines whether the first line with σ or second line with σ¯ has to
be chosen.
9. For each closed fermion loop, pick one vertex as a starting point and follow the path of
the loop in clockwise order. Beginning with the first propagator, write down the factors
of fermion propagators and vertices in the order in which they appear along the path.
Each fermion propagator that is transversed in its arrow direction gives the σ version
of the propagator and each fermion propagator that is transversed against its arrow
direction gives the σ¯ version, c.f. (G.27). The value of the VλAλ vertices is determined
as in rule 8.
10. Write down the remaining factors of propagators and vertices that arise from scalars
and gauge fields. For cubic vertices VAAA and VφAφ, which are given with momenta
leaving the vertex, it may be necessary to adjust the momentum factors to match the
momentum directions in the diagram.
11. Divide the resulting expression by the symmetry factor of the diagram. It accounts for
exchange symmetry of internal vertices and propagators that leave the overall diagram
unchanged and is hence closely related to the existence of identical particles, see e.g. [90,
chapter 10] for further details.
12. Multiply the resulting expression with a factor of (−1) for each closed fermion loop29.
13. Integrate30 over all loop momenta `i with a measure
dD`i
(2pi)D
overD-dimensional Minkowski
space. Techniques for the evaluation of such integrals are discussed in appendix J.
For physical processes usually several diagrams contribute. The last two rules determine
which diagrams contribute and if there are relative signs between them
14. For a scattering matrix element iT specified by a set of incoming and outgoing fields,
all topologically distinct diagrams that can be generated by the rules 1 – 7 contribute
to iT . Up to a given maximal order O(gnmaxYM ), of all these diagrams only those with
` ≤ dnmax2 e loops contribute to iT .
15. If there are fermions in the external states, the overall sign of each diagram is deter-
mined as follows: take the ordering of external fermionic fields (in a right to left formula
as derived by the rules 1 – 13) in one of the contributing diagrams to be the canonical
ordering. If the ordering of external fermionic fields in another diagram differs by an
odd permutation, then there is a relative sign between both diagrams.
To get a little feeling how these rules work and for abbreviating notations see section 3.3.3.
28A subproduct of the form . . . (σµ)αα˙(σ¯ν)
α˙β . . . is admissible, while . . . (σµ)αα˙(σ¯ν)
β˙α . . . is not.
29A fermion loop is closed when dashed lines form a closed path, regardless of the orientation of the
contributing line segments.
30To evaluate the integrals in praxis, we perform a Wick rotation to Euclidean space for each integral. This
generates an additional factor of i for each loop, c.f. appendix K.1.
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G.5 Feynman rules for real scalars
The Feynman rules, as derived in the previous appendix are suitable for N = 4 SYM theory
and its deformations. However, if we are not interested in deformations that depend on
the su(4) Cartan charges of each field, it may be more convenient to work with the action
(2.1.27) which contains real scalars instead of complex ones. For the Feynman rules the
different action implies that the scalar propagator and scalar interactions have to be altered.
For the real scalar propagator, the only change is that the scalar lines are not directed
any more in Feynman diagrams and we have
p
ia jb = 〈0|T[ϕai (p)ϕbj(−p)]|0〉iT = 1i 1p2 − iδijδab , (G.35)
where the so(6) flavour indices of the real scalars are i, j ∈ {1, . . . , 6}. For the three- and
four-valent vertices we follow the prescription beneath (G.31) to derive the vertices from the
interactions given in (2.1.27). We find
Vλϕλ =
qBβb
pAαa rjc
= −gYMµZλϕλ(Σ¯j)ABδαβ (c[a, b]) ,
Vλϕλ =
qBβ˙b
pAα˙a rjc
= gYMµ
Zλϕλ(Σ
j)ABδ
β˙
α˙(c[a, b]) ,
(G.36a)
VϕAϕ =
qjb
pia rµc
= −igYMµZϕAϕδij(pµ − qµ)(c[a, b]) ,
VAϕAϕ =
qib
rρc
sjd
pµa
= ig2YMµ
2Zϕ2A2δijηµρ
[
([a, b][c, d]) + ([c, b][a, d])
]
,
(G.36b)
For the four scalar interaction we could follow the same derivation. However, as we derived
N = 4 SYM theory from the ten-dimensional Yang-Mills theory in section 2.1, we know
that this interaction has the same form as the four gluon interaction, compare (2.1.27) and
(G.6). Therefore, the four scalar interaction is obtained from VAAAA in (G.34) by replacing
the metric η by the so(6) metric δ everywhere.
Vϕϕϕϕ =
qjb
rkc
sld
pia
= ig2YMµ
2Zϕ4
[
+ (δikδjl − δilδjk)([a, b][c, d])
+ (δilδkj − δijδkl)([a, c][d, b])
+ (δijδlk − δikδlj)([a, d][b, c])
]
.
(G.37)
H Equations of motion and the Bianchi identity
To define the alphabet from which local gauge-invariant composite are built, it is necessary
to lift redundancies which appear when the Bianchi identity or the e.o.m. relate different
composite operators to one another. In this appendix, we present the Bianchi identity as well
as the classical e.o.m. in our conventions compatible with our representations of classical and
quantised theories.
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First, the Bianchi identity in our conventions can be written as
0 = D(µ F νρ) = D
(µ
F
νρ)
+ + D
(µ
F
νρ)
− = −
i
2
εµνρω(σω)αα˙
(
Dα˙β F αβ + Dβ˙α F¯ α˙β˙
)
, (H.1)
where we used the (anti-)self-dual projectors (A.8), the mapping to spinor indices (2.2.6)
and (2.2.7) and the identity (A.12). Since the tensors are non-vanishing, this implies that
the sum of self-dual and anti-self-dual e.o.m. in parentheses on the r.h.s. must vanish.
Second, we have the e.o.m. of all elementary fields, which relate different composite
operators. The e.o.m. of a field XAαa with flavour spinor and colour index A, α and a,
respectively follow from the Euler-Lagrange equation and reads in general
0 =
δS
δXAαa
=
δL(x)
δXAαa(x)
−Dββ˙
δL(x)
δ(Dββ˙ X
Aαa)
. (H.2)
Concretely, for the action (2.4.8) or equivalently (G.2) the e.o.m. become for the single-trace
part31
1
2
Dαα˙ D
α˙α φ
ja
= − gYM
(
(ρj)AB tr
(
λαB T
a λAα
)
+ (ρ˜j)AB tr
(
λ
B
α˙ T
a λ
Aα˙))
− g2YM
(
F ijlk tr
(
φi T
a φ
k
φ
l)
+ F jilk tr
(
Ta φiφ
k
φ
l)− tr([Ta, φj][φk, φk])) ,
Dα˙α λaAα = gYM
(
(ρ†j)BA tr
(
Ta φ
j
λ
Bα˙)
+ (ρ†j)AB tr
(
Ta λ
Bα˙
φ
j))
+ (ρ˜j)BA tr
(
Ta φjλ
Bα˙)
+ (ρ˜j)AB tr
(
Ta λ
Bα˙
φj
))
,
Dα˙β F αβ = gYM tr
(
Ta
[
φ
j
,Dα˙α φj ]
)
+ gYM tr
(
Ta
{
λαA, λ
Aα˙})
,
(H.3)
and the remaining equations are obtained by hermitian conjugation (see section 2.2 for the
respective transformation rules). In composite operators we can hence replace all occurrences
of the terms on the l.h.s. of (H.3) by the respective r.h.s. Note that these are only the classical
e.o.m. and the higher-order corrections32 which can be obtained from the effective action
are missing. Moreover, note that the terms on the l.h.s. of (H.3) all involve spinor indices
which are contracted by the antisymmetric symbols εαβ or εα˙β˙. Therefore, we can prevent
the occurrence of such terms in composite operators by symmetrising all sl(2) and sl(2)
spinor indices of covariant derivatives and the fields they act on. This prescription yields the
alphabet (2.5.5) which we use to construct composite operators.
I The FokkenFeynPackage
In this appendix, we give a manual for the tool FokkenFeynPackage, which implements the
Feynman rules of appendix G for Mathematica 8.0. The package will be uploaded together
with the arXiv source file of this thesis and it allows to construct the integrands of arbitrary33
Feynman integrals from a given Feynman diagram. For one- and two-loop propagator-type
31For the last equation we used the fundamental definitions of subsection 2.2 and varied explicitly the
action with respect to δAαα˙. For the final result we used several identities of appendix A and the Bianchi
identity which connects the e.o.m. of the self-dual and anti-self-dual components of the field strength.
32These corrections have to be taken into account from two-loop order on in perturbative calculations that
involve composite operators.
33Note that the lack of optimisation, probably restricts the applicability of the package to relatively low
loop orders and numbers of external legs. The limits of applicability are, however, not conceptual but arise
in the not optimised contraction of occurring interaction tensors.
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scalar integrals, it can also be used to construct the explicit result of the Feynman integrals
in terms of Γ functions and possible occurring IR divergence factors. We first describe general
aspects of the package, including the explicit form of propagators and vertices, then we discuss
how it can be used to solve Feynman diagrams in two examples and finally we include a list
of additional variables and functions that are defined in this package. For further examples,
see also examples.nb in the package source file, where most of the calculations that were
done in chapter 4 are presented.
The package FokkenFeynPackage should be called with the command
SetDirectory["path"]
<<FokkenFeynPackage‘
(I.1)
where ”path” stands for the directory in which the package is saved. This initialises all
variables and functions. The package itself contains the following seven files:
• FokkenFeynPackage.m is the the packages main file, which initialises the remaining six
files, when it is loaded in Mathematica.
• Feynpar.m, which is the self-contained Mathematica package34 of [233] which provides
spacetime tensors with the usual contraction properties of indices.
• VariablesReplacements.m, in which general variable names and replacement rules
are stored.
• Tensors.m, which contains all tensors that occur in the construction of Feynman inte-
grals.
• Functions.m, which contains all functions necessary to transform a given Feynman
diagram into the appropriate Feynman integrals.
• Feynmanrules.m, which contains the Mathematica implementation of the propagators
and vertices given in appendix G.
• solveUpto2loop.m, which contains all functions to solve one- and two-loop Feynman
integrals that depend on a single external scale.
In table I.2, a list of all variables and parameters defined in the program is given and in
table I.3, a list of all general rules and functions with a short description is given. In addition
to these general definitions, the program contains the Mathematica implementation for all
vertices and propagators of the theory presented in appendix G. All propagators are labelled
with an initial P, followed by the field type that characterises it. The propagators of (G.25)
and (G.27) can be called in Mathematica via the functions
p
n1 n2 = PA[n1,n2][p] ,
p
n1 n2 = Pc[n1,n2][p] ,
p
n1 n2 = Pλλb[n1,n2][p] ,
p
n1 n2 = Pλbλ[n1,n2][p] ,
p
n1 n2 = Pφ[n1,n2][p] ,
(I.2)
34Note that the package Feynpar contains some further function definitions and we refer the reader to the
manual of Feynpar for details.
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where the labels n1 and n2 characterise the connection points at which the propagators may
be attached. The first and second Weyl fermion propagators in the second line correspond to
the first and second line of (G.27), respectively. The positions of fermion and anti-fermion in
the name correspond to the first and second label in the fermion propagator functions, e.g.
the Weyl fermion propagator to the left in (I.2) has ingoing and outgoing fermions λ and λ
at labels n1 and n2, respectively. The counterterms of (G.32) are named with an initial PCT
and otherwise exactly like the propagators and we have
n1 n2
= PCTA[n1,n2][p] ,
n1 n2
= PCTc[n1,n2][p] ,
n1 n2
= PCTλλb[n1,n2][p] ,
n1 n2
= PCTλbλ[n1,n2][p] ,
n1 n2
= PCTφ[n1,n2][p] .
(I.3)
Note, however, that these objects are two-point vertices and hence the labels n1 and n2 are
connection points to which propagators may be connected. Obviously, in such connections
the flavour-charge flow must be conserved, meaning that only propagators with the correct
flavour-arrow direction can be connected to a given point n. Three-point vertices are named
with an initial V followed by the fields that enter the respective vertex. The order of appearing
fields corresponds to the ordering of the indices that characterise the vertices’ connection
points. If the vertices depend on the momenta of connecting fields, the same rules apply as
in (G.33). Namely, the momentum pi in a vertex function must be inserted such that pi
leaves the vertex. We have the three-valent vertices
p3n3
p2n2 p1n1
= VAAA[n1,n2,n3][p1,p2,p3] ,
p3n3
n2 n1
= VAccb[n1,n2,n3][p3] ,
n3
n2 n1
=
{
VAλλbσ[n1,n2,n3]
VAλλbσb[n1,n2,n3]
,
n3
n2 n1
=
{
VAλbλσ[n1,n2,n3]
VAλbλσb[n1,n2,n3]
,
n3
n2 n1
= Vφλλ[n1, n2, n3] ,
n3
n2 n1
= Vφbλbλb[n1,n2,n3] ,
n3
n2 n1
= Vφbλλ[n1,n2,n3] ,
n3
n2 n1
= Vφλbλb[n1,n2,n3] ,
p3n3
p2n2 n1
= VAφbφ[n1,n2,n3][p2,p3] ,
(I.4)
where we combined the ordinary vertices with the counterterm vertices, since we included
the 1PI renormalisation constants Zv = 1 + δv into each vertex v in analogy to the situation
in (G.33). Note that the fermion-gluon vertices distinguish between the version with a σ
and a σ¯ matrix, as in (G.33). For quartic vertices, the same rules as for cubic vertices apply,
except that we chose to label F- and D-term type scalar vertices with VF and VD, respectively.
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This gives the four-valent vertices as
n2
n3
n4
n1
= VAAAA[n1,n2,n3,n4] ,
n2
n3
n4
n1
= VAφbAφ[n1,n2,n3,n4] ,
n2
n3
n4
n1
= VF[n1,n2,n3,n4] ,
n2
n3
n4
n1
= VD[n1,n2,n3,n4] .
(I.5)
Finally, to also accommodate real scalar fields in the case of N = 4 SYM theory, we have
the following Mathematica implementation of the objects in appendix G.5:
p
n1 n2 = Pϕ[n1,n2][p] ,
n1 n2
= PCTϕ[n1,n2][p] ,
p3n3
p2n2 n1
= VAϕϕ[n1,n2,n3][p2,p3] ,
n3
n2 n1
= Vϕλλ[n1,n2,n3] ,
n3
n2 n1
= Vϕλbλb[n1,n2,n3] ,
n2
n3
n4
n1
= VAϕAϕ[n1,n2,n3,n4] ,
n2
n3
n4
n1
= Vϕϕϕϕ[n1,n2,n3,n4] ,
(I.6)
where the same rules apply as for (I.2) – (I.5). Within the Mathematica functions for propa-
gators and vertices different types of indices are distinguished by having different heads and
a list of all distinguished objects is given in table I.1.
Table I.1: Possible internal index types for a leg label n1.
index type internal appearance
colour Tn1 trc[n1]
fermionic flavour ff[n1]
scalar flavour fs[n1]
spacetime index µ[n1]
sl(2) index α[n1]
sl(2) index βd[n1]
spacetime vector p in direction µ[n1] mom[p, µ[n1]]
So, for example calling the function for the scalar gluon vertex, with scalar momenta p2
and p3 that leave the vertex, yields
VAφbφ[n1,n2,n3][p2,p3] = −igYM (mom[p2,µ[n1]]− mom[p3,µ[n1]])(
trc[c[n1],c[n2],c[n3]]− trc[c[n1],c[n3],c[n2]])
δss[fs[n2],fs[n3]] ,
(I.7)
where the occurring functions are described in table I.3.
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To exemplify how a Feynman diagram calculation with the FokkenFeynPackage works,
let us evaluate a one- and a two-loop propagator type diagram explicitly. All unexplained
symbols are briefly described in table I.2 and I.3. First, we evaluate a contribution to the
one-loop scalar self-energy, given by
diag1 =
(
p0p0 p2
p1
22
in11
21
out 12
)
1PI
= VAφbφ[22,in,11][-p0,p2]
VAφbφ[21,12,out][-p2,p0]
Pφ[11,12][p2]
PA[21,22][-p1] ,
(I.8)
where the order of vertices and propagators in the last equality is not important. Note that
the signs in the momentum input35 in the vertices ensure that the vertex functions have
momentum arguments that leave the vertex. We contract all occurring indices via
diag1a = ContractIndices[diag1]
= 2gYMB2NN
p02 + 2p0.p2 + p22 − (1− ξ) (p0.p1+p1.p2)2
p12
p12p22(
trc[c[in],c[out]]− 1
NN
trc[c[in]]trc[c[out]]
)
δs[fs[in],fs[out]] ,
(I.9)
where we did not show the FullSimplify operation that is needed to obtain the above
form. For integrals that do not involve contracted sl(2,C) spinor indices, it is also possible
to employ the function δReplace[exp ] instead of ContractIndices[exp ]. The colour and
flavour indices in the final expression can be renamed via
diag1b = gToλ[FinalIndex[diag1a]]
= 2λµµ4−DIM
p02 + 2p0.p2 + p22 − (1− ξ) (p0.p1+p1.p2)2
p12
p12p22(
trc[in,out]− 1
NN
trc[in]trc[out]
)
δs[sin,sout] ,
(I.10)
where we also replaced the bare Yang-Mills coupling constant by the renormalised ’t Hooft
coupling λ. This was the last general step of the FokkenFeynPackage. In the present ex-
ample of a propagator-type scalar one-loop integral, we can, however, proceed further. The
contracted momenta p0.p1 can be rewritten in terms of squares of irreducible momenta via
rulesMomentaL1[p0.p2]= 12(p0
2 − p12 + p22). Of course this replacement depends on the
basis choice of irreducible momenta at a given loop order. Our explicit one- and two-loop
choices are
1 loop: p0 = p , p1 = ` , p2 = p− ` ,
2 loop: p0 = p , p1 = ` , p2 = k , p3 = p− k , p4 = p− ` , p5 = k − ` (I.11)
and the replacement function for two-loop momenta is rulesMomentaL2[exp ]. Coming back
35Signs in the momentum input in propagators ensure that the momentum flow corresponds to the flow
from the first label to the second in the respective function. Since both propagators are bosonic and hence
quadratic in momenta, these signs do not change the final result in this example.
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to (I.10), we can generate the one-loop integrands in terms of scalar integrals as
diag1c = GenerateIntegrands[diag1b][1]
= −2λµµ4−DIM
(
i[0,1]− 2i[1,0]− 2p2i[1,1]
+ (1− ξ)(i[2,-1]− 2p2i[2,0] + p4i[2,1]))(
trc[in,out]− 1
NN
trc[in]trc[out]
)
δs[sin,sout] ,
(I.12)
where the integrals i[α, β] are the Minkowski space analoga of the integrals I¯(α,β)(p¯) given in
(K.7). The scalar integrals can be solved explicitly in terms of Γ functions via the function
diag1d = SolveIntegrals[diag1c][1]
= −2λ ip2
(
4piµµ2
p2
) 1
2
(4−DIM) (
2 + (1− ξ)(DIM− 3)) csc[pi2DIM]
2DIM+1
√
pi Γ[12(DIM− 1)](
trc[in,out]− 1
NN
trc[in]trc[out]
)
δs[sin,sout]
+ (IR divergence parts labelled by iIR1[n1 , n2 ]) ,
(I.13)
where the IR divergence line appears since the program does not determine whether a given
diagram contains persistent IR divergences. This task is left for the user and the program
simply assigns a possible IR divergences to each integral occurring in (I.12). At one loop, the
IR divergence is characterised by iIR1[n1 ,n2 ] = (i[n1 ,n2 ])IR div.. The present example
is free of IR divergences36, so that we can set iIR1[n1 ,n2 ] → 0 in (I.13). This concludes
our one-loop example.
Next, let us turn to a slightly more complicated two-loop diagram. To exemplify how
fermions must be treated we calculate the following contribution to the fermion two-loop self
energy
diag2 =
(
-p1
-p2
-p3
-p4
p5
p0p0
31
22out
42
11 in
51
1221
52
4132 )
1PI
= Vϕλλ[11,42,in]Vϕλλ[12,21,51]
Vϕλbλb[31,22,out]Vϕλbλb[32,41,52]
Pϕ[11,12][p1]Pϕ[31,32][−p3]
Pλbλ[41,42][−p4]Pλλb[51,52][−p5]
Pλbλ[22,21][−p2] ,
(I.14)
where the two-loop momentum parametrisation of (I.11) is chosen and the occurring signs
ensure momentum conservation at each vertex. Since we have fermions in this diagram, we
have to be careful when writing the associated propagators and vertices. Feynman rule 8
of appendix G.4 forces us to have alternating σ and σ¯ matrices along a path of fermion
propagators in a Feynman diagram. This requirement dictates that the Pλbλ and the Pλλb
version of the fermion propagator have to alternate along the fermion path in the above
diagram.37 Note also that we have to pick up a sign in the momentum input if we cross a
propagator against the direction of its momentum arrow. In (I.14), this happens only in the
36To see this, we use power counting method that was used to obtain the IR divergence in (K.11). In
the present case we also have to rewrite a momentum vector in terms of its magnitude times a normalised
direction component `µ = |`| ˆ`µ.
37In diagrams involving the gauge field fermion interaction vertex the Feynman rule 8 of appendix G.4
forces us to choose the appropriate vertex from (I.4).
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first scalar propagator Pϕ, where the sign has no net influence since the function is quadratic
in the momentum. For fermionic propagators, which are linear in the momentum, these signs
are, however, important. As before, we proceed by contracting all indices and replacing the
’t Hooft coupling and indices in the final expression to obtain
diag2a = gTo[λFinalIndex[ContractIndices[diag2]]]
= 48iλ2 µµ8−2DIM
mom[p2,µ[3]]mom[p4,µ[1]]mom[p5,µ[2]]
p12p22p32p42p52
Tσ[{µ[3],µ[2],µ[1]}][σb,βd[out],α[in]](
trc[in,out]− 1
NN
trc[in]trc[out]
)
δ4[fin,fout] .
(I.15)
The structure Tσ represents a product of alternating σ and σ¯ matrices whose open spacetime
indices occur in the first argument and the initial and final open spinor indices appear
in the third and fourth argument. It is generated in ContractIndices via the function
σtoOpenTrace and in principle the following four structures are possible
Tσ[{µ1, . . . , µn}][σ, α[ ], βd[ ]] =(σµ1)α[ ]γ˙1(σ¯µ2)γ˙1γ2 . . . (σµn)γn−1βd[ ] ,
Tσ[{µ1, . . . , µn}][σb, βd[ ], α[ ]] =(σ¯µ1)βd[ ]γ1(σµ2)γ1γ˙2 . . . (σ¯µn)γ˙n−1α[ ] ,
Tσ[{µ1, . . . , µn}][δδ, α[1], α[2]] =(σµ1)α[1]γ˙1(σ¯µ2)γ˙1γ2 . . . (σ¯µn)γ˙n−1α[2] ,
Tσ[{µ1, . . . , µn}][δδd, βd[2], βd[2]] =(σ¯µ1)βd[1]γ1(σµ2)γ1γ˙2 . . . (σµn)γn−1βd[2] .
(I.16)
This concludes the general manipulations of FokkenFeynPackage, but like in the previous
one-loop example, we can proceed further for propagator-type two-loop scalar integrals. To
transform (I.15) into a scalar integral, we contract it with an external momentum vector
− i2pαinβ˙out which is realised in Mathematica as38
pext = toOpenTrace
[
−1
2
σ[ν][α[in], βd[out]]mom[p0,µ[ν]]
]
. (I.17)
The two-loop integral with fully contracted spacetime indices is now obtained as
diag2b = ContractIndices[pext diag2a]
= 48iλ2 µµ8−2DIM
(p0.p5) (p2.p4)− (p0.p4) (p2.p5)− (p0.p2) (p4.p5)
p12p22p32p42p52(
trc[in,out]− 1
NN
trc[in]trc[out]
)
δ4[fin,fout] ,
(I.18)
which can be written in terms of scalar two-loop integrals39 via
diag2c = GenerateIntegrands[diag2b][2]
= 24iλ2 µµ8−2DIM(
i[0,1,0,1,1]− i[1,0,1,0,1]− p2i[1,1,1,1,0])(
trc[in,out]− 1
NN
trc[in]trc[out]
)
δ4[fin,fout] .
(I.19)
Finally, the scalar propagator-type two-loop integrals can be solved analytically via the func-
tion SolveIntegrals[exp ][2], which solves nested one-loop integrals directly and employs
38For the mapping of momentum vector to the spinorial representation c.f. (2.2.6).
39The spacetime integrals are characterised in terms of weights of their irreducible loop momenta as
i[n1,n2,n3,n4,n5]=p1−2n1p2−2n2p3−2n3p4−2n4p5−2n5.
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IBP relations of [130] in more complicated cases. The solution is given in terms of Γ functions
and unresolved possible IR divergences characterised by the function iIR2[n1,n2,n3,n4,n5].
The analysis whether IR divergences occur is left to the user, as in the one-loop example. In
the present example, the first two integrals in (I.19), which contain IR divergences, cancel
and we find the final IR-finite solution
diag2d = SolveIntegrals[diag2c][2]
= 6λ2 ip2
(
4piµµ2
p2
)(4−DIM) csc[pi2DIM]2
22DIMpiΓ[12(DIM− 1)](
trc[in,out]− 1
NN
trc[in]trc[out]
)
δ4[fin,fout] ,
(I.20)
where we suppressed the artificial IR divergence output iIR2[n1 ,n2 ,n3 ,n4 ,n5 ].
Table I.2: The variables and parameters in this table are defined in 1: Feynpar.m;
2: VariablesReplacements.m; 3: Tensors.m; 4: Functions.m; 5: Feynmanrules.m; and 6:
solveUpto2loop.m.
symbol file usage
a.b The multiplication operator . connects a contracted pair
of spacetime vetors, e.g. aµb
µ=ˆa.b.
α[ ] 2 An sl(2) index must be indicated via this head in calcu-
lations.
β 2 Deformation angle of the β-deformation.
βd[ ] 2 An sl(2) index must be indicated via this head in calcu-
lations.
c[ ] 2 A colour index must be indicated via this head in calcu-
lations.
cmsb 2 The constant appearing in the MS scheme cmsb= γE −
log 4pi.
δAA, δccb, δϕϕ, δφφb, δλλb 5 The counterterms of gauge fields, ghosts, real scalars,
complex scalars and Weyl fermions are given by these
symbols.
DIM 2 spacetime dimension used in FokkenFeynPackage
dimension 1 spacetime dimension used in Feynpar.m; by default
dimension = DIM.
ff[ ] 2 A fermion flavour index must be indicated via this head
in calculations.
fs[ ] 2 A scalar flavour index must be indicated via this head in
calculations.
λ 2 This is the ’t Hooft coupling constant λ = g2YMN .
γ[ ], γp[ ], γm[ ] 2 These are the deformation angles of the γi-deformation.
The first variable gives the angles γi, the second γ
+
i and
the third γ−i , with i ∈ {1, 2, 3}.
gp 2 This is the effective planar coupling constant g =
√
λ
4pi .
gYMB 2 This is the bare Yang-Mills coupling constant. In a CFT
in four-dimensional Minkowski space it is related to the
renormalised coupling as gYMB = µ
1
2 (4−D)gYM = µgYM.
L 2 This is the object L = log p
2
µµ2 .
i[n1 , n2 , n3 , n4 , n5 ] 2 This function characterises a scalar one- or two-loop Feyn-
man integral. The integral is given in terms of the weights
of the two, or respectively five irreducible momenta, which
occur as p−2nii in the integrals.
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symbol file usage
iDL[1, 1, 1, 1, 1] 2 This function gives the (unevaluated) two-loop dimensionless
scalar master integral iDL[1, 1, 1, 1, 1] =p2(5−DIM)i[1, 1, 1, 1, 1].
iIR1[n1 , n2 ] 2 Encodes possible IR divergences that may have entered the cal-
culation of a scalar one-loop integral in terms of powers of the
irreducible one-loop momenta p−2n11 p
−2n2
2 . Whether iIR1 occurs
is not determined by FokkenFeynProgram and must be checked
by hand.
iIR2[n1 , n2 , n3 , n4 , n5 ] 2 Encodes possible IR divergences that may have entered the cal-
culation of a scalar two-loop integral in terms of powers of the
five irreducible two-loop momenta p−2nii . Whether iIR1 occurs is
not determined by FokkenFeynProgram and must be checked by
hand.
µ[ ] 2 A spacetime index must be indicated via this head in calculations.
µµ 2 This is the renormalisation scale of Feynman diagrams.
mom[p , µ[ ]] 3 A momentum must be indicated via this structure in calculations.
It can be generated via the function momentum.
NN 2 This is the number of colours.
Nψ 2 This gives the number of fermionic flavours.
Nφ 2 This gives the number of scalar flavours.
p, p0, p1, p2, p3, p4, p5 2 These are the irreducible one- and two-loop momenta. For an
external momentum p, and one-loop momentum `, they are given
by: p0= p, p1= `, and p2= p − `. For an external momentum p,
and two-loop momenta ` and k, they are given by: p0= p, p1= `,
p2= k, p3= p− k, p4= p− `, and p5= k − `.
sun 2 This is the gauge group identifier: it is s = 0 for gauge group
U(N) and s = 1 for gauge group SU(N).
trc[c[ ], . . . , c[ ]] 3 A colour trace over colour generators Tc[ ] must be indicated via
this head in calculations.
ξ 2 This is the gauge parameter as it enters (G.5) and in particular
the gauge field propagator (G.25).
Table I.3: The functions in this table are defined in 1: Feynpar.m; 2: VariablesReplacements.m; 3:
Tensors.m; 4: Functions.m; 5: Feynmanrules.m; and 6: solveUpto2loop.m. Free indices of special
types are labelled according to µ[ ]: spacetime; ff[ ]: fermionic flavour; fs[ ]: scalar flavour. If more than
one index-type is admissible in an input argument, it is indicated by and real numerical inputs are
labelled as n , n1 , n2 , ect. Finally, generic input expressions are given as the input exp .
symbol file usage
βdef[exp ] 2 This function replaces γ, γp and γm with β to obtain expressions
in the β-deformation from the respective expressions in the γi-
deformation.
ContractIndices[exp ] 4 This function contracts all doubly occurring indices.
δ[ , ] 3 This is a generic unevaluated Kronecker-δ.
δ4[ , ] 3 This is the unevaluated Kronecker-δ in four Euclidean dimen-
sions. It automatically contracts doubly occurring indices, e.g.
δ4[a, b]f [b] = f [a]. In calculations of N = 4 SYM quantities, it
may appear in places where usually δf[ , ] or δs[ , ] appears.
δc[c[ ], c[ ]] 3 This is an unevaluated Kronecker-δ for colour indices with
δc[c[a], c[a]] = NN.
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δf[ff[ ], ff[ ]] 3 This is an unevaluated Kronecker-δ for fermion-flavour in-
dices with δf[f[a],f[a]] =Nψ.
δff[ff[ ], ff[ ]] 3 This is an unevaluated fermionic Kronecker-δ generated by
the Feynman rules. It is replaced via δReplace[exp ] by
δf[ff[ ], ff[ ]].
δs[fs[ ], fs[ ]] 3 This is an unevaluated Kronecker-δ. For scalar-flavour in-
dices with δf[s[a], s[a]] = Nφ.
δss[fs[ ], fs[ ]] 3 This is an unevaluated scalar Kronecker-δ generated by
the Feynman rules. It is replaced via δReplace[exp ] by
δs[fs[ ], fs[ ]].
δReplace[exp ] 4 This function realises index contractions of doubly occur-
ring indices in Kronecker-δ’s. All products involving δ, δc,
δf, and δs are reduced. If the summation indices in exp are
not are not correctly assigned an error message is returned.
e[ , , , ] 1 This function originates from the Feynpar package and
realises the (unevaluated) totally antisymmetric tensor in
four-dimensional Minkowski space. Note, that it does not
distinguish lower and upper indices and doubly occurring
indices are assumed to be contracted.
F[fs[ ], fs[ ], fs[ ], fs[ ]] 5 This is the abstract symbol F[i, j, k, l] = F ijlk that enters
(G.7) and realises the four-scalar F-term-type coupling in
the theory.
FinalIndex[exp ] 2 This function replaces flavour and colour indices in final
expressions for simple further treatment in Mathematica.
For example, a fermion external and summation index la-
belled by in and 1, respectively are replaced according to
ff[1]→ sum1 and ff[in]→ fin.
g[µ[ ], µ[ ]] 1 This is the metric tensor in DIM dimensions. It au-
tomatically contracts doubly occurring indices, e.g.
g[µ[1], µ[2]]f [µ[1]] = f [µ[2]].
GenerateIntegrands[exp ][l ] 4 For l ∈ {1, 2}, this function generates one- or two-loop
integrands in expressions where all spacetime indices are
contracted.
G[n1 , n2 ,DIM ] 6 This is the explicit realisation of the G-function defined in
(3.2.6).
Gln[n , n1 , n2 ,DIM ] 6 This is the explicit realisation of the G(n)-function defined
in (K.25)
GG[n1 , n2 ] 2 This is the unevaluated G-function of (3.2.6) with weight
arguments n1 and n2 in DIM dimensions.
GGn[n , n1 , n2 ] 2 This is the unevaluated G(n)-function of (K.25) with level
n and weight arguments n1 and n2 in DIM dimensions.
γpmToγ[exp ] 2 This function maps exp from the representation in (2.4.3)
with deformation angles γ±i to the one in (2.4.2) with de-
formation angles γi.
γToγpm1[exp ], γToγpm2[exp ] 2 These are two possible mappings from the representation
in (2.4.2) with deformation angles γi to the representation
(2.4.3) with deformation angles γ±i .
gToλ[exp ] 2 This function maps gYM to the ’t Hooft coupling λ and
introduces the MS constant cmsb.
IntegrandToWeights[exp ] 4 This function rewrites a scalar integrand exp in terms
of weights of the linearly independent one- or two-
loop momenta, e.g. IntegrandToWeights[c
∏5
i=0 p
−2ni
i ] =
c p−2n00 i[n1, n2, n3, n4, n5] for a constant c and external
scale p20.
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intsolveL1, intsolveL2 6 These functions both have the input [exp ]. They solve
one- and respectively two-loop integrals that were gen-
erated via IntegrandToWeights[exp ]. The solution is
given in terms of unevaluated G-functions and possible
IR divergent contributions iIR1[exp ] or iIR2[exp ].
λTogeff[exp ] 2 This function replaces the ’t Hooft coupling λ with the
effective planar coupling constant gp.
Mδ[ , ] 3 This is an explicit (evaluated) realisation of a generic
Kronecker-δ.
M2u, M2d 3 These functions func[ , ] take two sl(2) or sl(2) in-
dices as arguments and are the explicit realisations of
(C.17). The first and second function raises and lowers
sl(2,C) spinor indices, respectively.
M4[ , , , ] 3 This function is the explicit realisation of the totally
antisymmetric tensor in four Euclidean dimensions
with upper or lower indices with ε1234 = ε1234 = 1.
It usually takes ff[ ]or fs[ ]indices as input.
M4d, M4u 3 These two functions take spacetime arguments
func[µ[ ], µ[ ], µ[ ], µ[ ]] and are the explicit realisations
of the totally antisymmetric tensor in four Minkowski
dimensions with lower and respectively upper indices
and the normalisation ε1234 = −ε1234 = 1.
Mγ[µ[ ]] 3 This function explicitly implements the γ-matrices of
(B.19).
Mσ[µ[ ]], Mσb[µ[ ]] 3 These functions are the explicit matrix implementa-
tions of (σµ)αβ˙ and (σ¯µ)
β˙α given in (B.13).
MΣ[fs[ ]], MΣb[fs[ ]] 3 These functions are the explicit matrix implementa-
tions of (Σj)AB and (Σ¯j)
AB given in (B.23).
Mσµν[µ[ ], µ[ ]], Mσbµν[µ[ ], µ[ ]] 3 These functions are the explicit matrix implementa-
tions of (σµν)α
β and (σ¯µν)
α˙
β˙ given in (A.9).
momentum[p , µ[ ]] 4 This function generates a momentum vector
mom[p , µ[ ]] which has magnitude p and direc-
tion µ[ ]. If a sum is inserted, the output is a sum of
momenta, e.g. momentum[p + q, µ]=ˆpµ + qµ.
pToL[exp ] 2 This function replaces log[ p
2
µµ2 ] by L.
QD, QF 5 These two abstract symbols with input
func[fs[ ], fs[ ], fs[ ], fs[ ]] realise the four-scalar double-
trace interactions that enter (G.8). The argument
order is QF[i, j, k, l] = QijFlk and analogously for QD.
ρ, ρd, ρt, ρtd 5 These abstract symbols with input func[fs[ ], ff[ ], ff[ ]]
realise the scalar-fermion interactions in (G.7) with
ρ=ˆρ, ρd=ˆρ†, ρt=ˆρ˜, ρtd=ˆρ˜† and canonical input, e.g.
ρ[j,A,B] = (ρj)AB .
rulesMomentaL1, rulesMomentaL2 2 These functions with argument func[exp ] replace con-
tractions of irreducible one- and two-loop momenta by
squares of irreducible momenta, e.g. the one-loop re-
placement p1 · p2 = 12 (p2 − p21 − p22).
rulesOpenIndices[exp ] 2 This function rewrites the two-loop irreducible mo-
menta pµ3 , p
µ
4 , and p
µ
5 in terms of p
µ
0 , p
µ
1 , and p
µ
2 .
σ[µ[ ]][α[ ], βd[ ]] 5 This abstract symbol represents a general four-
dimensional Minkowski space σ-matrix in the Weyl-
representation, see (B.13) for our explicit realisation.
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σb[µ[ ]][βd[ ], α[ ]] 5 This abstract symbol represents a general four-dimensional
Minkowski space σ¯-matrix in the Weyl-representation, see
(B.13) for our explicit realisation.
Σ[fs[ ]][ff[ ], ff[ ]] 5 This abstract symbol represents a general six-dimensional
Euclidean space Σ-matrix in the Weyl-representation, see
(B.23) for our explicit realisation.
Σb[fs[ ]][ff[ ], ff[ ]] 5 This abstract symbol represents a general six-dimensional
Euclidean space Σ¯-matrix in the Weyl-representation, see
(B.23) for our explicit realisation.
σtoOpenTrace[exp ] 5 This function replaces the abstract σ and σ¯ symbols by the
structure Tσ. In addition, the abstract Σ and Σ¯ symbols are
replaced with the respective tensors TΣ and TΣ¯.
SolveIntegrals[exp ][l ] 4 This function solves all l ∈ {1, 2} loop integrals exp that
were generated by GenerateIntegrands[exp ].
spacetimetensors[exp ] 4 This function evaluates traces over sl(2,C) spinor indices.
Such traces involve alternating products of σ and σ¯ matrices
and this function gives explicit results up to length eight.
T4Ed, T4Eu 3 These two functions depend on func[ , , , ] and realise
the (unevaluated) totally antisymmetric symbol in four-
dimensional Euclidean space. Note that also the properties
displayed in (2.2.5) are implemented.
TFN4, TFγ, TFpm 3 These tensors take input func[fs[ ], fs[ ], fs[ ], fs[ ]] in analogy to
F and realise the explicit four-scalar F-term-type coupling
of the undeformed, γi-deformed, and γ
±
i -deformed theory.
Their definitions can be found in (G.13) and (G.14).
ToCouplingTensorsγpm[exp ] 2 This function replaces the abstract flavour couplings by the
explicit coupling tensors of the γi-deformation with defor-
mation angles γ±i .
toFunction[exp ] 6 This function evaluates the abstract GG functions in terms
of Γ-functions, provided that all arguments render finite
expressions. The abstract GG functions are introduced in
intsolveL1 and intsolveL2.
TρN4, TρdN4, TρtN4, TρtdN4 3 These tensors take input func[fs[ ], ff[ ], ff[ ]] in analogy to
the abstract symbols ρ, etc. and realise the explicit scalar-
fermion interaction in the N = 4 SYM theory. Their defini-
tions can be found in (G.13).
Tργ, Tρdγ, Tρtγ, Tρtdγ 3 These tensors take input func[fs[ ], ff[ ], ff[ ]] in analogy to
the abstract symbols ρ, etc. and realise the explicit scalar-
fermion interaction in the γi-deformation with deformation
angles γi. Their definitions can be found in (G.14).
Tρpm, Tρdpm, Tρtpm, Tρtdpm 3 These tensors take input func[fs[ ], ff[ ], ff[ ]] in analogy to
the abstract symbols ρ, etc. and realise the explicit scalar-
fermion interaction in the γi-deformation with deformation
angles γ±i . Their definitions can be found in (G.14) and the
deformation angles are given in (2.4.3).
TQhat, TQhatpm These tensors take input func[fs[ ], fs[ ], fs[ ], fs[ ]] and realise
the explicit four-scalar coupling TQhat[i,j,k,l] = Qˆijlk given
in (O.7). They give the coupling with deformation angles γi
and γ±i , respectively.
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Tσ[array ][type , , ] 3 This structure encodes alternating products of (σµ)αβ˙ and (σ¯ν)
β˙γ
matrices with spacetime indices encoded from left to right in array .
The variable type ∈ {δδ, δδd, σ, σb} characterises if the number
of σ and σ¯ matrices is equal (first two) and with which type of
matrix the product starts (first and third start with σ). Depending
on the variable type , the last two entries are either of the pairs
{(α[ ], α[ ]), (βd[ ], βd[ ]), (α[ ], βd[ ]), (βd[ ], α[ ])}. They characterise the
left and right open spinor indices in the product.
TΣ, TΣb 3 These tensors take the input func[fs[ ], ff[ ], ff[ ]] and realise the N = 4
SYM theory Σ identities given in (2.2.5).
J Dimensional renormalisation schemes
In this appendix, we present the so-called MS, MS, DR, and DR renormalisation schemes40.
All these schemes regularise divergent contributions by the analytic continuation of the inte-
ger spacetime dimension d to some real dimension D = d−2, so that divergences are encoded
in terms of the regulator . The difference between the schemes occurs in the treatment of
spinor structures and in the subtraction procedure that erases the occurring divergences from
renormalised contributions. We will call a renormalisation scheme a procedure that contains
both, a regularisation and a subtraction procedure. Such a scheme relates the bare action
which depends on bare quantities qB (sources and fields) to a renormalised action in which all
bare quantities are replaced renormalised ones and respective 1PI renormalisation constants
qB = Zqq. The renormalisation constants contain the local counterterms
41 which subtract
divergent parts from bare contributions. The general discussion is inspired by [90, chapter
14,27] and [122] and we refer the reader there for further details.
Generically, expanding a non-renormalised interacting QFT around its free solution, as
done in (3.1.7), yields divergent perturbative contributions. Using the Feynman rules of
appendix G, these contributions which depend on external momenta pi and spacetime indices
µj can be expressed in terms of an appropriate tensor structures
42 Tν1...νm contracted with
a spacetime tensor-integral Iν1...νmµ1...µm . In d-dimensional Minkowski momentum space the
tensor integral takes the form
Iν1...νmµ1...µm({pi}) =
∫ ( L∏
l=1
ddkl
(2pi)d
)
Nν1...νmµ1...µm({Pn})∏
n P
2αn
n
, (J.1)
where Pn = Pn({kl, pi}) is a set of irreducible momenta, kl are the L loop momenta and
the numerator N is a polynomial of momentum space tensors43. Depending on the integral
measure and the occurring integrands, this integral may develop UV and/or IR divergences44
when irreducible momenta approach |Pn| → ∞ and/or |Pn| → 0, respectively. When these
UV and IR divergences do not cancel among themselves respectively in a physical process,
40These schemes were defined in [234], [235–238], and [239], respectively. The DR-scheme is defined analo-
gously to the MS-scheme.
41The locality of counterterms was proven in [128]. See also [129] for a refined version of the proof.
42Here we only give the spacetime indices explicitly and suppress all remaining structures.
43We assume that the Fourier transform of all expressions can unambiguously be defined. We choose
to work in momentum space, to avoid technical complications. For a modern discussion of Epstein-Glaser
renormalisation in position space see e.g. [240].
44For the identification of UV and IR divergences in concrete integrals see the discussion in appendix K.2.
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they encode that different shortcomings of our approach. Persistent IR divergences, on the
one hand, occur when some contributions to a process are not yet accounted for, c.f. [90,
chapter 26 – 27] for a detailed description of possible issues. UV divergences, on the other
hand, have two possible explanations. Either, the theory only describes physical processes
accurately at low energies and needs an ultraviolet completion to be valid at all energy scales,
or they are part of the perturbative approach and we can define a renormalisation scheme
that eliminates the UV divergent contributions in all observables. The second scenario is
what we have for N = 4 SYM theory and its deformations in flat Minkowski space. For
these theories, we can fix renormalisation scheme at some energy scale µ and then determine
the dependence of all couplings on µ via the renormalisation group flow.
The regularisation procedure makes formally divergent integral contributions finite by
altering the theory using some type of regulator. For example, the integral (3.2.6) may
be divergent if all its parameters are integer valued but it becomes finite if some of the
parameters are shifted by a real regulator 0 <  1. It is advantageous to choose a regulator
that spoils as few symmetries of the original theory as possible, since this allows to adopt
symmetry-based simplifications like the Slavnov-Taylor identities discussed in subsection 3.3
in the regularised theory. Symmetries that are broken by the regulator lead to spurious finite
contributions that have to be subtracted by the counterterms in the subtraction procedure
in order to restore the symmetry for the renormalised theory [181,214,241]. For example,
the renormalisation schemes that we discuss in this appendix do not preserve SUSY in all
possible correlation functions and hence finite SUSY-restoring counterterms have to be added
in the corresponding processes, see e.g. [214,241] for details.
J.1 Dimensional regularisation
The dimensional regularisation procedure is widely used to define regularised theories since it
preserves most of the symmetries of quantum chromo dynamics [235]. Here, we summarise the
findings of [214,235,242,243] with a focus on obstacles in the context of SUSY. For a detailed
introduction to dimensional regularisation we refer to the literature, e.g. [122, chapter 4].
It is possible to regularise divergent integrals by altering the measure of loop integrals,
in particular the dimension d → D = d − 2 of the integration space. In this dimensional
regularisation procedure [244] the regularised theory lives in D ∈ R dimensions, while the
original theory lives in d ∈ N dimensions. Divergent contributions in the latter are encoded
in inverse powers of 0 <  1. In the integrals (J.1), the measure is altered according to
dΩd dr r
d−1 → dΩD dr rD−1 , (J.2)
where dΩd gives the integration over a d-dimensional unit sphere. For scalar Feynman in-
tegrals I({pi}), this procedure is well defined and many techniques are available for the
evaluation of regularised integrals, see e.g. [122,245]. The parameters λ
(d)
B i of the unregulated
d-dimensional theory have classical scaling dimensions ∆dλi which were defined in (3.2.33)
and ensure that the corresponding action is dimensionless. In the regulated theory, the di-
mension changes to D and hence the scaling dimensions of fields and couplings in principle
must also change, so that the action may remain dimensionless. However, since we want to
keep the scaling dimensions of parameters in D dimensions fixed to the respective values in
d dimensions, we introduce a regularisation scale µ which absorbs the difference as
λ
(d)
B i → λ(D)B i = µ
(
∆Dλi
−∆dλi
)
λ
(d)
B i . (J.3)
For a consistent definition of the complete regularised theory, also all Lorentz covariants
in d dimensions must be generalised to Lorentz covariants in non-integer dimensions D, so
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that all tensor integrals Iˆν1...µn and the accompanying tensors Tˆν1...νm are well defined. In
particular, the spinor representation and along with it γ-matrices and the representation
of fermions must be generalised, see appendix C for details on the interdependences. An
explicit discussion how this may be achieved was presented in [235]. From a conceptual point
of view [242,243], the d-dimensional space is promoted to a quasi-d-dimensional space (QdS)
which is formally infinite-dimensional and has no antisymmetric tensor εµ1µ2...µd . This space
still retains the properties ηµνη
µν = d for the metric and tr(1) = 2d/2 for the dimensionality
of the γ-matrices from the four-dimensional space, see also [214]. It can be written as the
direct sum QdS = QDS⊕Q2S, so that the d-dimensional metric decomposes into
ηµν = ηˆµν + η˜µν (J.4)
on the D- and the 2-dimensional quasi-subspaces, respectively. The metrics on the quasi-
subspaces have the projector properties
ηˆµν ηˆ
ν
ρ = ηˆµρ , η˜µν η˜
ν
ρ = η˜µρ , ηˆµν η˜
ν
ρ = 0 , η˜
µ
µ = d−D , ηˆµµ = D (J.5)
and can be used to construct all Lorentz covariants in the appropriate subspaces, e.g. γˆµ =
ηˆµνγ
ν . In particular, the Clifford algebra defined by {γµ, γν} = −2ηµν 1 induces analogous
relations in QDS and Q2S.
This construction is not possible for objects whose properties manifestly require integer
dimensions like Fierz identities, the d-dimensional Levi-Civita tensor εµ1...µd and γd+1. The
Fierz identities can be abandoned in the regularised theory, as we do not explicitly use them
in the construction of the theory. For the Levi-Civita tensor, which may appear in Feynman
diagrams, we wish to define a D-dimensional analogon. Following [235], we start with the
d-dimensional identity
εµ1...µdεν1...νd =
∣∣∣∣∣∣∣
ηµ1ν1 · · · ηµ1νd
...
...
ηµdν1 · · · ηµdνd
∣∣∣∣∣∣∣ , (J.6)
replace the metric tensors on the r.h.s. according to (J.4) and take this equation as the
defining identity of the D-dimensional Levi-Civita tensor. We also like to generalise γd+1
to a symbol γˆD+1, since we explicitly used it in the construction of Weyl fermions in our
theories in chapter 2. For the generalisation, note that in d-dimensional γd+1 can be fixed
entirely via the two relations45
tr
(
γd+1γµ1 . . . γµd
)
= c∗εµ1...µd tr
(
1(2d/2)
)
, (J.7)
{γd+1, γµ} = 0 , (J.8)
where the constant c∗ depends on the definitions of the d-dimensional Clifford algebra, com-
pare appendix B.2. In the D-dimensional generalisation, these relations are not mutually
compatible any more. If we want to keep a notion of Weyl fermions in the D-dimensional
theory, we must keep the anti-commutativity relation (J.8). However, enforcing this relation
implies for a trace involving γˆD+1 and (d+ 2) γˆ-matrices
46
0 = −2(D − d) tr(γˆD+1γˆµ1 . . . γˆµd) . (J.9)
45To derive the first identity, note that γd+1 may be written as γd+1 = i
b d
2
c 1
d!
ε12...dε
ν1...νdγν1 . . . γνd , in the
notation of appendix B.2.
46This identity is obtained by commuting γˆα around the trace ηˆ
αβ tr
[
γˆαγˆβ γˆD+1γˆµ1 . . . γˆµd
]
, with µi 6= µj
and the Clifford algebra relation {γˆµ, γˆν} = −2ηˆµν 1.
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Since D − d = −2 is non-vanishing, the trace must vanish for this choice of γˆD+1 and
therefore we cannot construct a smooth limit D → d to the trace relation (J.7). From the
algebraic point of view, some sort of obstacle is to be expected since Weyl fermions only
exist in even dimensions, see appendix C and the explicit construction in appendix B.2.
The second possibility is to keep the trace relation. This implicitly forces γˆD+1 back to the
d-dimensional one and we define
γˆD+1 = γd+1 = i
b d
2
cγ1γ2 . . . γd . (J.10)
For the anti-commutativity relation (J.8) this choice induces47
{γd+1, γˆµ} = {γd+1, γµ − γ˜µ} = −2γd+1γ˜µ , (J.11)
with γ˜µ ∈ Q2S as before and we used that objects in different subspaces commute [235].
Note that the r.h.s. encodes the breaking of the Weyl symmetry. This can be seen explicitly
by writing the action L = iψΓµ Dµ P 2−ψ in terms of left-handed Weyl spinors ψ− = P−ψ =
1
2(1−γd+1)ψ, once in d ∈ 2N and once in D ∈ R dimensions:
Ld = iψ γµP 2−Dµ ψ = iψ− γµ Dµ ψ− ,
LD = iψ γˆµP 2−Dµ ψ = iψ− γˆµ Dµ ψ− + 2iψ γd+1γ˜µ Dµ ψ .
(J.12)
So, we see an explicit example of a regularised theory which does not preserve the symmetries
of the original one. As a consequence, additional finite renormalisation constants must be
included in the renormalisation procedure to restore the left-handedness of fermions in the
renormalised theory.
J.2 Dimensional reduction
The purpose of the dimensional reduction procedure is to adapt the concept of dimensional
regularisation, so that it manifestly preserves supersymmetry in addition to Lorentz and
gauge symmetry. For a general introduction to dimensional reduction48 we also refer to
[214,242,243,248,249]. We adopt all notational conventions from the previous subsection and
specialise to the (d = 4)-dimensional case.
In [250], dimensional regularisation was slightly modified to give the dimensional reduc-
tion procedure which should allow for a manifestly SUSY invariant regularisation of theories.
Dimensional regularisation is not SUSY invariant, since it treats bosonic and fermionic de-
grees of freedom manifestly different, as exemplified in the previous subsection. The idea
in [250] was to keep all tensorial structures in exact d = 4 dimensions while analytically
continuing momenta and positions to D = 4 − 2 ∈ R dimensions and define suitable pro-
jectors (J.5) so that all products of tensors in d and D dimensions are well defined. In this
construction, supersymmetry is naively preserved since all structures on which it relies are
not touched by the regularisation. However, it was shown in [242,251,252] that the original
dimensional reduction procedure leads to inconsistencies. Very prominently this can be seen
by taking the d-dimensional identity (J.6) and projecting it to the subspace combinations
ε˜µ1...µ4 ε˜µ1...µ4 , εˆ
µ1...µ4 εˆµ1...µ4 and εˆ
µ1...µ4 ε˜ν1...ν4 . Upon building combinations of the results one
arrives at 0 = D(D− 1)2(D− 2)2(D− 3)2(D− 4), which forces the dimensional continuation
in D = 4− 2 back to D = d dimensions, see [252] for details.
47The sign difference compared to the relation in [235] originates from a relative sign in the definition
η˜ µµ = d−D.
48For an explicit comparison of the MS and DR scheme in QCD amplitude calculations see [246,247].
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It is possible to define a dimensional reduction scheme without introducing mathemati-
cal inconsistencies [214]. In fact, the inconsistencies in the dimensional reduction procedure
can be traced back to enforcing the non-mutually compatible relations (J.7) and (J.8) or
to the application of truly four-dimensional identities (like Fierz identities) in the dimen-
sionally reduced theory. Therefore, we may use dimensional reduction without introducing
inconsistencies by applying the rules:
• Momenta within Feynman integrals are kept in d = 4 dimensions.
• The integration measure in Feynman integrals is altered to D = 4−2 dimensions. For
the evaluation of these integrals see appendix K.
• All remaining tensors, γ-matrices, etc. are kept in d = 4 dimensions.
• Abandon Fierz identities in the regularised theory.
• Abandon (J.6) in the regularised theory.
• Use the projectors (J.5) to contract indices between d- and D-dimensional objects.
• Index counting is not possible in the regularised theory. For example, the indices
µ1, . . . , µ5 may all be different, since we work in Q4S. Only in truly four dimensions at
least two of the indices are equal.
For γˆ5 use one of the two options:
• either γˆ5 is completely antisymmetric: {γˆ5, γµ} = 0. This implies that the trace of any
number of γˆµ matrices with one γˆ5 vanishes,
• or γˆ5 = γ5 is the four-dimensional one. This implies that the anticommutator yields
{γˆ5, γˆµ} = −2γ5γ˜µ.
While these rules lead to a consistently defined regularised theory, it is not guaranteed
that this theory preserves supersymmetry. In fact, if the four-dimensional γ5 is chosen, as
in (J.12), supersymmetry is broken already at the one-loop level [214]. Therefore, additional
counterterms must be included in the renormalisation procedure to restore the symmetries
falsely broken by the regularisation. If the first option with a completely antisymmetric γˆ5 is
chosen, it is not immediately clear if the regularisation procedure preserves supersymmetry.
In many low-loop checks like [253] and the corresponding references within [241,248], this
scheme turned out to preserve supersymmetry. However, from the construction of γˆ5 it is
clear that results in the regularised theory may differ from the unregulated theory when
we combine four or more γˆ-matrices with γˆ5 in a trace. Four-fermion operators in Feynman
diagrams may for example induces such traces in physical processes. Whether SUSY breaking
terms do appear in a given physical process can be investigated using the so-called quantum
action principle presented in [214].
J.3 The subtraction procedure and renormalisation schemes
After the regularisation, former divergences of integrals appear as terms that become infinite
when the regulator  is removed. Those terms are removed by introducing a type of subtrac-
tion procedure. This subtraction renders the regularised theory finite in the limit D → d
where we remove  to obtain the renormalised theory in d dimensions. As mentioned in sub-
section J.1, the subtraction procedure must also eliminate finite symmetry-violating terms
that arise if a symmetry-violating regularisation procedure was chosen. The determination
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of such terms is in general complicated, since the finite parts of Feynman diagrams are far
less restricted than the divergent contributions. Only after the subtraction procedure is com-
pleted and the theory is transformed to the renormalised theory in d-dimensional Minkowski
space, the abandoned Fierz identities and (J.6) can be used again.
Apart from the requirements mentioned in the previous paragraph, the choice of Λ
which defines the subtraction procedure is not unique. The minimal subtraction procedure
only eliminates the occurring divergences in . Combining this subtraction with the di-
mensional regularisation or dimensional reduction procedure gives the minimal subtraction
(MS) scheme [234] or the dimensional reduction (DR) scheme, respectively. If in addition
to the divergences, factors of cMS = log 4pi − γE which arise in the expansion of Γ-functions
are subtracted, the renormalisation schemes are called modified minimal subtraction (MS)
scheme [236] or modified dimensional reduction (DR) scheme.
More bluntly, we could assume that our theory is only valid in some low energy regime
and incorporate this in the calculation by subtracting all contributions from energies higher
than a chosen cutoff scale Λmax.
Finally, in the kinematic subtraction procedure, we enforce that n-point functions do not
receive any perturbative corrections at a chosen energy scale µ. For a divergent integral I(p2)
depending on an external scale p2 this procedure amounts to subtracting the same integral
evaluated at scale µ. Hence, the divergent integral is replaced by I(p2)− I(µ), which clearly
vanishes at p2 = µ. As the overall divergence of our integrals is independent of the external
kinematics, it is also clear that this renormalisation procedure is finite when the regulator is
removed.
K Evaluating Feynman integrals
In this appendix, we discuss the techniques that are necessary to evaluate integrals over
D-dimensional Minkowski space perturbatively. In general, we will Wick rotate – i.e. analyt-
ically continue in the time direction – a given Minkowski space integral so that we arrive at
a Euclidean space integral. The concepts needed to do this are well presented in [90, chapter
14] and we refer the reader there for further details. The one-loop Euclidean space integrals
can then be solved using the results of [126,127]. For higher-loop integration by parts (IBP)
techniques can be used to significantly reduce the complexity of a given integral. However,
as we do not explicitly need the IBP relations in this thesis, we refer the reader to [130] for
a comprehensive discussion of the needed concepts. For the extraction of divergent contri-
butions of integrals it may become necessary to renormalise IR divergences and we briefly
introduce the idea behind it following the presentation of [121].
K.1 Wick rotation and Euclidean space integrals
First, we transform a given one-loop integral from Minkowski to Euclidean space. The gen-
eralisation to higher loops then follows immediately.
The one-loop Minkowski space integrals that we wish to transform have the form49∫
dDl
(2pi)D
P ({lµ})
(l2 − i)∏n−1i=1 ((pi − l)2 − i) , (K.1)
where the pi are external momenta, P is a finite polynomial in the loop momentum. The
infinitesimal parameter  appears since we work with Feynman propagators and the position
49As we are interested in models with massless fields, masses mi are absent in the denominator.
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of the poles of the integrand fixes the integration contour in the complex plane. Higher loop
integrals are concatenations of this structure and conceptually they can be treated analo-
gously. We will now use Feynman’s parametrisation formula to rewrite the denominator of
the integrand such that we can analytically continue50 the time direction of the loop inte-
gral. Then we reverse the parametrisation procedure to obtain the Euclidean space version
of (K.1), which can be solved by the means of [126,127,130]. We use the integration measure
for Feynman parameters∫
dFn = (n− 1)!
∫ 1
0
dx1 . . . dxnδ
(n)(x1 + · · ·+ xn − 1) (K.2)
to rewrite the denominator of (K.1) as
1
l2 − i
n−1∏
i=1
1
(pi − l)2 − i = (n− 1)!
∫ 1
0
dx1 . . . dxn−1
[
l2 +
n−1∑
i=1
xi
(
(pi − l)2 − l2
)− i]−n
= (n− 1)!
∫ 1
0
dx1 . . . dxn−1
[
q2 + C − i]−n .
(K.3)
In the second line, we introduced the shifted loop momentum q = l−∑n−1i=1 xipi and the loop-
momentum independent term C =
∑n−1
i=1 xipi
(
pi −
∑n−1
j=1 xjpj
)
. Note that the shift to the
integration variable q does not change the integral measure in (K.1). From the last equality
in (K.3) we see that the integrand has poles in the q0-plane for q0 = ±(√|~q|2 + C − i˜)
for some ˜. When the integrand vanishes fast enough for |q0| → ∞, the integral exists and
we can analytically continue the q0-axis counter-clockwise by 90◦ since we do not encounter
any poles in this Wick rotation. The Wick-rotated Euclidean space integral is obtained by
substituting the Minkowski space variable q by its Euclidean counterpart q¯ as51
q0 ⇒ iq¯d , qj ⇒ q¯j , q2 ⇒ q¯2 , dDq ⇒ idD q¯ . (K.4)
Under this Wick rotation, the integral (K.1) turns into
i(n− 1)!
∫ 1
0
dx1 . . . dxn−1
∫
dD q¯
(2pi)D
P ({l¯µ})
q¯2 + C¯
, (K.5)
where we set the infinitesimal parameter  to zero as this does no longer interfere with
the integration contour. Upon reversing the Feynman parametrisation52, we find the Wick
rotated integral
WR
[∫
dDl
(2pi)D
P ({lµ})
(l2 − i)∏n−1i=1 ((pi − l)2 − i)
]
= i
∫
dD l¯
(2pi)D
P ({l¯µ})
l¯2
∏n−1
i=1 (p¯i − l¯)2
. (K.6)
K.2 Ultraviolet and infrared divergences in scalar integrals
Having the Euclidean space integrals, the question is how to solve them. In this subsection we
will restrict ourselves to scalar integrals, i.e. integrals with a trivial numerator polynomial.
50For the analytic continuation we must not move our integration contour over any singularities. As the
numerator does not introduce any new poles, we can ignore it for this part.
51Following [124, chapter 9], this choice of Wick rotating to Euclidean momentum space via q0 ⇒ iq¯d
implies that the respective Wick rotation to Euclidean position space is obtained by replacing x0 ⇒ ix¯d and
xj ⇒ x¯j .
52This is possible, as the parametrisation does not depend on the signature of the integration space.
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We will introduce a graphical notation for the integrals and discuss issues of definiteness as
well as ultraviolet and infrared divergences.
The integral (K.6) may be ill defined in a given dimension and for certain integrands.
To circumvent this problem, we will work in dimensional regularisation introduced in ap-
pendix J with spacetime dimension D = 4− 2, where the real parameter  1 regularises
the occurring divergences of the integrals. Restricting ourselves to the so-called propagator
integrals with a trivial numerator and only one external scale, i.e. p¯i = 0 for i 6= 1, the
integral (K.6) is solved exactly by (3.2.6). This result is, however, not yet satisfactory as it
is not clear what to make of the various poles that occur for particular combinations of α,
β, and D. Before we address this issue, let us introduce an integral diagram representation
for the integral in (3.2.6) with Euclidean (d = 4)-dimensional integrand momenta l¯ and an
integration measure over D-dimensional Euclidean space. We choose the representation
Iˆ(α,β)(p¯) ≡
α
β
≡
∫
dD l¯
(2pi)D
1
l¯2α(p¯− l¯)2β =
∫
dD l¯
(2pi)D
1
l¯2β(p¯− l¯)2α , (K.7)
where each factor (propagator) in the integrand is represented by a line that connects two
dots and is labelled by the propagator power, if this power is not one. Each external scale
is represented by an open line segment and we enforce momentum conservation53 at each
vertex.
For β = 0, the integral becomes a tadpole-type integral which is independent of the
external scale p¯. While it is highly divergent from dimensional analysis, in the dimensional
regularisation scheme it evaluates to54
Iˆ(α,0) =
α
=
∫
dD l¯
(2pi)D
1
l¯2α
= 0 . (K.8)
The reason for this naive contradiction is that this integral is not well defined in four dimen-
sions and as we analytically continue the spacetime dimension from four to D dimensions,
we introduce a choice how to evaluate the Gaussian integral in this spacetime. Following
the prescription55 of [254,255] to redefine the Gaussian integral and evaluating the integral
afterwards, we find the above result.
In more general situations with α, β 6= 0, the G function in (3.2.6) can directly be
expanded in terms of the regulator . Depending on the choices of α and β this expansion
may yield poles in  which either originate from the IR (|l¯| → 0) or the UV regime (|l¯| → ∞).
For the interpretation of the two types of divergences see section J. If we are interested in
low energy phenomena, we can employ the methods of renormalisation [128] to cancel the
ultraviolet divergences. However, our regulator does not distinguish between UV and IR
divergences and hence we have to identify the type of divergence for each integral to decide
whether it has to cancel with other contributions or if we have to renormalise it in a UV
renormalisation procedure. This identification can be done by counting powers of the loop
momenta as we are in Euclidean space.
53Note that a diagram with n external lines depends only on n−1 external momenta due to the momentum
conservation.
54This is in fact advantageous, as tadpole-type diagrams must vanish in physical processes if the involved
fields f have vanishing vacuum expectation value, i.e. 〈0|f(x)|0〉 = 0. In the path integral formalism, the
subtraction of tadpole-type diagrams in the renormalisation procedure is presented in [90, chapter 9] in
detail.
55Note that the spacetime dimension 2ω in [254,255] must be complex. In contrast to this prescription,
we chose to work with integrands that are analytically continued into the complex plane and with a real
spacetime dimension D in (K.6). However, both prescriptions are compatible.
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Let us discuss the simplest cases of UV and IR divergences to get acquainted with the
calculatory method and the graphical notation of both divergences. Close to four dimensions
with D = 4 − 2, the simplest UV divergent example of (3.2.6) is the integral with α = 1
and β = 1, given by
=
∫
dD l¯
(2pi)D
1
l¯2(p¯− l¯)2 . (K.9)
As the loop momentum approaches zero, the integrand scales as |l¯|1 d|l¯| and as it approaches
infinity it scales56 as |l|−1 d|l¯|. Hence, the integral is divergent in the ultraviolet with the
divergence
K
( )⊗ ≡ K(G(1, 1)
(4pi)2−
)
1
p¯2
=
1
(4pi)2
1
p¯2
, (K.10)
where the operator K extracts the divergence in the regulator . As this UV divergence is
generated by the whole loop integrand, the cograph to the right of ⊗ is given by shrinking
the UV divergent (sub-)graph to a point. For further details on the procedure to isolate UV
divergences in integral diagrams c.f. [121, chapter 11]. On the integral level, the operator K(·)
gives the divergent part of its argument and (p¯)−2 corresponds to the cograph. The simplest
IR divergent example of (3.2.6) is the integral with α = 2 and β = 1 and is represented by
the integral diagram
2
≡
∫
dD l¯
(2pi)D
1
l¯4(p¯− l¯)2 . (K.11)
As the loop momentum approaches zero the integrand scales as |l¯|−1 d|l¯| and as it approaches
infinity it scales as |l|−3 d|l¯|. Hence, the integral is divergent in the infrared with the diver-
gence
K
(
2
)⊗ ≡ K(G(2, 1)
(4pi)2−
)
1
p¯2(1+)
= − 1
(4pi)2
1
p¯2(1+)
, (K.12)
where we adopted the graphical notation for IR divergences from [121, chapter 12], in which
the IR (sub-)divergent part is cut out of the original graph. The gluing points are marked
with white dots, which otherwise have the same properties as black dots and the rules for
integral diagrams still apply. Essentially, the IR divergence in the original integral stems from
the term l¯−4 and not the whole loop. Therefore, the divergence can be isolated by cutting
this part out57 of the diagram and not shrinking it to a point. In the cograph, the cutting is
implemented via the replacement l¯−4 → δ(D)(l¯). For a detailed and pedagogical introduction
to the isolation of IR divergences see [121, chapter 12].
When we turn to more complicated scalar integrals that depend on multiple scales pi
or are of higher loop order, we only have analytic results for special subclasses of generic
integrals. However, if the integrals are logarithmically UV divergent, we can still determine
their UV divergence with relatively little effort. A logarithmic UV divergence on the one hand
is independent of any scale, see e.g. (K.10), and hence we can choose a special combination
of the external scales that simplifies the evaluation of the integral. IR divergences on the
other hand are generated by some lines of the integral diagram alone and they vanish if an
external momentum flows through that line. Therefore, if we choose a special combination
of external scales we may accidentally introduce spurious IR divergences into the integral
56This is of course only true if the external scale does not vanish.
57The IR divergence is nevertheless determined by the full diagram with G(2, 1), since we need the term
(p¯− l¯)−2 to make the integral UV convergent.
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which we consequently have to subtract. For example, we cannot solve the integral 58
=
∫
dD l¯
(2pi)D
1
l¯2(p¯− l¯)2(q¯ + l¯)2 (K.13)
directly but it is clearly IR convergent for D > 2. When we choose the special momentum
configuration p¯ 6= 0 and q¯ = 0 to find its UV divergence in D = 4 − 2 dimensions, the
integral turns into (K.11), which is directly solvable but also has an IR divergence. So we
have to subtract this spurious IR divergence, whose origin lies in the special kinematic
configuration59. To see how the UV divergence extraction of a multi-scale diagram works,
let us follow an example of [121, chapter 8,9,12]. We calculate a two-loop contribution to
the four-point interaction in φ4-theory in two ways: first at generic non-vanishing external
scales and then at a special scale configuration where the integrals can be solved analytically
as concatenations of (3.2.6). Starting with the first approach, we want to calculate the
divergence of
= µ4
∫
dD l¯
(2pi)D
dDk¯
(2pi)D
1
(p¯− l¯)2(q¯ + k¯)2k¯2(k¯ − l¯)2 , (K.14)
where p and q enter through the left and upper vertex, respectively and the scale µ is
introduced to render the integral dimensionless in D = 4 − 2 dimensions. Note that we
slightly abused the pictorial representation to the left by not multiplying it with the µ factor.
This integral is free of IR divergences for p 6= 0 6= q but it does contain a UV subdivergence in
the lower bubble, which corresponds to the integration over l. As in the previous example, it
is complicated to evaluate this two-scale integral in general but its pole part can be extracted
relatively directly
K
[ ]
=
1
(4pi)4
[
1
22
+
1

(
5
2
− cMS + log
µ2
p¯2 + q¯2
)]
, (K.15)
with the same momentum configuration as in (K.14), cMS = γE − log 4pi, and an explicit
derivation given in60 [121, chapter 8]. The subdivergence in the integral gives rise to the
non-local pole and including the one-loop vertex counterterm insertion
1
g2φ
K
[ ]
= K
[
K
( )⊗ ] = −1
(4pi)2
1
(4pi)2
(
1

+ 2− cMS + log
µ2
p¯2 + q¯2
)
(K.16)
renders the sum of both contributions free of non-local poles. Note that the leftmost diagram
is not an integral diagram but a Feynman diagram in φ4-theory with coupling constant gφ and
a one-loop counterterm insertion at the lower vertex. Combining the latter two contributions,
the overall UV divergence of (K.14) is given by
K R¯UV
[ ]
= K
[
+ K
( )⊗ ] = 1
(4pi)4
[
− 1
22
+
1
2
]
, (K.17)
where we used the R¯UV operation as presented in [121, chapter 11] to recursively subtract
all UV subdivergences from a given diagram. Keep in mind that the R¯UV operation is a pure
58This integral can be solved using the techniques presented in [256].
59Physically, this configuration describes the collinear limit in which one particle in a three-body interaction
scatters with zero momentum transfer. As the interacting particles are massless, it is possible in this limit to
radiate off infinitely many particles from a two-body interaction. This missing contribution would render the
physical process IR finite if there are not further contributions missing, c.f. [90, chapter 26 – 27].
60Note that [121, chapter 8] works in D = 4− , whereas we work in D = 4− 2 dimensions.
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integral operation that subtracts all UV subdivergences regardless whether these subtrac-
tions do exist in the physical theory that generated the integral. From the perspective of
a renormalisable field theory, the subtraction of the UV subdivergence in (K.17) occurs as
the Feynman diagram (K.16) generates it. Let us now recalculate the overall divergence of
(K.14) at the special kinematical point where the external momentum q entering the upper
vertex in (K.14) is set to zero. For the integral, this amounts to
2
=
∫
dD l¯
(2pi)D
dDk¯
(2pi)D
(
µ2(2−D/2)
)2
k¯4(k¯ − l¯)2(p¯− l¯)2 =
1
(4pi)D
G(2, 1)G(3− D2 , 1)
(
µ2
p¯2
)4−D
, (K.18)
which we solved analytically using (3.2.6). In addition to the UV subdivergence from the
lower bubble, the absence of the second scale now introduces an IR divergence in the upper
bubble. The pole part of the whole diagram is
K
[ 2 ]
=
1
(4pi)4
[
− 1
22
+
1

(
−3
2
+ cMS − log
µ2
p¯2
)]
, (K.19)
where we have to subtract by hand the additional IR subdivergence contribution
K
[
K
(
2
) ⊗ ] = 1
(4pi)2
1
(4pi)2
(
1

+ 2− cMS + log
µ2
p¯2
)
. (K.20)
Comparing the sum of (K.19) and (K.20) with (K.17), we find that we correctly reproduce
the −1 pole but fail to get the correct result for the −2 pole. The reason for this mismatch
is that we accidentally subtracted a UV divergent contribution when we subtract the IR sub-
divergence. This can be seen from (K.20), where the cograph contains a pure UV divergence.
So we have to also include a factor of
K
(
2
)
K
( )
=
1
(4pi)2
−1
(4pi)2
(K.21)
to remedy this mistake and reproduce (K.17). It is possible to formalise this procedure of
subtracting UV- and IR-subdivergences from any given scalar integral by introducing the
R¯IR operation which, in analogy to R¯UV, subtracts the IR subdivergences of a diagram.
Combining both subtractions as R¯∗ = R¯IRR¯UV leads to the so-called R¯∗-operation [257–259]
which iteratively subtracts the UV and afterwards IR subdivergences.61 The present example
can then be expressed as
K R¯∗
( 2 )
= K R¯IR
[ 2
+ K
( ) ⊗ 2 ]
= K
[ 2
+ K
( ) ⊗ 2 + K( 2 ) ⊗ + K( )K( 2 )]
= K R¯UV
( )
,
(K.22)
where the third and fourth term in the second equality renormalise the IR divergences of the
first and second term, respectively. Note that the second term in the second equality on the
r.h.s. evaluates to zero under K as the cograph is of tadpole-type, compare (K.8). However,
it is necessary to keep tadpole-type diagrams in the evaluation of the R¯ operations, as we
61For the example discussed here, the order in which IR and UV subdivergences are subtracted does not
matter. However, in generic diagrams the different momentum dependence of UV and IR divergences dictates
that the UV divergences have to be subtracted before the IR divergences [121, chapter 12].
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have to associate the IR divergence K
( 2 )
= K
(
2
)
with these types of diagrams in order
to get the correct higher pole cancellations. Only after the R¯∗ operation is completed, we
set tadpole-type diagrams to zero62. This concludes our minimal example how to extract the
UV divergence of a multi-scale integral by the means of choosing a special kinematical point
and renormalising the occurring spurious IR divergences.
K.3 Tensor integrals
After the scalar integrals, we now turn to one-scale tensor integrals, i.e. integrals of the form
(3.2.6) but with a non-trivial numerator polynomial. For the evaluation of these integrals
in an MS or DR related renormalisation scheme discussed in appendix J, it is important to
notice that they are generated from the Feynman rules in appendix G in a way that the
integrand momenta live in d = 4 dimensions, while the integral measure lives in D = d− 2
dimensions. This leads to a peculiar structure of the solution of tensor integrals.
We can generate tensor integrals from (3.2.6) by taking derivatives with respect to the
external momentum of the l.h.s. and r.h.s. of the equation. For a rank one tensor this yields
β
α
µ
≡
∫
dD l¯
(2pi)D
(p¯− l¯)µ
l¯2α(p¯− l¯)2β =
G(α, β − 1)
(4pi)
D
2
α+ β − 1− D2
β − 1
p¯µ
p¯2(α+β−
D
2
)
, (K.23)
where the arrow in the diagram represents a numerator momentum on that line with index
µ and all occurring factors have been reshuffled to the r.h.s. As mentioned, the Euclidean
momenta live in d dimensions while the integration is taken over the D-dimensional space.
We can also generalise this calculation to produce higher rank tensor integrals, provided that
we are only interested in traceless symmetric tensors. In this case, each derivative that acts
on the integral (K.23) yields zero when acting on the numerator monomial and hence we
only need to act with n derivatives consecutively on the denominator part of the integral.
After a shift of the integration variable, we find
Iˆ
(µ1...µn)
(α,β) (p¯) =
α
β
(µ1...µn)
≡
∫
dD l¯
(2pi)D
l¯(µ1µ2...µn)
l¯2α(p¯− l¯)2β =
G(n)(α, β)
(4pi)
D
2
p¯(µ1µ2...µn)
p¯2(α+β−
D
2
)
, (K.24)
where the parentheses in the diagram indicate that the numerator momenta are symmetrised
and traceless with respect to the spacetime indices and all factors are combined into the G-
function of rank n:
G(n)(α, β) = G(α− n, β)
n∏
i=1
α− i+ β − D2
α− i . (K.25)
The tensor p(µ1µ2...µn) is a traceless symmetric product of the momenta pµ1 – pµn which all
live in d dimensions. The momenta are, however, traceless in the D-dimensional space, since
the D-dimensional integration projects occurring spacetime tensors to the (D = d − 2)-
dimensional subspace, see appendix J and the references therein. The tensor can be written
as63
p(µ1µ2...µn) =
bn
2
c∑
t=0
p2t
2t(2− D2 − n)t
S
(
ηˆµ1µ2 ηˆµ3µ4 . . . ηˆµ2t−1µ2t × pµ2t+1 . . . pµn) , (K.26)
62Keeping tadpole-type diagrams during the evaluation of the R¯∗ operation is sensible, as the R¯∗ operator
is defined to act purely on integrals, regardless of the physical context in which the integral appears. Setting
tadpole-type diagrams to zero after the R¯∗ operation is completed invokes the physical argument that all
these diagrams must vanish in a physical process after renormalisation if all vacuum expectation values of
physical fields vanish, c.f. [90, chapter 9].
63Compared to the representation in [260], in our representation the alternating sign is hidden in the
Pochhamer symbol, as can be seen using the identity (−n)t = (−1)t(n− t+ 1)t.
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where (x)n is the Pochhammer symbol, ηˆ the metric tensor in D dimensions with ηˆµν ηˆ
µν = D
as in appendix J.1 and the operator S symmetrises the product of metrics and momenta with
respect to the indices µj . Note that the action of S depends on its argument, for example
ηˆµ1µ2 is already symmetric under index exchange and the indices are not exchanged by
the symmetrisation operator64. We can also invert this relation and express a product of n
momenta in terms of traces and traceless symmetric parts as
pµ1pµ2 . . . pµn =
bn
2
c∑
t=0
p2t
2t(D2 − 2t+ n)t
S
(
ηˆµ1µ2 ηˆµ3µ4 . . . ηˆµ2t−1µ2t × p(µ2t+1...µn)) . (K.27)
Note that we provide an explicit implementation of (K.26) and (K.27) for Mathematica in
the package FokkenMomentumTensors.m, which can be found in the arXiv source file of this
thesis. Using the last relation and (K.24), we find the one scale integral with a monomial of
n momenta in the numerator
Iˆµ1...µn(α,β) (p¯) =
α
β
µ1...µn
≡
∫
dD l¯
(2pi)D
l¯µ1 l¯µ2 . . . l¯µn
l¯2α(p¯− l¯)2β
=
1
(4pi)
D
2
bn
2
c∑
t=0
G(n−2t)(α− t, β)
2t(D2 − 2t+ n)t
S
(
ηˆµ1µ2 . . . ηˆµ2t−1µ2t × p¯(µ2t+1...µn))
p¯2(α−t+β−
D
2
)
.
(K.28)
Let us now briefly discuss the possibility of numerator momenta on more than one internal
line. In the one-loop case discussed above, we can rewrite a tensor in the momentum (p¯− l¯)
by expanding it. The result is a sum of tensors depending on the loop momentum l¯ times
appropriate factors of the external momentum p¯. We can then simply apply (K.24) and (K.28)
to solve the loop-momentum dependent tensor integral. Diagrammatically, this amounts to
shifting the numerator momentum arrows through the diagram while keeping track of the
relative signs. A minimal example of this procedure is∫
dD l¯
(2pi)D
l¯µ(p¯− l¯)ν
l¯2(p¯− l¯)2 =
(∫
dD l¯
(2pi)D
l¯µ
l¯2(p¯− l¯)2
)
p¯ν −
∫
dD l¯
(2pi)D
l¯µ l¯ν
l¯2(p¯− l¯)2
ν
µ
=
µ
ν
−
µν
.
(K.29)
In higher loop examples, this procedure becomes more involved but ultimately it is possible
to reduce a given numerator polynomial to a set of irreducible numerators whose explicit
structure depend on the type of integral we are interested in.
Finally, if we have contracted numerator momenta on two different lines within a diagram,
we can use the completion of squares to rewrite the contracted pairs in terms of squares of
the denominator momenta or the irreducible numerator momenta. The simplest example of
this is
α
β
µ
µ
=
∫
dD l¯
(2pi)D
l¯µ(p¯− l¯)µ
l¯2α(p¯− l¯)2β =
1
2
∫
dD l¯
(2pi)D
p¯2 − l¯2 − (p¯− l¯)2
l¯2α(p¯− l¯)2β
=
1
2
(
α
β
−
α−1
β
−
α
β−1 )
.
(K.30)
64When S acts on n indices which are grouped into j different metric tensors and a symmetric remainder
function fs, the symmetrisation procedure via S yields (2j − 1)!!
(
n
2j
)
different terms.
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K.4 Products of σ-matrices
Apart from the (tensor-) integrals, also products of γ-matrices enter the calculation of Feyn-
man diagrams, whenever fermions are involved. When we employ the Feynman rules of
appendix G where the fermions are in the Weyl representation, these products turn into
alternating products of σ- and σ¯-matrices. Here, we provide the identities necessary to re-
duce such alternating products in strictly four dimensional spacetime. That is to say, the
reduction in this appendix is valid in any regularisation procedure that leaves the spacetime
strictly in D = 4 dimensions and in the DR regularisation procedure with anticommuting
γˆ5, see subsection J.1 for details. For differences in the dimensional regularisation procedure,
where the concept of Weyl fermions breaks down, see also subsection J.1.
To evaluate tensors of the form given in (3.3.15), we give a set of identities which suffices
to reduce any given product that contains only σ- and σ¯-matrices in the beginning. We first
need the product of a σ- and a σ¯-matrix
(σµ)αα˙(σ¯ν)
α˙β = −δ βα ηµν − 2i(σµν) βα ,
(σ¯µ)
α˙α(σν)αβ˙ = −δα˙β˙ηµν − 2i(σ¯µν)α˙β˙ ,
(K.31)
where the antisymmetric products σµν and σ¯µν are explicitly given in (A.9). Next, we need
all possible products of of σ-matrices and these new objects:
(σµ1µ2)
γ
α (σµ3)γα˙ =
i
2
[
ηµ1µ3(σµ2)αα˙ − ηµ2µ3(σµ1)αα˙ + iεµ1µ2µ3ν(σν)αα˙
]
,
(σ¯µ3)
α˙γ(σµ1µ2)
α
γ = −
i
2
[
ηµ1µ3(σ¯µ2)
α˙α − ηµ2µ3(σ¯µ1)α˙α + iεµ1µ2µ3ν(σ¯ν)α˙α
]
,
(σ¯µ1µ2)
α˙
γ˙(σ¯µ3)
γ˙α =
i
2
[
ηµ1µ3(σ¯µ2)
α˙α − ηµ2µ3(σ¯µ1)α˙α − iεµ1µ2µ3ν(σ¯ν)α˙α
]
,
(σµ3)αγ˙(σ¯µ1µ2)
γ˙
α˙ = −
i
2
[
ηµ1µ3(σµ2)αα˙ − ηµ2µ3(σµ1)αα˙ − iεµ1µ2µ3ν(σν)αα˙
]
,
(σµ1µ2)
γ
α (σµ3µ4)
β
γ =
1
4
δ βα
[
ηµ1µ3ηµ2µ4 − ηµ1µ4ηµ2µ3 + iεµ1µ2µ3µ4
]
+
i
2
[
ηµ1µ3(σµ2µ4)
β
α + ηµ1µ4(σµ3µ2)
β
α − (µ1 ↔ µ2)
]
,
(σ¯µ1µ2)
α˙
γ˙(σ¯µ3µ4)
γ˙
β˙
=
1
4
δα˙
β˙
[
ηµ1µ3ηµ2µ4 − ηµ1µ4ηµ2µ3 − iεµ1µ2µ3µ4
]
+
i
2
[
ηµ1µ3(σ¯µ2µ4)
α˙
β˙
+ ηµ1µ4(σ¯µ3µ2)
α˙
β˙
− (µ1 ↔ µ2)
]
.
(K.32)
Finally, the all products that contain a Levi-Civita tensor can be reduced using
εµ1µ2νρ(σ
νρ) βα = −2i(σµ1µ2) βα ,
εµ1µ2νρ(σ¯
νρ)α˙
β˙
= 2i(σ¯µ1µ2)
α˙
β˙
,
εµ1µ2µ3ν(σµ4
ν) βα = −i
[
ηµ1µ4(σµ2µ3)
β
α − ηµ2µ4(σµ1µ3) βα + ηµ3µ4(σµ1µ2) βα
]
,
εµ1µ2µ3ν(σ¯µ4
ν)α˙
β˙
= i
[
ηµ1µ4(σ¯µ2µ3)
α˙
β˙
− ηµ2µ4(σ¯µ1µ3)α˙β˙ + ηµ3µ4(σ¯µ1µ2)α˙β˙
]
,
εµνρσεαβγσ = −δµ(αδνβδργ) + δµ(βδναδργ) ,
εµνρσεαβρσ = −2δµ[αδνβ] ,
εµνρσεανρσ = −6δµα ,
(K.33)
where the parentheses around indices indicate that the indices are cyclically symmetrised
and the brackets indicate that the indices are antisymmetrised.
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Since we reduce the products of σ-matrices in D = 4 dimensions, all indices are raised
and lowered with the Minkowski space metric η. Reductions in Feynman diagrams that
yield a non-vanishing contribution involving εµ1µ2µ3µ4 must be treated with caution, as we
work in the DR scheme in a quasi-4-dimensional space where this tensor does not exist, see
subsection J.1 for details.
L Fourier transformation of the free two-point function
In this appendix, we present the Fourier transformation of the free two-point correlation
function. For simplicity, we restrict to the purely scalar state OL(x) = (L!)− 12 tr(ϕL) of the
ϕ3-theory that we discussed in section 3.2. A complete set of Feynman rules for this theory
compatible with our conventions is given in [90, chapter 9].
In D-dimensional Minkowski configuration space, the free two-point function is given by
(2.5.16) and explicitly reads
〈0|TOL(x)OL(0)|0〉 = 1
(x2 + i)
∆0OL
, (L.1)
where the classical scaling dimension the composite operator ∆0OL =
L
2 (D − 2) is the sum
of its constituent classical scaling dimensions and these were given in (3.2.2). To Fourier
transform this expression, we Wick rotate to Euclidean space, perform the transformation
and then perform an inverse Wick rotation back to Minkowski space. For a two-point function
with generic classical scaling dimension ∆, we obtain∫
dDx
e−ipx
(x2 + i)∆
= iWR−1
∫ ∞
0
d|x¯||x¯|D−1
∫ pi
0
dϑ¯ sinD−2(ϑ¯)
∫
dΩ¯D−1
e−i|p¯||x¯| cos ϑ¯
|x¯|2∆
= i(2pi)
D
2
∫ ∞
0
duu
D
2
−2∆JD−2
2
(u)WR−1
1
p¯2(
D
2
−∆)
= i2D−2∆pi
D
2
Γ(D2 −∆)
Γ(∆)
1
(p2 − i)(D2 −∆)
,
(L.2)
where barred quantities live in Euclidean space and we substituted u = |x¯||p¯|. The first kind
Bessel function Jn(x) occurs in the integration over ϑ¯ and the integration over the (D − 1)-
dimensional unit sphere is obtained from
∫
dΩ¯D = 2pi
D
2 Γ−1(D2 ). The divergence that occurs
in this Fourier transform for 2∆ ≥ D originates from the integration over the origin and
arises when the operators in the position space two-point function approach a coincident
point.
In (3.2.35) we calculated the free reduced momentum space two-point function for the
operator O2 = 12!ϕ2 explicitly from Feynman diagrams. There, we found that it is propor-
tional to 〈0|TO2(p)O2(−p)|0〉iT |g=0 ∼ Γ(2− D2 ), which matches the divergence of (L.2) for
∆O2 = D− 2. We can also generalise the calculation of (3.2.35) to composite operators with
generic lengths OL+1 with classical scaling dimension ∆OL+1 = L+12 (D− 2). In this case, all
L loop integrals can be performed consecutively and we find
〈0|TOL+1(p)OL+1(−p)|0〉iT |g=0 = = WR
−1
iL!(2pi)LD
∫
dD l¯1 . . . d
D l¯L
l¯21
∏L−1
j=1 (l¯j − l¯j+1)2(p¯− l¯L)2
=
ΓL+1(D2 − 1)Γ(L+ 1− DL2 )
iL!(4pi)
LD
2 Γ(L+12 (D − 2))
1
(p2 − i)(L+1−LD2 )
,
(L.3)
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where the integrals can be solved consecutively in terms ofG-functions resulting in a telescope
product of Γ functions. This time, the divergence stems from the second Γ function in the
numerator and comparing with (L.2), we find that this is precisely the divergence that occurs
for a scalar length-(L+ 1) operator in the Fourier transformation.
M The harmonic action
In this appendix, we present the zero- and one-loop dilatation operator density of N = 4
SYM theory in the oscillator representation.
In subsection 2.5.2, we presented the mapping of length-L single-trace composite oper-
ators to cyclic spin-chain states with L-sites. The cyclic spin-chain states are constructed
from non-cyclic states that are characterised in terms of a vector |A〉 of oscillator occupation
numbers Ai at each site.
We can write the action of the planar zero and one-loop dilatation operator of (2.5.12)
and (3.5.1) in the oscillator representation in terms of range R ≤ 2 dilatation operator
densities D0 and D2 which act on these non-cyclic states. For N = 4 SYM theory and its
deformations the zero-loop density follows immediately from (2.3.31):
(D0)
Aj
Ai
= 〈Aj |D0 |Ai〉 = δAjAi
(
1 +
1
2
2∑
α=1
aα(i) +
1
2
2∑
α˙=1
bα˙(i)
)
. (M.1)
The one-loop density of the parent N = 4 SYM theory was derived in [48], and in [2] it was
written explicitly in terms of the occupation numbers (2.5.7) of the two incoming fields A1,
A2 and outgoing fields A3, A4 at sites i and i+ 1 as
(DN=42 )
A3A4
A1A2
= 〈A3A4|DN=42 |A1A2〉
=
[
2∏
α=1
( min (aα
(1)
,aα
(3)
)∑
aα=max (aα
(3)
−aα
(2)
,0)
(
aα(1)
aα
)(
aα(2)
aα(3) − aα
))
2∏
α˙=1
( min (bα˙
(1)
,bα˙
(3)
)∑
bα˙=max (bα˙
(3)
−bα˙
(2)
,0)
(
bα˙(1)
bα˙
)(
bα˙(2)
bα˙(3) − bα˙
))
4∏
a=1
( min (ca
(1)
,ca
(3)
)∑
ca=max (ca
(3)
−ca
(2)
,0)
(
ca(1)
ca
)(
ca(2)
ca(3) − ca
))
ch
[∑2
i=1
(∑2
β=1 a
β
(i) +
∑2
β˙=1
bβ˙(i) +
∑4
B=1 c
B
(i)
)
,∑2
β=1(a
β
(1) − aβ) +
∑2
β˙=1
(bβ˙(1) − bβ˙) +
∑4
B=1(c
B
(1) − cB),∑2
β=1(a
β
(3) − aβ) +
∑2
β˙=1
(bβ˙(3) − bβ˙) +
∑4
B=1(c
B
(3) − cB)
]
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(−1)(c1(1)−c1+c2(1)−c2+c3(1)−c3+c4(1)−c4)(c1(3)−c1+c2(3)−c2+c3(3)−c3+c4(3)−c4)
(−1)(c2+c3+c4)(c1(1)+c1(3))
(−1)(c1(2)−c1(3)+c1+c3+c4)(c2(1)+c2(3))
(−1)(c1(2)−c1(3)+c1+c2(2)−c2(3)+c2+c4)(c3(1)+c3(3))
(−1)(c1(2)−c1(3)+c1+c2(2)−c2(3)+c2+c3(2)−c3(3)+c3)(c4(1)+c4(3))
]
, (M.2)
where the occupation numbers fulfil A1 + A2 = A3 + A4 and the indices a
α, bα and ca
characterise how many oscillators stay at their initial sites. The coefficient ch[n, n12, n21] gives
a weight to a particular transition depending on the total number of oscillators n = n1 + n2
and the number nij of oscillators that hop from site i to j and vice versa. It is called the
harmonic action and it is given in terms of the harmonic numbers h(k) =
∑k
i=1
1
i and the
Euler gamma function as
ch[n, n12, n21] =
2h(
1
2n) if n12 = n21 = 0 ,
2(−1)1+n12n21 Γ(
1
2
(n12+n21))Γ(1+
1
2
(n−n12−n21))
Γ(1+ 1
2
n)
else.
(M.3)
N Scalar one-loop self-energy
Using the Feynman rules G and relations (O.3), the one-loop self-energy contributions to the
scalar propagators in the γi-deformation are given by(
ia jb
)
am
= −4λp2Iˆ(1,1)(p)δji
[(
ab
)− cos γ−i 1N (a)(b)] ,(
ia jb
)
am
= −4λp2Iˆ(1,1)(p)δji
[(
ab
)− cos γ+i 1N (a)(b)] ,(
ia jb
)
am
= 2λp2
(
2Iˆ(1,1)(p)− p2Iˆ(2,1)(p)(1− ξ)
)
δji
[(
ab
)− 1
N
(
a
)(
b
)]
,
(N.1)
where the external momentum is p and the integrals are the Minkowski space versions of
(3.2.6). Note that these diagrams are derived from the Feynman rules and hence they include
all possible insertions of the occurring vertices. In particular, also the version where one of
the external legs ends inside the loop. In the theory with gauge group SU(N), the full self-
energy contribution to the propagator and the counterterm subtracting the respective UV
divergence in the DR-scheme read(
ia jb
)
am
= −2λp2(2Iˆ(1,1)(p) + p2Iˆ(2,1)(p)(1− ξ))δji (ab) ,
δ
(1)
φ = −K
[(
ia jb
)
am
]
ip2δji (ab)
=
2λ(1 + ξ)
(4pi)2
1

= 2g2(1 + ξ)
1

,
(N.2)
and it is the one-loop contribution to the respective counterterm in (G.32). If we keep the 1N
corrections, as is necessary for the contributions to U(1) modes, the divergent part of (N.1)
reads
K
[(
ia jb
)
am
]
= −2 ip
2g2δji

(
(1 + ξ)(ab)−
(
(1 + ξ) + 4 sin2
γ+i
2
+ 4 sin2
γ−i
2
)(a)(b)
N
)
.
(N.3)
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O Coupling tensor identities for the γi-deformation
For the evaluation of the Feynman diagrams in section 4.1 and section 4.2, several contraction
identities for the various interaction tensors in the action (G.2) are needed. In this appendix,
we give a complete list of the used identities, all of which are easily derived by the means of
Mathematica. In this appendix, we restrict the indices to assume the values i, j, k = 1, 2, 3
and A,B,C = 1, 2, 3, 4.
For section 4.1, we introduce the transverse Kronecker-δ
τBA = δ
i
Aδ
B
i = δ
B
A − δ4AδB4 , (O.1)
and we write the following contractions of Yukawa-type couplings as(
ρiρ†j
)A
B = (ρ
i)AC(ρ†j)CB = 2
(
δijτ
A
B − δAj δiB e
i
2
(γ+i +γ
+
j )
∑3
k=1 εijk4
)
,(
ρi(ρ†j)
T
)A
B = (ρ
i)AC(ρ†j)BC = −2
(
δijτ
A
B e
iγ+i
∑3
k=1 εAik4 −δAj δiB e
i
2
(γ+i −γ+j )
∑3
k=1 εjik4
)
,(
ρ˜iρ˜†j
)
A
B = (ρ˜i)AC(ρ˜
†
j)
CB = 2
(
δ4Aδ
B
4 δ
i
j + δ
i
Aδ
B
j e
− i
2
(γ−i −γ−j )
)
,(
ρ˜i(ρ˜†j)
T
)
A
B = (ρ˜i)AC(ρ˜
†
j)
BC = −2
(
δ4Aδ
B
4 δ
i
j e
iγmi +δAi δ
j
B e
− i
2
(γ−i +γ
−
j )
)
,
(O.2)
where the index C is summed over. The analogous relations with switched su(4) indices are
obtained using
(
ρ†jρ
i
)T
=
(
ρiρ†j
)∗
and
(
ρ˜†j ρ˜
i
)T
=
(
ρ˜iρ˜†j
)∗
, where the operators T acts in the
su(4) spinor index space as indicated in (O.2). With these results, the traces of two Yukawa
coupling tensors that appear in the one-loop self-energies evaluate to
tr
[
ρiρ†j
]
= (ρi)AC(ρ†j)CA = 4δ
j
i ,
tr
[
ρi(ρ†j)
T
]
= (ρi)AC(ρ†j)AC = −4δji cos γ+i ,
tr
[
ρ˜iρ˜†j
]
= (ρ˜i)AC(ρ˜
†
j)
CA = 4δji ,
tr
[
ρ˜i(ρ˜†j)
T
]
= (ρ˜i)AC(ρ˜
†
j)
AC = −4δji cos γ−i .
(O.3)
In addition, we need traces of four Yukawa-type vertices for the evaluation of the fermion-box
contributions to the double-trace couplings (4.1.1):
tr
[
ρi(ρ†i )
T(ρ˜†i )
Tρ˜i
]
= 0 ,
tr
[
ρ˜i(ρ˜†i )
T(ρ†i )
Tρi
]
= 0 ,
tr
[
ρi(ρ†i )
Tρi(ρ†i )
T
]
= 8 cos 2γ+i ,
tr
[
ρ˜i(ρ˜†i )
Tρ˜i(ρ˜†i )
T
]
= 8 cos 2γ−i ,
(O.4)
where the index i ∈ {1, 2, 3} is fixed. For the one-loop interaction with four scalars with
identical field flavours by the means of two F-term-type interactions, we need the following
contractions of coupling tensors
3∑
r=1
F irriF
ir
ri = 4
(
e2iγi+1 + e−2iγi+2
)
,
3∑
r=1
F riir F
ri
ir = 4
(
e−2iγi+1 + e2iγi+2
)
, (O.5)
where i ∈ {1, 2, 3} is fixed and the cyclic identification i + 3 ∼ i is understood. Note that
the second identity is the complex conjugate of the first one, consistent with the conjugation
rules (G.12). Combining both results in (O.5) yields
3∑
r=1
(F irriF
ir
ri + F
ri
ir F
ri
ir ) = 8(cos 2γi+1 + cos 2γi+2) = 16 cos 2γ
+
i cos 2γ
−
i . (O.6)
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In section 4.1, we work in slightly different conventions for the scalar interactions. For
the Feynman integrals in that section we combine the quartic scalar single trace terms in
(G.7) and sort the result with respect to occurring trace structures as
F ijlk tr
(
φiφjφ
k
φ
l)− 1
2
tr
(
[φi, φ
i
][φj , φ
j
]
)
= Qˆijlk tr
(
φiφjφ
k
φ
l)
+ Q˜ijlk tr
(
φ
k
φiφ
l
φj
)
, (O.7)
with the two coupling tensors
Qˆijlk = (F
ij
lk + δ
i
lδ
j
k) = 2δ
i
kδ
j
l e
iqφi∧qφj −δjkδil , Q˜ijlk = −
1
2
(δikδ
j
l + δ
i
lδ
j
k) . (O.8)
For the evaluation of the purely scalar integrals in (4.2.8) we need the following identities
involving products of L coupling tensors
3∑
j=1
(Qˆjiij)
L = 2L+1 e−iLγ
−
i cosLγ+i + 1 ,
3∑
j=1
(Qˆijji)
L = 2L+1 eiLγ
−
i cosLγ+i + 1 , (O.9)
where the index i ∈ {1, 2, 3} is fixed. For the remaining diagrams, we first note that the
following products can be written as(
ρ†i (ρ
i)T
)A
B
= (ρ†i )
AC(ρi)BC = −2δAB
3∑
j=1
(εAij4)2 eiε
Aij4γ+i ,
(
ρ˜†i (ρ˜
i)T
) B
A
= (ρ˜†i )AC(ρ˜
i)BC = −2
(
δA4 δ
4
B e
iγ−i + δAi δ
i
B e
−iγ−i
)
.
(O.10)
We can now multiply L packages of ρ or ρ˜ tensors by simply contracting the open spinor
indices. When we trace over all spinor indices in such a product we find the two identities
needed to evaluate the diagrams in (4.2.8) that involve fermions:
tr
[(
ρ†i (ρ
i)T
)L]
=
∑
A,j
(
−2(εAij4)2 eiεAij4γ+i
)L
= −(−2)L+1 cosLγ+i ,
tr
[(
ρ˜†i (ρ˜
i)T
)L]
=
4∑
A=1
(
−2δA4 eiγ
−
i − 2δAi e−iγ
−
i
)L
= −(−2)L+1 cosLγ−i ,
(O.11)
where i ∈ {1, 2, 3} is again fixed.
P Calculation of 〈PDL≥32 (w, y)〉
In section 4.4.2, we briefly discussed how 〈PDL≥32 (w, y)〉 is computed. In this appendix, we
present the meat and bones of this computations starting from (4.4.29) in the three steps we
also discussed in the main part. This appendix closely follows [4].
First, we use employ that the harmonic action ch does not depend on the kind of oscillator
which hops from one site to the other. We rewrite the bosonic summations in terms of the
variables
a(i) =
2∑
α=1
aα(i) , a =
2∑
α=1
aα , b(i) =
2˙∑
α˙=1˙
bα˙(i) , b =
2˙∑
α˙=1˙
bα˙ , (P.1)
with i = 1, 2. For a generic function f , we use the summation identity
∞∑
a1•,a2•=0
f(a1•, a
2
•) =
∞∑
a•=0
a•∑
a˜•=0
f(a˜•, a• − a˜•) , (a1•, a2•) ∈
{
(a1(1), a
2
(1)), (a
1
(2), a
2
(2)), (a
1, a2)
}
,
(P.2)
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to express the occurrences of all aα• in terms of a• and a˜•. In the resulting expressions, we
perform the sums over a˜(i) via
a
(i)∑
a˜(i)=0
(
a˜(i)
a˜
)(
a(i) − a˜(i)
a − a˜
)
=
(
a(i) + 1
a + 1
)
. (P.3)
The remaining sum over a˜ is then independent of the summation variable, yielding a factor of
(a+ 1). In this manner we can directly perform three of the six sums over a-type oscillators.
For b-type oscillators we follow the analogous procedure and eliminate another three sums,
leading to a total of six remaining infinite sums. For the fermionic oscillators, note that the
coefficient ch is independent of the kind of c-type oscillator that changes its site, but the phase
factor introducing the deformation parameters is not. We simply absorb the dependence on
these c-type oscillator hoppings into
Gγ
±
i (c(1), c(2), c) =
4∏
e=1
( 1∑
ce
(1)
,ce
(2)
,ce=0
(
ce(1)
ce
)(
ce(2)
ce
)
(−1)ce
)
e
−i∑4l,m=1 cl(1)cm(2)qλl×qλm
× δ(
c
(1)
−∑4e=1 ce(1))δ(c(2)−∑4e=1 ce(2))δ(c−∑4e=1 ce) .
(P.4)
With the above reformulations, (4.4.29) is cast into
〈PDL≥32 (w, y)〉 =
∞∑
a
(1)
,a
(2)
,a=0
∞∑
b
(1)
,b
(2)
,b=0
4∑
c
(1)
,c
(2)
,c=0
δ(a
(1)
−b
(1)
+c
(1)
−2)δ(a
(2)
−b
(2)
+c
(2)
−2)
× w
1
2
(
2+a
(1)
+b
(1)
)
y
1
2
(
2+a
(2)
+b
(2)
)
Gγ
±
i (c(1), c(2), c)
× (a + 1)
(
a(1) + 1
a + 1
)(
a(2) + 1
a + 1
)
(b + 1)
(
b(1) + 1
b + 1
)(
b(2) + 1
b + 1
)
× ch
[∑2
i=1(a(i) + b(i) + c(i)),
(a(1) − a) + (b(1) − b) + (c(1) − c),
(a(2) − a) + (b(2) − b) + (c(2) − c)
]
.
(P.5)
At this point, we use the Kronecker-δ’s from the central charge constraint to eliminate two
of the remaining sums six, say those over b(1) and b(2).
Second, we use the integral representation (4.4.30) of the harmonic action to replace (P.5)
by the respective integrand defined in (4.4.32):
〈PD2(w, y)〉int = −2
4∑
c
(1)
,c
(2)
,c=0
∞∑
a,b=0
∞∑
a
(1)
=max (0,2−c
(1)
)
∞∑
a
(2)
=max (0,2−c
(2)
)
Gγ
±
i (c(1), c(2), c)
(a + 1)
(
a(1) + 1
a + 1
)(
a(2) + 1
a + 1
)
(b + 1)
(
a(1) + c(1) − 1
b + 1
)(
a(2) + c(2) − 1
b + 1
)
× wa(1)+ 12 c(1)ya(2)+ 12 c(2)ta(1)+c(1)+a(2)+c(2)−3
(
t− 1
t
)a+b+c
.
(P.6)
In the third step, we rewrite the combinatorial coefficients in terms of the differential and
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integral operators65
Iˆ(c)(x) = x
− 1
2
c
∫ x
0
dxx
1
2
c−1 , Dˆ(a,c)(x) = x−cxa
da
dxa
xc , (P.7)
where x is a thermal weight as introduced below (4.4.2). Using these operators, we can
rewrite (P.6) into
〈PD2(w, y)〉int = −2
4∑
c
(1)
,c
(2)
,c=0
∞∑
a,b=0
∞∑
a
(1)
=max (0,2−c
(1)
)
∞∑
a
(2)
=max (0,2−c
(2)
)
×Gγ±i (c(1), c(2), c)
1
a!(a + 1)!
1
b!(b + 1)!
×
(
Iˆ(c
(1)
)(w)Dˆ(b+2, 1
2
c
(1)
)(w)Dˆ(a+1,1− 1
2
c
(1)
)(w)w
a
(1)
+ 1
2
c
(1)
)
×
(
Iˆ(c
(2)
)(y)Dˆ(b+2, 1
2
c
(2)
)(y)Dˆ(a+1,1− 1
2
c
(2)
)(y) y
a
(2)
+ 1
2
c
(2)
)
× ta(1)+c(1)+a(2)+c(2)−3
(
t− 1
t
)a+b+c
,
(P.8)
where all differential and integral operators act on everything to their right. Since these op-
erators do not explicitly depend on a(1) and a(2), we can now perform the two corresponding
sums and find
〈PD2(w, y)〉int = −2
4∑
c
(1)
,c
(2)
,c=0
∞∑
a,b=0
Gγ
±
i (c(1), c(2), c)
(
t−1
t
)a+b+c
a!(a + 1)!
t
c
(1)
+c
(2)
−3
b!(b + 1)!
×
(
Iˆ(c
(1)
)(w)Dˆ(b+2, 1
2
c
(1)
)(w)Dˆ(a+1,1− 1
2
c
(1)
)(w)
w
1
2
c
(1)(wt)
max (0,2−c
(1)
)
1− wt
)
×
(
Iˆ(c
(2)
)(y)Dˆ(b+2, 1
2
c
(2)
)(y)Dˆ(a+1,1− 1
2
c
(2)
)(y)
y
1
2
c
(2)(yt)
max (0,2−c
(2)
)
1− yt
)
.
(P.9)
Note that we can evaluate the action of the rightmost derivative operator on the remaining
terms in the second and third line explicitly. We find
O(y, a, c(2)) = Dˆ(a+1,1− 1
2
c
(2)
)(y)
y
1
2
c
(2)(yt)
max (0,2−c
(2)
)
1− yt
= y
− 1
2
c
(2)
((a + 1)!(ty)a
(1− ty)a+2 y
c
(2) − δc
(2)
(
δa + 2tyδa + 2tyδ(a−1)
)− δ(c
(2)
−1)δay
)
,
(P.10)
and the analogous result for the other combination O(w, a, c(1)). This allows us to perform
65In a slight abuse of notation, we have labelled the integration variable with the same symbol as the upper
integration boundary.
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the sum over a, using the following identity66
∞∑
a=0
(
t−1
t
)a
a!(a + 1)!
O(w, a, c(1))O(y, a, c(2)) = w
− 1
2
c
(1)y
− 1
2
c
(2)
(
w
c
(1)y
c
(2)
(1− t(w + y − wy))2
− y
c
(2)
(1− ty)3
[
δc
(1)
(1 + t(2w − y − 2wy))− δ(c
(1)
−1)w(1− ty)
]
− w
c
(1)
(1− tw)3
[
δc
(2)
(1 + t(2y − w − 2wy))− δ(c
(2)
−1)y(1− tw)
]
+ wyδ(c(1)−1)δ(c(2)−1) + (1 + 2t(w + y − wy + twy))δc(1)δc(2)
+ y(1 + 2tw)δc(1)δ(c(2)−1) + w(1 + 2ty)δc(2)δ(c(1)−1)
)
.
(P.11)
When we act with the remaining two b-dependent differential operators of (P.9) on this sum,
the last four lines of (P.11) drop out67, as they are at most linear in either w or y. With this,
(P.9) turns into
〈PD2(w, y)〉int = −2
4∑
c
(1)
,c
(2)
,c=0
∞∑
b=0
Gγ
±
i (c(1), c(2), c)
t
c
(1)
+c
(2)
−3
b!(b + 1)!
Iˆ(c
(1)
)(w)Iˆ(c
(2)
)(y)
×
(
t− 1
t
)b+c
Dˆ(b+2, 1
2
c
(1)
)(w)Dˆ(b+2, 1
2
c
(2)
)(y)
w
1
2
c
(1)y
1
2
c
(2)
(1− t(w + y − wy))2 ,
(P.12)
Writing the last factor in (P.12) as a power series in the variables wˆ = w − 1 and yˆ = y − 1
as
w
c
(1)y
c
(2)
(1− t(w + y − wy))2 =
4∑
α,β=0
(
c(1)
α
)(
c(2)
β
) ∞∑
n=0
n+ 1
(1− t)2
(
t
t− 1
)n
wˆn+αyˆn+β , (P.13)
we can apply the remaining derivative operators. We can now combine all b-dependent terms
and substitute l = b+ 2, to finally obtain
〈PD2(w, y)〉int = −2
4∑
c
(1)
,c
(2)
,c=0
4∑
α,β=0
(
c(1)
α
)(
c(2)
β
)
Gγ
±
i (c(1), c(2), c)
×
(
w
− 1
2
c
(1)
∫ w
0
dww−1
)(
y
− 1
2
c
(2)
∫ y
0
dy y−1
)
× tc(1)+c(2)−c−1(t− 1)c−4(w − 1)α(y − 1)β
× ξαβ
(
t
t− 1(w − 1)(y − 1),
t− 1
t
wy
(w − 1)(y − 1)
)
,
(P.14)
where we used the fundamental definitions (P.7) for the remaining two integral operators.
The function ξαβ(X,Y ) is defined as
ξαβ(X,Y ) =
∞∑
l=0
∞∑
n=0
(l − 1)l2(n+ 1)
(
n+ α
l
)(
n+ β
l
)
Y nX l (P.15)
66We obtained this identity by the means of Mathematica.
67The common prefactor in w and y cancels a corresponding factor in the differential operators.
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and its evaluation is discussed in appendix R.
By the means of appendix R, all infinite sums have vanished from the final expres-
sion (P.14). The remaining finite sums and integrals can be evaluated with the help of
Mathematica. Upon combining everything in (4.4.31), we find the result (4.4.34)–(4.4.37).
Q Calculation of Z
(1)
f.s.c.(x)
In this appendix, which is based on [4], we compute the L = 2 finite-size corrections to the
single-trace partition function of the β-deformation with gauge group SU(N). They occur in
(4.4.21), when the correct dilatation-operator density (4.3.2) for L = 2 states is used instead
of the asymptotic one from (3.5.3). The calculation of 〈PDL=22 (w, y)〉 is only different from
the calculation in appendix P for the asymptotic density in the sums over fermionic oscillator
occupation numbers. Therefore, we restrict this appendix to give the appropriate definitions
of the finite-size corrected fermionic occupation number function GβL=2(c(1), c(2), c), which
replaces the asymptotic version Gγ
±
i (c(1), c(2), c) in the derivation of appendix P.
In section 4.3 we found that the finite-size-corrected dilatation-operator density DL=22
from (4.3.2) can be obtained from the asymptotic version DL≥3 from (3.5.3). This is done
by setting the deformation parameter β in DL≥3 to zero whenever the fields Ai at sites i = 1
and i = 2 are either taken from the matter subalphabet Amatter or from the anti-matter
subalphabet Amatter, which were given in (4.3.3). In the oscillator picture these restrictions
can be turned into the following constraints
Ai ∈ Amatter ⇔
3∑
e=1
ce(i) = 1 , Ai ∈ A¯matter ⇔
3∑
e=1
ce(i) = 2 . (Q.1)
Including these constraints into the fermionic occupation number function Gγ
±
i (c(1), c(2), c)
of (P.4), we find
GβL=2(c(1), c(2), c) =
4∏
e=1
( 1∑
ce
(1)
,ce
(2)
,ce=0
(
ce(1)
ce
)(
ce(2)
ce
)
(−1)ce
)
× e−i
∑4
l,m=1 c
l
(1)
cm
(2)
qλl×qλm
∣∣∣β=0 if ∑3e=1 ce(1)=∑3e=1 ce(2)=1
or if
∑3
e=1 c
e
(1)
=
∑3
e=1 c
e
(2)
=2
× δ(
c
(1)
−∑4e=1 ce(1))δ(c(2)−∑4e=1 ce(2))δ(c−∑4e=1 ce) .
(Q.2)
To obtain the finite-size corrected generalised expectation value 〈PDL=22 (w, y)〉, we insert
GβL=2(c(1), c(2), c) into (P.5) and follow the remaining derivation of appendix P. Finally,
we obtain finite-size correction (4.4.43) for the β-deformation with gauge group SU(N) by
combining this expression with the asymptotic version 〈PDL≥32 (w, y)〉.
R Summation identities
This appendix is based on [4]. We derive the summation identities needed in appendix P for
ξαβ(X,Y ) =
∞∑
j=0
∞∑
i=0
(i− 1)i2(j + 1)
(
j + α
i
)(
j + β
i
)
Y iXj , (R.1)
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with α, β ∈ {0, 1, 2, 3, 4}. This can be achieved by applying a finite number of derivative and
integral operators and using the following identities:
j∑
i=0
(
j
i
)2
ti = (1− t)jPj
(
1 + t
1− t
)
,
∞∑
n=0
Pn(x)z
n = (1− 2xz + z2)−1/2 , (R.2)
where Pn(x) denotes the n
th Legendre polynomial. Since ξαβ is symmetric in α and β, we
assume that α ≥ β. In this case, the summand in (R.1) can be written as
summand = (i− 1)i2(j + 1)
(
j + α
i
)(
j + β
i
)
Y iXj
= i2(i− 1)(j + 1)
α∏
γ=β+1
(
1− i
j + γ
)(
j + α
i
)2
Y iXj
= Dˆ(2,0)(Y )Dˆ(1,0)(Y )Dˆ(1,0)(X)
α∏
γ=β+1
[
1− Dˆ(1,0)(Y )Iˆ(2γ)(X)
](j + α
i
)2
Y iXj ,
(R.3)
where we employed the differential and integral operators of (P.7). In contrast to the original
summand, these operators are independent of the summation variables i and j and hence we
can evaluate the two infinite sums in (R.1) using the identities (R.2). We find
∞∑
i,j=0
(
j + α
i
)2
Y iXj =
1
Xα
∞∑
j=0
(X(1− Y ))j+αPj+α
(
1 + Y
1− Y
)
=
1
Xα
[
1
(1− 2X(1 + Y ) +X2(1− Y )2)1/2
−
α−1∑
k=0
(X(1− Y ))kPk
(
1 + Y
1− Y
)]
.
(R.4)
Thus, combining (R.3) with (R.4) allows to express ξαβ(X,Y ) in a form explicitly solvable
with Mathematica:
ξαβ(X,Y ) = Dˆ(2,0)(Y )Dˆ(1,0)(Y )Dˆ(1,0)(X)
α∏
γ=β+1
[
1− Dˆ(1,0)(Y )Iˆ(2γ)(X)
] 1
Xα
[
1
(1− 2X(1 + Y ) +X2(1− Y )2)1/2
−
α−1∑
k=0
(X(1− Y ))kPk
(
1 + Y
1− Y
)]
.
(R.5)
For example for (α, β) = (2, 1), we obtain
ξ21 (X,Y ) =
24XY 2
(1− 2X(1 + Y ) +X2(1− Y )2)9/2[
1−X2(5− 12Y + 5Y 2) +X3(5− 6Y − 6Y 2 + 5Y 3)
− 9X4(1− Y )2Y −X5(1− Y )4(1 + Y )
]
.
(R.6)
The remaining expressions follow analogously and we do not show them explicitly.68
68‘So long and thanks for all the fish’ [261].
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